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A JUSTIFICATION OF NONLINEAR

TWO-DIMENSIONAL MODEL FOR

FERROMAGNETIC PLATES WITH
MAGNETOSTRICTION

Mouna Kassan, Gilles Carbou and Mustapha Jazar

Abstract. We consider a three-dimensional model of ferromagnetic material with magne-
tostriction, coupling the Landau-Lifschitz-Gilbert equation and the elasticity wave equa-
tion, with mixed boundary condition. We establish the existence of global in time weak
solutions. By asymptotic method when the thickness of the sample tends to zero, we
obtain and justify a new two-dimensional model for thin plates of ferromagnetic magne-
tostrictive material.
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§1. Introduction

Ferromagnetic materials have promising applications in several domains, in particular for
data storage (see [14]). In such materials, the magnetization induces deformations because of
magnetostrictive effects (see [11], [13], [15] and references therein). Let us recall the three-
dimensional model for ferromagnetic material with magnetostriction, in the magneto-static
approximation. We denote by Q the domain occupied by the ferromagnetic material, and
by m(t, x) the magnetic moment, satisfying the saturation constraint |[m(¢, x)] = 1 a.e. when
the material is saturated. The variations of m are described by the Landau-Lifschitz-Gilbert
equation (see [1], [4], [6] and [12]):
om om

— —-mX —=-mxH,;r nR" xQ,
a " o " f7 10 )

Opm =0 inR* x 9Q,
where X is the usual cross product in R? and H, 1 1s the effective field given by:
H,pp = Am + hy(m) + (A™ : o)m.

The demagnetizing field h,(m) is calculated from m by solving the static Maxwell equations
coupled with the law of Faraday:

div (hy(m) + m) =0 and curl hy(m) = 0, 2)
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where m is the extension of m by zero outside Q.

In the magnetostriction field (™ : o)m, o is the stress tensor and A™ is a symmetric
positive 4-tensor.
Remark 1. The usual notations and definitions of tensor calculus are detailed in [6], Section
1.2.1. Additionally, we say that a symmetric 4-tensor A is positive, if there exists A* > 0 such
that:

V&Y symmetric, Z i€l > Z(f” ).

ijkl
The Landau-Lifschitz equation (1) is coupled with the followmg elasticity wave equation:
82
a—t;’—divazo inR* x Q,

=0 onR*xT}. Q)

o-n=f onR" XI5y,
where the stress tensor o~ is given by:
o= 1% &, with eu) = & + &",
where:
o the deformation tensor &(u) is given by:

1 (0u; Ou;j
&ij(u) = 5 (6_ + 6—&),

o the magnetic tensor £ satisfies :

m Am

g = tm®m.

We assume that we are in the isotropic case, so that the 4-tensor A° is given by:
E
/lgkl = 1 Ty ( (511(6 i1 + 6115]1{) + —2y 61]6/(1) for i5 j’ ks le {1’2’3}’

where E > 0and 0 < v < 1.

Concerning the boundary conditions in (3), we assume that the sample is clamped on
I'y ¢ 9Q, where the surface measure of I'; is non vanishing. We apply a surface force f on
the other part I, = 9Q \ I'; of the boundary.

We define the space V() by:
V(Q) ={ve H(Q;R?); v=0o0nT}}.
By Korn inequality (see [9], Theorem 6.3-4 page 292), there exists c¢(Q2) > 0, such that for all

v € V(Q), we have
f 60) : (0) > ¢(Q) f P @
Q Q

This gives that || - ly = ([, &() : &())

=

is a norm on V(Q) equivalent to the norm || - ||1(q).
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§2. Weak solutions for the Landau-Lifschitz-Gilbert equation with
magnestostriction

First, we establish the existence of global-in-time weak solutions for System (1)-(3).
Theorem 1. Let mg € H'(€;S52), up € V(Q), u1 € L*(Q) and f € H%(FZ). Then, there

i)
exist m and u with m € LR HY(Q;R?), Im(t,x)| = 1 ae., 8—": e L*(R*; L>(Q;RY)),

d
ue L°[R*; V(Q)) and a—’: € L®(R*; L*(Q; R®)), satisfying:
ou
ot
2. forall y € CX(R*; H'(Q; R?)),

om Om : om Oy
v — |- x(t, x)dtdx =2 s S h )
L*XQ( a " ) it Ddedx .ﬂvxﬂ lz " ox; ox X halm) - x

i=1

-2 f mx [u’” S8 s))ym— A" (28 (A" me m)))m] XY
R¥*xQ

1. m(0,-) = mgy, u(0,-) = uy and — (0, -) = u; in the trace sense,

(%)
3. forall y € CX(R*; V(Q)),
ou 0
f —-—X—f (ae:sw»:swnf fx
Rexq Of Ot R*XQ RXT, (©6)
_ful'X(O,x)z—f A A" mem) : ey),
Q R¥*xQ
4. we have the following energy inequality: for all t > 0,
¢ 2
1$10) +f f Om < &8(0), @)
0 Jal Ot

where
&) = f Vml® + f ham)P + = f [@0m) = 26(u) : (A° : (™ : m@ m))|
Si R3 2692
e. . our-{ .
+§f9[(/1 .5(u)).8(u)+'at ] f - udr,

I
withQm) = (¢ : A" :mem)) : A" : mem)

Sketch of the proof: the proof of Theorem 1 follows the method due to Alouges and
Soyeur [2] and generalized in [7]. First, we prove the existence of solution for a penalized
system, in which the saturation constraint is relaxed. Then, we take the limit when the pe-
nalization constant tends toward zero. In [6], global existence for (1)-(3) is obtained in the
case of a clamped sample, that is with u = 0 on Q. We use essentially the same method to
address mixed boundary condition.
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§3. Asymptotic model for plates

We consider a thin plate €, of the form:

Q, = wx] -n,7[,

where w is a smooth bounded domain of R?. We assume that this plate is clamped on I =
C1X]—n,n[, (where C; C dw such that the one-dimensional measure of C; is non vanishing).
We denote by C; = dw \ Cy, FZ =Cox] - n,pland T = @ x {+7)}.

Figure 1: Q, = wx] —n,7[

For given initial data (precised below), we consider the weak solution (m", u") given by
Theorem 1 on the domain €;,. In order to work on a fixed domain, we perform the following
rescaling: for # > 0 and x = (x1, x2, x3) € Q) = wXx] — 1, 1[, we define M7, H" and U" by:

M(t, x1, X2, x3) = m'(t, x1, X2,X3),

H(t, x1, X2, x3) = (ha(m"(t, )))(x1, X2, 7X3),
Ug(t, X1, X2, X3) = uZ([, X1, X2,nx3) fora = 1,2,
U3(t, x1, X2, X3) = quy(t, X1, X2, 11x3).

®)

We also assume that the boundary conditions are of the form:
go (X1, X2, 2m) = gE(x1,x)  and g5 (x1, X0, 1) = Pg3(x1,x2) onTL,
ho(x1, %2, X3) = ho(x1,x2)  and  Rj(xy, x2,x3) = nh3(x1,x) onT},

where g* € H 5 (wyand h e H 3 (C»). Then, the rescaled quantities satisfy:
e forall y € C°(R*; H'(Q; R?)), we have

2
M" M
f (a——M”xa—)-)(:Zf ZM”XHQM"-(?@X
Rexq, \ Of ot RexQ, 4o

2
+= M7 X 33 M" - 3y — 2 M7 x (HT+ @™ : (A€ : a(p, UN)M") - x
" Jr+xQ, R*XQ,
+2 MTx ((A™ (2% (™ M7 @ MT)MT) - x,
R*XQ]

€))
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o forall £ € CX(R*; V(Q;)), we have

g O, f AU} 9¢; f e
= —2=2_ (A° 2 &(n, UM) : €(p, &)
fmglaz_: a0 Jena, O 9 Jea, g ¢

+f g*-f—f g*-§+f h-&— | up-€0,x) 10)
R+xI'L R+xT'L R*xT} Q

= f A% (M M@ M) : &(n, &),
R*xQ;

8"(t)+ff oM’
0 Jo,

ot

e forall r > 0, we have
2

< &N0), 1n

with
1 & 1
EN(1t) = ~Em", u") = f Z[mm% — 0 M"
n Q

+ f |H"? + f QM™)
L a=1 Q

- f [s(n, Uh:%: M : M@ M) + (Ae e(n, UM) : &(n, U’?)]

1 |oUl]
f —fg_~U”—fg+~U"—fh~U”,
Q rt r! r}

_2 ot
where, for & € H(Q,), the 2-tensor &(n, &) is given by

aUZ

a=1

£ap(11, &) = £45(&) for a, B € {1,2},
£a3(1,€) = 1 €a3(é) for a € {1,2), (12)
e3(n,6) = ,71—2833(5)

In order to ensure that the initial data are uniformly bounded, we assume that d3mg = 0,
ein(ug) = 0fori € {1,2,3} and (u;); = 0. Then, E"(0) is independent of  and we can use
inequality (11) to obtain that, for all 7 > 0 and 7 in a neighborhood of zero, there exists a
constant C independent of 7 such that
|| 25

a lleorze) s C,

i
101 M | 0,7 122 + N02M| Lo 0.7:12(02,)) + -||3%M"||Lw(0T~L2(Ql)) <C,

auy
I =, 20y + ||7“L°°(OT 2@ T || N ||L°°(0T 22@y) < C,

lle, Ul =©.r 21y < Cs

H| o 0,7:12R3)) < C.

So, we can extract subsequences, still denoted (M", U") and H", such that:
o M" — Min L®(0,T; H(Q,)) weak-*,
. oM" oM

oM .72
o ” in L=(0, T; L*(£,)) weak,

e U= Uin L*(0,T;V(Q)) weak-*,
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o W 9 in (0, T; LA(Q))) weak-*,
o HT — H in L*(0, T; L*(R?)) weak-*.
Furthermore, we have 9;M" — 0 in L¥(0, T; L*(Q))) strong, so M only depends on
(t, x1, x2) € RT X w. In addition, 63—} — 01in L0, T; L*(Q))) strong, so Uz does not depend
ont.

Since (&(n7, U™)), is bounded, we obtain that &;3(U7) — 0 strongly in L*(0, T} L*(Q)), for
allT > 0, 1i.e. e5(U) =0forie{1,2,3}. So, U € L°(R"; Vk1(Q1)), where

Vir(Q1) = [¢ € H'(Q)); £=0on T} and £53(¢) = 0in Q, fori € {1,2,3}}.
Therefore, by Theorem 1.4.1 in [8], there exist it € L*(R"; V(w)) such that

Ua(t, X1, X2, x3) = Tig(t, X1, X2) — x30,i3 for a € {1,2},

- 13
Us(t, x1, X2, x3) = ii3(2, x1, x2), (13

where
V(w) = {v = (1)) € H'(w) x H'(w) x H*(w); v; = 0 on C; and 8103 = dpv3 = 0 on Cl} )
Hereafter, we denote iiy = (iiy, ii;). Since U" — U in V() weak, we have
e(n, U — A weakly in L}(Q)), (14)

where A is the 2-tensor defined by A,z = £,43(U) fora = 1,2.

Moreover, we prove that M7 — M in L*(0,T; L (1)) N CY([0, T1; L*(Q)) strong for
r < 6 by using the Aubin-Simon lemma in [3], Theorem I1.5.16. Thus, we can extract a
subsequence, still denoted by (M7),, such that M7 — M ae. in [0,T] x Q;. Hence M
satisfies the saturation constraint |M(t, x1, x2)| = 1 a.e. in R* X w, and by continuity in time
with values in L*(Q;), M(0, x) = mo(x) in the trace sense.

Let ¥ € CX(R*; D(@)), and define y in R* x Q; by x(#, x1, x2, x3) = j(t, x1, x2). Then,
x € CX(R*;H '(Q)) and 93y = 0, so we can put y as a test function in (9). Taking the limit
as i tends to zero in (9), by using weak and strong convergences for M7 and U” respectively,
and by using (14) (see [6] for more details), we obtain that for all ¥ € C°(R*; H'(w)),

oM oM
f (——Mx—)i(:—z MxXVM-Vy-2 MxH -y
Rt xw ot ot Rt xw Rt xw
-2 Mx @AM % A))M-);+2f Mx ((AM: (A% AM: Mo M)M) - %,
Rt xw Rt xw
X X (1s)
- 1! ! .
where A is given by A = 5 f Adx;. Since f x3dx; = 0, using (13), A satisfies:
-1 -1
Aop = &ap(i) for @, B € {1,2}. (16)
We recall that A is given by: for all symmetric 2-tensors S,
e E
A7:8)= (S + T tI'(S)I’;) a7n
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where
tr(S) =811 +S2» +533.

Now, we take the limit as 7 tends to zero in (10). For this, we take a test function £ in this
equation of the form
vi(t, x1, xz)]

&t x1,x0,X3) = [vz(t, X1, Xx2) |,
0

where v, € H'(w), such that v, = 0 on C;. Then, g;3(¢) = 0 for i € {1,2,3} and we obtain

aU" o0&, . "
i—f (ﬁe:s(n,U”)):8(§)+f gi- [ ge
XQ1 R*xQ R*xT! R*XT} (18)

+f h-&- u1~§(0,x):f A (A M@ MT)) : &),
R*xT} Q R*xQ,

By the weak convergence of * and &(n7, U") and by the strong limit of M", the limit of (18)
as n — 0 gives that for all vy e H (w), with vz = 0 on Cy, we have

2
8MT avT f e — 1 + _
—_— (A% A)opeas(vr) + = (gr +97)-vr + hr-v
L*xw 6t at Rtxw (;1 prapttt 2 Rtxw ’ r ! R*XxC> ! !

2

- f urr - vp(0,x) = — f Z(/le;um:M@M))aﬁaaﬁ(u).
Rt xXw Rt xw B=1
(19)
By (16) and (17), we have:
E
(A 2 g = 7 (Eaplir) + - tr(A)dg).

where
tr(A) = &1 (fli7) + exn(fir) + Azs.

To determine A33, we multiply (10) by 7%, and we use a test function & such that &, = 0 for @ =
1,2 and &3 = x3 ¢, where ¢ € D(R* X w). Taking the limit when  — 0, we obtain:

2 [ dae= [ G M M.
R*Xw R*xwx]-1,1]
since M and ¢ are independent of x3. Then
(A : A)33 = (A : (A : M ® M))s33 in L>(R* X w). (20)

Replacing A° by its value in (20), we obtain

2
L M® My + —— (™ Me M) - —— 3 eu@p)|. @)
I-v l—va:1
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and we deduce that
1 . N
E(ae A)ap = (A8 (AM D M@ M))ap = (A% : &(iig))ap — (AL ™ : M@ M))op,  (22)

where 1%t is a 4-tensor given by: for a symmetric 2-tensor S,

(A% §)ys = Sap+ iyfr(S)aaﬁ fora, B € {1,2},

E
1+v 1 23)

(A°t:8)3=0 forie{l,2,3},

with
tr(S) =S +S»n.

Remark 2. This 4-tensor is also obtained in [10].

To describe H, the limit for the demagnetizing field H”7, we use Lemma 2.1 in [5], to
obtain that
0 forx ¢ R3\ Q,

H(t, x1, X2, x3) = (24)
—(M(t,x1,x) - &3)e3  for x € Q.

Since (M, A) is a solution for (15) and (19), and by using (22) and (24), (M, iir) is a weak

solution for

oM oM
—— —MX— = -2M X Hy¢(M) inR*Xw

ot ot 25)
H.pr(M) = AM — (M, &3)é5 + (A™ : 5)M,

coupled with
- 1
—dive = E(g} +g7) inw
Oiir , (26)

ir =0 onR*XxC(C,

on=hy onR* x(C,,

where

& = (A% : e(@) - (A%t : (A™ : M ® M))) and d1V(0') Zaﬁo—nﬁ
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§4. Conclusion

We have obtained an equivalent 2d-model for thin ferromagnetic plates with magnetostric-
tion. This model will be easier to study, to discretize and to solve numerically than the
3d-model. As observed in [5], the 2d demagnetizing field is local while it is not the case in
3d.

The obtained model does not take into account the third component of the deformation,
since in the studied regime, the magnetization does not influence the normal deformations.

We also remark that the forces applied on the two faces of the plate appear as a source
term in the 2d-model whereas they are modeled by boundary conditions in the 3d-model.
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