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TOOLS TO PROVE A PARABOLIC
LEWY-STAMPACCHIA’S INEQUALITY
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Abstract. We studied a quasilinear parabolic variational inequality of Lewy-Stampacchia
type governed by a pseudomonotone operator of Leray-Lions type in a joint work with O.
Guibé, A. Mokrane and G. Vallet [6]. We propose here some tools and techniques used
to deal with the difficulties, which appear in the study of the problem.
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§1. Introduction

We are interessted in a nonlinear parabolic problem with contraint and homogeneous Dirich-
let boundary conditions. More precisely, we prove the existence of a solution satisfying the
following Lewy-Stampacchia’s inequality

0 < du —divla(,,u, V)] — f < g~ = (f — 0 + divla(, .y, V)],

associated with the following problem

T T
f (Ou, v — uydt + f a(t, x,u, Vu)V(v — uydxdt > f (fiv—u)dt, up(0) = uy
0 0 0

where u — —div[a(t, x, u, Vu)] is a pseudomomotone operator under the constraint u > ». We
propose to present tools to show the existence of a solution for the above mentioned problem.

After the first results of H. Lewy and G. Stampacchia [8] concerning inequalities in the
context of superharmonic problems, many authors have been interested in the so-called Lewy-
Stampacchia’s inequality associated with obstacle problems. Without exhaustiveness, let us
cite the papers of A. Mokrane and F. Murat [10] for pseudo-monotone elliptic problems, A.
Mokrane and G.Vallet [11] in the context of Sobolev spaces with variable exponents. The
literature on Lewy-Stampacchia’s inequality is mainly aimed at elliptic problems, or close to
elliptic problems and fewer papers are concerned with other type of problems. Let us cite
J. F. Rodrigues [12] for hyperbolic problems, F. Donati [4] for parabolic problems with a
monotone operator or L. Mastroeni and M. Matzeu [9] in the case of a double obstacle.

The aim of O. Guibé, A. Mokrane, Y. Tahraoui and G. Vallet [6] was to extend F. Do-
nati’s work [4] to pseudo-monotone parabolic problems with a Leray-Lions operator. The
authors proposed a result with very general assumptions on the Carathéodory function a, by
using a method of penalization of the constraint associated with a suitable perturbation of the
operator. As proposed e.g. by [7, p.102], this perturbation is one of the main new point of
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the proof. Indeed, without it, one is usually only concerned by Lewy-Stampacchia’s inequal-
ity in the elliptic case, and one needs to assume, as in [10], some additional, now useless,
holder-continuity assumptions with respect to u and Vu. Thus, this perturbation allows us
on the one hand to prove Lewy-Stampacchia’s inequality in the pseudomonotone parabolic
case, and on the other hand to reduce significantly the list of assumptions. Let us mention
also that, with this method, one is able to revisit Lewy-Stampacchia’s inequality proposed
in [10, 11] by assuming only basic assumptions. The second essential result is an extension
of the formula of time-integration by parts of Mignot-Bamberger[2] & Alt-Luckhaus[1] to
non-classical situations. Some information are also given too about the time-continuity of an
element u when u and d,u are not in spaces in duality relation. We propose in this paper to
present tools and techniques used by the authors to deal with the difficulties in the study of
some terms in [6].

First of all, we need to precise the functional setting and the assumptions on the data.
Denote by D C Rid>1a Lipshitz bounded domain, 7 > 0, Q = Dx]0,T[and p,p’ €
11,400 such thatl + L = 1. vV = Wy(D) if p > 2 and V = Wy"(D) n LA(D) with the
graph-norm else. Then, V' = W~ (D)if p > 2 and V' = W~'"7'(D) + L*(D) else and the
Lions-Guelfand triple V = H = V’ holds.

W(,T) = {ue LP(0,T,V), du € L”(0,T,V')} and K() := {u € W(0,T), u > }.
Assume in the sequel the following:

H1 .
AW (D) - W' (D) v A@) = - div]at, x, v, Vv),

where

Hija: (@txué) e QxRX R? — a(t, x, u, &) e R is a Carathéodory function on
Q % Rd+1
Hi, Y(t,x) e Qae, uecRk, ¥&ne R,

E+£n=lalt, x,u,t)—at, x,u,n].(&—-n >0.

Hy3; d@ > 0,8 > 0 and ¥ > 0, functions & € L'(Q),k € L(Q) and two exponents
q,r < p such that, for a.e. (t,x) € O, Vu e RV¢ € RY,

a(t, x,u, £).£ 2algl’ — |[Plul? + |h(t, )],
la(t, x,u, )] <Bk(e, o) + 1™ + 1]

H, : ¢ € LP(0, T, W'’(D)) n LP(0, T, L>(D)); that 8,/ belongs to LY (0,T,V’) and Y <0
on 0D.

Hj : the right hand side f, which is assumed to be such thatg = f — 0, — A(Y) =g — g~
belongs to the order dual LP(0, T, V)* = (L” (0, T, V'))* — (L” (0, T, V')*,ie. g*, g €
(LP'(0, T, V"))* the non-negative elements of L (0, T, V").

H, : ug € L*(D) satisfies the constraint, i.e. uy > (0).

Let us now recall the main result in [6].
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Theorem 1. Under the above assumptions (Hy)-(Hy), there exists at least u € KQ) with
u(t = 0) = uy and such that, for any v € LP(0,T,V), v > ¢

T T
f (Osu, v — u)dr + f a(t, x,u, Vu)V( — u)dxdt > f (f,v—u)dt.
0 0 0

Moreover, the following Lewy-Stampacchia’s inequality holds

0 < ou—divla(-,-,u,Vu)] — f < g~ = (f = 0 + divia(-, -, &, V)])~.

§2. Strong continuity in L>(D)

Let us denote by V(D) (Vy(D) resp.) the following space W'-”(D) N L*(D) (Wg’P(D) N L*(D)
resp.) and V/(D) = W17 (D) + L*(D). We have the following result.

Lemma 2. Ifu € L”(0,T; V(D)) and 0,u € L” (0, T; V'(D)) then u € C([0, T], L*(D)).

Remark 1. This result is not the usual one since u and d,u are not in spaces being in duality
relation and few words are needed concerning the time-derivative. Note that both V(D) and
Vo(D) are dense subspaces of the chosen pivot space L?(D) so that it can be identify to a sub-
space of V/(D) or (V(D))'. Therefore, u, as an element of L*(0, T; V(D)) < LF(0, T; L*(D)),
has a time derivative in the sense of O (0, T; L*(D)) — D’(0, T; V’(D)) and it is assumed to
belong to L¥' (0, T; V'(D)).

Remark 2. Note that Lemma 2 ensures that the obstacle s € C([0, T], L*(D)) and therefore
up > (0) has a sense as elements of L*(D).

Sketch of the proof. This result is based on a classical method: first in R , then in the half-
space R? and finally in D thanks to an atlas of charts.

For D = RY, we have Wé’p RNy = W'P(RN), therefore we can identify V’(RY) with the
dual of V(RM). By considering the triple V(RN) = L2(RM) = V/(RV), thanks to [14] (Prop.
1.2 p. 106), one has u € C([0, T], L>(RM)).

If D = Rf/rexp'_ = {(x,xg) € R% x; > 0 (resp. x; < 0}, the method is based on a
suitable extension of u to R?. Following a recommendation of F. Murat, we consider the
following extension, used e.g in [5]

u(t,x', xq); xg>0
=3u(t, X', —xg) + 4u(t, x', —2x4); xg < 0.

i, x', xq) = {

Note that it € LP(0, T; V(R?)) and, thanks to a change of variables, that for any ¢ € C(]0, T[xR%)
one gets

T T
f f ii(t, x)0:p(t, x) dx dt = f f (=3u(t, x', —xg) + 4u(t, x', —2x4))0,0(t, x’, x;) dx dt
0 Jrd 0 Jr?

T
+ f f u(t, x)0.p(t, x) dx dt.
0 Jrd



288 Yassine Tahraoui

Then

T
f f i(t, x)0.(t, x) dx dt
0 Jrd

T
= [ [ et = 300, =50 + 2005 =Bt x ) v
0 Jr?
Remark that y(z,x) = @(t, X', xg) — 3p(t, X', —x4) + 2¢(t, x’,—%) =0 if x4 =0and

A(t, x) = 0if x; = 0, which implies ¢ € WI>(0, T; Vo(R?)).
Note that ”lﬁ”L”(O,T;V()(Ri{)) < SHSD”U’(O,T;V(R‘{))' Therefore,

T T
| f (i, ] = | f f byt dx ] < Wl 7. W sy < Clllnorven)
0 0o Jre

Thus 8,it € L” (0, T; V'(RY)).Then, one concludes that iz € C([0, T], L2(RY)) i.e u € C([0, T, L*(R9)).
Finally, the result holds in the general case by considering an atlas of charts as proposed e.g
in [5]. |

§3. Penalization and perturbation of the operator

Denote by ¢ = min(p, 2) and let us define the function ®
@:R->R, xm-[x],
and the perturbed operator
alt, x,u,&): OxRxRY - R (x,1,u,&) = at, x,u, &) = a(t, x, max(u, y(1, x)),&). (3.1)

Remark 3. We wish to draw the reader’s attention to the fact that with the proposed pertur-
bation: a(t, x, u, &) = a(t, x, max(u, ¥), £), the idea is to make formally the operator monotone
and not pseudomonotone any more on the free-set where the constraint is violated.

We define A : LP(0,T; V) — LP (0, T; V') such that [A(u)](?) := A(u(r)) = — div[a(t, x, u, Vu)]
and note that, the above assumption H; still holds.
For any positive €, a cosmetic modification of [13, Section 8.4 ] yields the following result.

Theorem 3. There exists u. € W(0, T) such that u(t = 0) = uy and

Dy — div [a(t, x, ue, Vue)| + é@)(ue —y)=f. (3.2)

§4. From regular to general case

To prove the main result. On the one hand, we need some estimate for the penalization term.
For that we impose an additional regularity on some data to get the desired estimate which
permits to prove that the solution satisfies the constraint. On the other hand, we need some
additional regularity to use an integration by part formula given in Section 5 to prove Lewy-
Stampacchia’s inequality. Then, we obtain the general case thanks the following density
lemma.
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Lemma 4. The positive cone of LP(0, T; V) N L*(Q) is dense in the positive cone of V', the
dual set of V = LP(0, T, V).

Note that by truncation argument, the same result holds for the positive cone of L?(0, T; V)N
LP (Q) when p < 2. This result is given in [4, Lemma p.593]. We propose in [6] a sketch of
a proof following the idea of [10].

§5. Mignot-Bamberger / Alt -Luckhaus integration by part formula

Note that pt, := du, — div[aC, -, us, Vu)l = f = L[(u, — ¢)71%"" > 0, so that the limit
u = 0u—divla(., -, u, Vu)] — f is a non-negative Radon measure which is also an element of
LY (0,T; V).

Using an idea from A. Mokrane and F. Murat [10], denote by z. := g~ — %[(ua A I
we have

Oty + AUg) + 2. = g + 0 + A(W) ice. O (us — ) + Aug) —AW) + 2. = g".

Observing that

atus + A(ua) - f =2t g_°
as in [10] in the elliptic case and under more restrictive assumptions on the operator a, prov-
ing that z_ converges to 0 in an appropriate space leads to the Lewy-Stampacchia’s inequality.
Due to the time variable and the weak assumption on a we have to face to additional difficul-
ties. For technical reasons, we will assume only that, on top of g~ € LP'(Q) NLPO,T;V),
g~ > 0, that 8,9 € L7 (Q). Roughly speaking it allows one to use a test function depending
on g~ and together with Lemma 5 to perform an integration by part formula and then the
convergence analysis of z_.
Lemma 5. Consider u € L(0, T, W'"(D)) N LP(0, T, L*(D)) such that du € L (0, T, V").
Let ¥ : O xR — R be a function such that (t,x) — Y(t,x,A) is measurable, 1 +—
¥(t, x, A) is non-decreasing (cadlag', or caglad®) and denote by A : Q xR — R, (t,x, 1) —
fa ! Y(¢, x, T)dT where a is any arbitrary real number. Assume moreover that [P(t = 0)| <
h + || and that ,¥ exists with [¥(A = 0)| + |0,'¥| < h where h € L*(Q) and a € [0,1]. If
Y(t, x,u) € LP(0,T,V), then, for any 8 € W0, T) and any0<s<t<T,

f < O, ¥Y(o, x,u) > Bdo = f A(t, x, u(?)B()dx — f AC(s, x, u(s))B(s)dx
K D D

—f fA(O',x,u)/a"dxda'—f f@,A(O‘,x,u)[a’dde'.
K D K D

Proof. We propose here to present the proof introduced in [6]. Thanks to the assumptions, ¥
is a measurable function on Q X R and A is a Carathéodory function on Q X R. Moreover,

!
[Pz, x, V| <[¥(r = 0)] + f 10, ¥ (s, x, Dlds < (T + 1).h(t, x) + |,
0

IA(, x, )| <|A — a|[(T + 1).h(t, x) + |/l|“] < C(T, a)[m|2 + h2(t, %) + h(t, x) + 1]

Iright continuous with left limit
2left continuous with right limit
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so that A,¥ € L? (R,L*(Q)) and the Nemitskii operator associated with A is continuous

loc

from L*(Q) to L'(Q). Concerning the time-derivation of A, for any ¢ € D(Q x R), Fubini’s
theorem yields

y
- f A(t, x, 1)0p(t, x, D)dtdxdd = — f f Y(t, x, T)dT0,p(t, x, DdtdxdA
OXR OxR Ja

y]
= f f o Y(t, x, T)dro(t, x, VdtdxdA.
OxR Ja

Asa consequence,

A
AN, x, 1) = f (1, x,T)dr, |0,A, x, /l)‘ < A= alh(t, x) < |A? + 11, x)/4 + |alh(t, x)

so that the Nemitskii operator associated with d,A is continuous from L>(Q) to L' (Q).

Thanks to the assumptions, u € C([0, T], L*(D)) and one extends u to & in R by u(t) = ug
ift < 0and a(r) = w(T) sit > T. Therefore, if I, := (-1,T + 1), & € LP(I;, W'"P(D)) N
L=, L3(D)) n C(I;, L3(D)) such that 8,i € L (I, V') with 8, = O whent < Qor¢ > T.
Similarly to u, denote by ¥ the extension to /; of ¥ in the same way and by A the corre-
sponding integral as introduced in the Lemma.

For any fixed 0 < h << 1, let us denote by
a(t+ h) — u(r) N u(t) —u(t—h)

h Coh h '
Consider 8 € D(I}) and h, small enought so that suppg + [—h, h] C I;. Then,

v it

fz] (0B = o+ 1) - w0
- % le ﬁ(t)ﬂ(t—h)dt—% fz, (OB dr = }ll le FOIB( — h) — BO)ldr
— - flT” u(np'(nde = - fo ! u(t)B (Hdt + w(T)B(T) — uB0)  in L*(D);
similarly,
fz. OB = | a0 - a1 g

=l f L‘t(t)ﬁ(t)dt—l f ﬁ(t)ﬁ(t-i—h)dt:l f u([B) — Bt + h)ldt
h ]] h 1] h 1]

T+1 T
— - f a(n)B (1)dt = - f u(t)B (1)t + u(T)B(T) — ugB0)  in LX(D),
-1 0

so that v, and wy, converge to 8, in O'[I, L*(D)], thus in ©’[I}, V’]; and to d,u in D'[0, T, L*(D)]
and D’'[0, T, V’]. Moreover, by [3, Corollary A.2 p.145], the properties of Bochner integral
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and since 9,z = 0 outside (0, 7),

, 1 1+h , 1 1+h ,
P g, _ L — p 1 N
J monar= [ 50 [ aawastars 5 [ o asa
1 t+h , 1 t : T :
<1 f f 10, s — - f f 10, s = f ()L, ds.
hJi, Ja h Jr J- 0

Since v, already converges in the sense of Distributions, as a consequence of the above
estimate, one may conclude that v, converges weakly to 8, in L” [I;,V’] and to d,u in
LP'[0, T, V’]. Similarly, w;, converges weakly to d,i in L” [I, V'] and to d,u in L” [0, T, V'].

For any 8 € D(1;), one has that ¥Y(-,u)B € L(I}, V), since L*(D) is identified with its dual,
one gets that

f v (-, u(n)Bdx dt = f <o, PG a@) > Bdt » | < 8,1, V(- i) > Bdr,
I1xD

I I

f wp ¥, W(t)Bdxdr = f < wy, B, @0) > Bdt — | < 6,a,%(, i) > Bdt.
I;xD I

I

. . . A = . =,
Let us recall that a is a given real and A(z, x, 1) = fa Y(t, x,7)dr. Since ¥ is a non-
decreasing function of its third variable, for any real numbers u and v, one has

- wP{, x,u) < A, x,0) — A, x, u) = fy P(t, x, )dt < (v — w)P(t, x, ).

Thus, assuming moreover that  is non-negative,

[a(t + h, x) — a(t, x)1P(t, x, w()B < [A@, x, it + h)) — A, x, @(1)]8
< [agt + h, x) = a(t, )P, x, it + h))B,
[i(t, x) — w(t — h, x)1P(¢, x, u(t — W)B < [A(t, x, u(t)) — A, x, it — h))1B
< [a(t, x) — a(t — h, )], x, u(1))B.

and, for 4 small enough to have suppf + [—h, h] C I},

f onBPC u(t)) dxdt < f ACB+ 1) = ACED) 5 4y
Iy xD

L xD h

< f uBYC, it + h)) dxdt,
I xD

f wnB¥C, (b)) dxdr < f ACHO) ZACHEZ 1) g 4 gy
LxD LixD h

< f whﬁ‘i’(-, u(t)) dxdt,
I1xD
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so that
A, 7 — A, 0 -
liminff Catm) = ACED) g ) gy > f < 0,1, 0(- i) > Bdt
I,)xD h I
T
= f < O, ¥Y(-,u) > Bdt,
0
lim supf AG, 1) =~ AG,# - h)),B dxdt < f < 8,1, P(-, 1) > Bdt
I1xD h I
T
= f < Ou, (-, u) > Bdt.
0
Moreover,

f A x B+ 1) = MY ED) gy e
IixD

h
_! f At - h, x, u(r))ﬁ(z—h)dxdt—l f A1, x, w(0)B(t) dx dt
h L xD h I1xD

_ f At = h, x, 1(2)) = A(t, x, (1)) B(t — hydxdr + WA(t, * B(0) dxdt
I}xD h R !
and
f A, x, u(r)) — A1, x, a(t - h))ﬁ(t) dxdt
I1xD h
_ f A = A 5B g pyaxar+ [ POECDR G awy dxar
IixD h e '

one gets, by passing to the limit, and thanks to the time-extension procedure,

Y B(t — h)dxdt

o At — h, x, u(t)) — A(¢, x, (1))
lim inf
I xD
T
> f < O, Y(-,u) > Bdt + f ACG,n)B'dt
0 XD

: f A, x, w(1)) = At + h, x, @(1))
> lim sup
I1xD h

B(t + h)dx dt

Note that

f AC=hx BE) = AGX B g0 4y g gy
LixD

h

= _f ! f 0:A(s, x, w(t))B(t — h)ds dx dt.
IixD h t—h
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Since, |0,A(s, x, W(1))B(t — h)| < ||Bllolii(t, x) — alh(s, x) is an integrable function, the properties
of the point of Lebesgue (steklov average) yields

f AChox 80) = A ED) oy avar - [ oA x, a@)p) dxdt
%D h )

= - f OA(2, x, u())B(t) dx dt.
Q

B(t + h)dxdt, and if B is

A i) — A it
Since the same holds for lim sup f @, x, #(®)) % @+ h,x, 5(0))
I1xD

regular and non negative, one gets that, for all 8 € D*([0, T']),

T
f < Ou,Y(-,u) > Bdt = f AT, x, u(T)B(T)dx — f A0, x, up)B(0)dx
0 D D

- f AC,w)B dt — f 3,A(t, x, u(t))B(t) dx dt.
o Qo

Since S is involved in linear integral terms, a classical argument of regularisation yields
the result for any non-negative elements of W' (0, T), then for any elements of W'*(0, T').

Since T is arbitrary, the result holds for any 7 and s = 0, then for any 7 and s by subtracting
the integral from O to s to the one from O to ¢. O

A priori, following Lemma’s 5 notations, one should denote by ¥(t,x,4) = —(g~ —
(%[/l‘]q‘l)‘ and A(t, x, Q) = foﬁ Y(t, x, o)do . For that, we need W(t, x, u) to be a test-function.
Since x > [x7]97! is not a priori a Lipschitz-continuous function (e.g. if p < 2%), therefore,
for any positive k, we will denote by

@ = @G- D [ mink,s7)ds, Wi, xA) = ~(g7 - (A7) and Ap(t,x, A) =

foﬂ Y (t, x,0)do. Note that Wi (¢, x,0) = 0 and 9,V (¢, x, 1) = 0,9~ 1[g7_1,7k(/1—)<0] so that, since
Y (t, x,u) is a test-function, by Lemma 5, for any ¢, '

- [ [ ot~ s + [ Mutxnt - wo)dx = [ AOx 100 - w0
0 D D D
! 1 1
- f (Alwe) = AW), (g~ — ~mel(ate — )" 1) )ds - f (g™ — “meley — ) 1) dds
0 E 0 E

! 1
=- f 9°,(9" = —=ml(us —y)"1)")ds < 0.
0 &

Remark 4. Note that the perturbation of the operator will play a main role in the study of the

3G = min(2, p)
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principal term. Indeed, denote by E the set {g~ — ér]k[(ug -] <0}

T
1
- fo (Aus) = AW), (g7 = —mel (s = )77t
1
= f Le[a(t, x. up. Vus) = 4t x.0. V) Vlg™ = —mil (. = ) T dxdr
Qo
1
= f Le|att, x, v, Vus) - at, x,u, V) |Vig™ - (s —y) 1l dxdr,
Q

therefore,

T
1
- fo (A(ug) —AW), (g~ - g’]k[(us —yY) D7 )dt
> - f |(~1(l‘, X, lﬁ, Vub) - Zl(t, X, Eb’ Vlﬁ) |Vgi|1{ug<w} dxdt.
9]

We prove that the last term goes to zero and by analysing the other terms, we obtain Lewy-
Stampacchia inequality with regular data.

Finally, we present remark concerning the uniqueness of the solution.

Remark 5. Note that the pseudomonotone assumption of the operator doesn’t ensure the
uniqueness of the solution. Observe that under additional assumptions on the operator a,
namely a local Lipschitz continuity with respect to the third variable, standard arguments
allow one to prove the uniqueness of the solution obtained in Theorem 1.
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