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LIPSCHITZ SPACES ASSOCIATED TO THE
HARMONIC OSCILLATOR

Marta de Leon-Contreras and José L. Torrea

Abstract.
We define Lipschitz classes adapted to the Harmonic Oscillator

H=-A+|x> xeR"

These classes will be defined either through a pointwise condition or through some in-
tegral conditions, in this case by using a semigroup approach. We will prove that the
different definitions are equivalent. The semigroup approach will allow us to prove regu-
larity properties of some Bessel operators associated to .
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§1. Introduction

Along this note, we shall denote by H the Harmonic Oscillator
H=-A+|x? xeR.

Our purpose is to define Lipschitz classes adapted to H. These classes will be defined ei-
ther through a pointwise condition or through some integral conditions, in this case by us-
ing a semigroup approach. We will prove that the different definitions are equivalent. The
semigroup approach will allow us to prove regularity properties of some Bessel operators
associated to H. Several of the results contained in this note can be found in [1] and [2].
Lipschitz (also called Holder) spaces are classes of smooth functions which are basic in
functional analysis, Fourier analysis and partial differential equations. Roughly speaking, for
certain k € NU {0} and k < @ < k + 1, the space Lipschitz-« is the class of functions that are
more regular than C* (the space of functions whose k-order derivatives are continuous) and
less regular than C¥*!. Lipschitz spaces are usually defined through pointwise estimates but
this approach is not convenient when we want to prove regularity results of some differential
operators, because in most of cases it leads to quite involved computations. However, the
semigroup description of Lipschitz spaces is really useful for this purpose. This approach was
introduced by Taibleson and Stein in the 60’s, see [8, 13, 14, 15]. They characterized classical
Lipschitz spaces through the heat semigroup, e/ and the Poisson semigroup e V-3 These
characterizations raise the question of analyzing some Holder spaces associated to different
Laplacians and to find the pointwise and semigroup estimate characterizations. In the case
of the Ornstein-Ulhenbeck operator O = —%A + x -V, in [3] some Lipschitz classes were

defined by means of its Poisson semigroup, e¢™¥ \6, and in [4] a pointwise characterization
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was obtained for 0 < @ < 1. In the case of the classical parabolic operator 9, — A, in [12]
Lipschitz classes adapted to this operator were characterized through the Poisson semigroup.
In the case of the Hermite operator on R*, n > 1, H = -A + %2, adapted Holder classes
were defined pointwise in [11]. These last spaces were characterized in [1] by means of the
Poisson semigroup, e VH also in the parabolic case. Laplacians More recently, see [2],
some spaces have been defined in the case of Schrodinger operators £ = —A+VinR", n > 3,
where V is a nonnegative potential satisfing

1 1/q
(|B| fV(y)q ) |§| V(y)dy, q > n/2, for every ball B. €))]

It could be said that the breakdown of the analysis of Schrodinger operators was the paper by
Shen, [7]. It relays on estimates of the heat kernel of e~"£. However this method only covers
the range n > 3.

The Harmonic Oscillator is probably the most important example among the family of
Schridinger operators. It has the advantage that the kernel of the heat semigroup, e~ f(x) is
known explicitly. Along this note we shall show how this fact allows us to built a satisfactory
theory of Lipschitz spaces for all n > 1. In this way we shall complement some results of
[1] and [2]. We do not want to be exhaustive in this presentation. However we shall remark
those results that are new. Sometimes the proofs will be only suggested.

Definition 1 (Hermite Holder spaces). Let 0 < a < 2. We consider the space of functions

_ 27Ol
Cg(R") = {f S(L+]-DYf() € L*(R"), and ﬂlo e+ +f(|z|“ 9= 2/0lls oo.}

with associated norm

Ifllcs, = [ Ine + [fcz,-
||f( +2)+ f =2 = 2fOlls

| \>o |z|*
Remark 1. This definition was already considered for Schrodinger operators £, where the
function 1 + |x| was substituted by the inverse of the so called critical radius p(x), see (4). It

can be seen that, if 0 < a < 1, the last space coincides with the space such that [f]y. < oo
and SUP|50 W=/ Ollo - Thig space was defined in [10], [11].

|Z‘n

Where [flye = [I(1 + - D fO)lleo and [f]ce,

Definition 2. Let e /" = W, and e™ VH = P, be the heat and Poisson semigroups associated
to H. For a > 0 we define the spaces A}, and A as

(A) AY, = { £ [flue < ooand [[0EW, f||Lm(Rn) < Gy F2 ko= [a)2] + 1} We shall
denote by S [ f] the infimum of the constants Cy above.

B) AL = {f : MPLf1 = [, GiPlrdx < oo, and ||04P, £, ) < By ™, k = [a] + 1.

We shall denote by § (1: [f1 the infimum of the constants B above.

We observe that condition [f]y« < co implies that in particular the function f must be
bounded. Moreover, if f € AL then p(-)™f € L®(R"), see [2] Theorem 1.9. For H it is

known that p(x) = . +|X‘ Therefore we get that f € L¥(R"), so A coincides with the space
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defined in [1]. We will also see that this condition is natural as soon as either S 5 [f] < o0 0or
SYIf] < oo.
The main Theorem of this note is the following

Theorem 1. Let 0 < @ <2, n > 1. The following statements are equivalent:
(1) f € C,(R"), Q) f €Ay 3)f €A,

Moreover, the norms of the function f in these spaces are equivalent.

The Theorem was proved to be true in the case £ forn > 3 and 0 < a@ < 2 — 2, where ¢
is the exponent in (1). In [1] it was proved that (1) is equivalent to (3). On the other hand, the
proof of (2) implies (3) was given in [2] and it remains valid in this case for any & > 0. We
include it here as Theorem 6, we believe that is of independent interest. Finally, we sketch
the proof of (1) implies (2) at the end of Section 2.

Our second aim is to study the regularity of operators in the Lipschitz spaces. As example
of the technique we shall present here the Bessel potential of order 8 > 0,

(Id + HY P f(x) = L f T ete f(x)tﬁ/zd—t.
I'B/2) Jo t

Theorem 2. Let o, > 0. Then, the Bessel potential satisfies
(i) 12 + HY P fllaw < Clfll .
b

(ii) 1IId + FHOP2 fllaw, < Clifll.

All the results in this note have been proved for the elliptic operator H but they can be
done in the parabolic case parallely, as we did in [1] for the Poisson case.

§2. Proof of Theorem 1.

It is well-known that, for f € LP(R"), 1 < p < oo, see [9], the heat semigroup associated to
‘H is given by the Mehler’s formula

_lPcothy _ Px—z2tanhy

< )“n,z fa-2dz @)

—yH _ _ — = P ———
e f(x) =W, f(x) = Ln Wy(x, ) f(x = 2)dz = \L;" (27 sinh(2y)

In addition, by Bochner subordination, for f € LP(R"), 1 < p < oo, the Poisson semigroup is
given by

2 o2
s 4“ coth Tom ‘)t{“ tanh T

VT gy A B i ar
T f) = Pufo = 52 [ [ ety @ O

See [1] for more details.

Remark 2. The following results will be use along the paper. Let 7 > 0.
(1) If T < 1, then sinh 7 ~ 7, cosht ~ C, coth7 ~ 1 and tanh 7 ~ 7.

(2) If T > 1, then sinh 7 ~ €7, coshT ~ ¢7, cotht ~ C and tanh 7 ~ C.
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(3) Letz > 0 and @ > O there exist a constant C, > 0 such that z%¢ ™% < C,e /2.

As usual, by A ~ B we mean there exist constants C, C, such that C1A < B < CA.
We shall also need some expressions of hat kernel acting over constants functions. The
reader can be found the proofs of the following formulas in [1].

Lemma 3. For each x € R" and v > 0, we have:

tanh(2y) | 12
e 1M

—yH _
(1) e™1(x) = o

tanh(2y)
_M‘T'/MZ

—yH . 2~ -
(2) 10ye 100l < Clminy, 1) + )20 S5

Lemma 4. Let k € N. Then for every x € R" and y > 0,

Cy
W, (x,2)dz| < —.
[ [ aw, -

Proof. For k = 1, the proof follows easily by using Remark 2 and the estimate

_ \ZI2 cothy

_ [2x—% tanhy
: ¢

e ¢
< _—
0w Dl < C Ty

For k > 1 the proof is parallel. O

Remark 3. Observe that for bounded functions f, Lemma 4 assures that
||8_,,W_,/ f H L@y S ClIflloy™". Therefore we can assume in the definition of AZV/Z that y < 1.

By subordination the same fact occurs for AL,
Proposition 5. Let a > 0,

o Ifk = [a/2] + 1 and f is a function satisfying M*[f] < oo, then II(?/;WnyLm(Rn) <
Cay™*"2 if, and only if; for m > k 10 W, fll=ss) < Coy™"**/%. Moreover, for each
m, C,, and C, are comparable.

o Ifk = [a] + 1 and f is a function satisfying MF[f] = fR” DL gy < o, then,

(1+|X|)”+]

||a§ny||Lw(Rn) < Coy ™™ if. and only if, for m > k, ||aZlef||Loo(Rn) < Cpy ™o,

Proof. Letm > [a/2] + 1 = k. By the semigroup property and Lemma 4 we have
- A -
03w 0] = €l W @Waf 0, )| < Cloy 07 = Gy,

For the converse, the fact |6§ W, f(x)| — 0asy — oo, allows us to integrate on y as many
times as we need to get ||6’;Wyf||Lm(Rn) < Cpy Ttz
For the Poisson semigroup the proof is parallel. O

The following result appears for the first time in [2] in the case of Schrodinger operators.

Theorem 6. Lera > 0. If f € A, then f € AL. Moreover, SPifr<esyin.
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Proof. Letk =[a/2]+1and f € A(‘f’/z, then [a]+1 = [@/2+a/2]+1 < [@/2]+[a/2]+2 = 2k.
By Proposition 5 it is enough to prove that [|8;* P, flle < Cy~0*e.
i 2
Since 65(”:—,?) = 6,(”;—/;), k-times integration by parts give

7

1 oo k ye + —-TH
_2\/7_rf0 6T[ o7 ]e fodr

o 1
Yye ¥ ka2
<cs” T dr
a[f]fo 5

2
1 0 ye =
2% _ 2% —TH
|6, Py.f(x0)| = ‘ﬁrfo 9, [ 32 ]e T f(odr
1

e

<C Sy[f]y—2k+(l.

72
ye &
372

] Fe L f(x)dr

O

Remark 4. 1t is clear that if f is a function such that (1 + |- [)*f € L*(R"), then f € L*(R").
Therefore, the following Remark 5 establishes that in the definition of A(VIV/Z, we can consider
indistinctly f € L*(R") or (1 + |x|)*f € L*(R"). The proposition was proved in the case £ in
[2].

Remark 5. Let @ > 0. If f is a bounded function such that [|0)'W, fllr=gs) < Cy™ ™2,
m = [a/2] + 1, then [x|*f € L*(R").

Proof. We shall do the proof only in the case 0 < @ < 1, for the other cases see [2]. Now for
[x] > 1and 0 < @ < 1 we have

WTFCOL < 7 sup (W, (ol < Jaf” sup (W, /() = W fal + W, £

1 1
O<y<m O<y< Il

1
T
<l sup f 0, Woy f()dz| + CIfI,
O<y<ﬁ y a/2
1
Ix
< CI" sup f "z | + Cllfil < C.
0<y<ﬁ y o2

Now we shall prove that (1) implies (2) in Theorem 1.
Suppose that f is a function that satisfies the conditions in (1). Let y < 1. By using that

f 0, W, (x,2) f(x + 2)dz = f 0,W,(x,-2)f(x — 2)dz, we can write
R R

1
oW, f(x) = 3 fR ) Oy Wy(x, )(f(x —2) + f(x +2) — 2f(x))dz
+ % f (0, W, (x.2) = 8, W, (x, =2))f(x — 2)dz + f(x)0,e™M1(x)
R}I

=I+1I+1II.
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On the one hand, by using Remark 2 and Lemma 4 we have that

_[Peothy _ x-z2tanhy

e < e <2l —1+a/2
I<C dz<C .
d f . Gmnegyry =Y

Regarding /1, observe that

2 cothy

P e 7} [ _ 2x=z%tanhy 7|2x+:|2mnhy:|
—_—_— 4 —_ 4
v\ 2rsinh(2y)y | ¢

_ 22 cothy
e 7 _ 2x=z% tanhy _ 2x+z% tanhy
Oy| ——— [e T —e 7 ]
(27 sinh(2y))"/2

_J2cothy

e T P [ _ x-z2 tanhy _atef? lunhy]
+—0, e ¥ —e 3
(27 sinh(2y))y"/2 Y

_\zl2 cothy ( |Z|2 COth(Zy) )
e ¢ - - + —
(sinh(y))2(sinh(2p))"” " (sinh(2y))""?

1 [2x-62f2 tanh y
f 340, (e-74 )de
-1

| 0y Wy (x,2) = 0y W, (x, —2) | =

_ |2.\'—z|2 tanh y _ |2.r+z\2 tanh y
T T

<C —e

_ 22 coth y

+ —e'
(27 sinh(2y))"/2
=11, + 1I,.

Observe that

_ [2x-z tanhy _ [2x+z? tanhy
4 e 4

e

1 _ [2x-622 tanhy 1 _ [2x-6z2 tanhy
= Oge +do| = V.(e T )-zdo
-1 -1

L 02 tanhy @t h
:‘f 67‘2 o’ h( a; y(2x—91)-z)d9‘
-1

< Clz|(tanh y)'/%.

Therefore, by using Remark 2 we have that

2oty 3 1/2 1/2
11| < Ce™ e cot ' Izl (tan1.1 Y) N coth(Z.y)|z|(tanh Y)
(sinh(y))?(sinh(2y))"/? (sinh(2y))"/2

2

2 (2P |zl e
<Ce (ys/zm/z + yl/zen/2 <C e
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On the other hand, since

1 _ [20-6z% tanhy 1 [2x-6z2 tanh y
]fagay(e Bt sy )d@': f vzay( 7) 2d6
-1 —
1 o2 anhy @ tanh
.f au e y(2x 02) - Z)dg'

X~ 2lanl Gt h 2 _9 2 92 _9 :
'f _ [2x-62% tanhy 0| h ( anhy |2x 2Z| (2x—67) 7+ (2x 2) Z)d@‘
2 4cosh’(y)

2cosh’ y
Izl
(tanh y)'/2 cosh?y’

_kP \Iz

we have that |II,| < C (2” smh(2y))”/2 (tanhy)llf,l o’y < C&<5 ,,,2 . Estimates 11, and 11, and the fact
that y < 1 allow us to get |I1| < C||flloy™'T2.

Finally, by using Remark 2 and Lemma 3 (2) we get

co(h y

mh(zwmz

1111 < ClF(I(1 + xP) < CIFI + |x2ye P

(co h(z 2
< C([fIme + Iflleo)y™ 72,

This is the end of the proof of Theorem 1.

§3. Proof of Theorem 2.

Since [|W, fllo < Cl|fllo and II3§Wyf||m < C% for £ € N, we can apply Fubini’s Theorem
and the derivatives and the integral commute.
Let f € Aa/2 and € = [a@/2 + B/2] + 1. Then

10 W,((dd + HY PP ()] = ' fo " AW, W, f)(x)zﬁﬂth’

1
I'B/2)
<C f e (0 W f(x) )zﬂﬂ@

0 w=y+t t

S Cf e—t(y + t)_€+a/2tﬁ/2%
0

wbl2e=vt dy

o IRt _wTe ™ du
y o (1 +u)te2y

< CyI?hIR=C

When f € L*(R") we proceed analogously by using that, for £ = [8/2]+1, |0 W, W, fll. <
Ul
y
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§4. Remarks about Schrodinger operators

It can be checked that the Harmonic Oscillator, V(x) = |x|?, satisfies condition (1) for all
g < 0o. On the other hand, one of the fundamental tools in the theory of the operator L is the
so called “critical radius” p(x), x € R”", defined as

1
p(x) := sup {r >0: = V(y)dy < 1}. @)
B(x,r)

In the case H, p(x) = 3. The function 1, appeared before the paper by Shen, [7], in the
historical work of Muckenhoupt, [6]. It was related with the Ornstein-Uhlenbeck operator on
the line. For the interested reader we refer to the paper [5]. In that paper it is shown that 1J+|X‘,
n > 1, shares all the properties of p(x). Of particular interest is the existence of a covering of
the space with balls of type B(x, %\xl)' All these remarks together say that Theorem 1 could

also be proved by changing in an appropriated way the proof given for the operator £ in [2].
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