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CONVERGENCE AND ERROR ESTIMATES
FOR THE COMPRESSIBLE

NAVIER-STOKES EQUATIONS
Thierry Gallouét

Abstract. We are interested in the paper by the discretization of the (unsteady and sta-
tionary) compressible (isentropic) Navier-Stokes Equations with the Marker-And- Cell
scheme. We present recent results for the convergence (as the discretization parameter
goes to zero) of the approximate solutions to a weak solution of the continuous equations
and error estimates when the solution of the continuous equations is regular enough.
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§1. Introduction

I present in this paper some results obtained with R. Eymard, R. Herbin, J. C. Latché, D.
Maltese and A. Novotny.

Let Q be a bounded open connected set of R® with a Lipschitz continuous boundary,
T >0,y >3/2,uy € LXQ), pp € LY(Q) and f € L*(]0,T[, L*(Q)?). The compressible
Navier-Stokes equations read

0;p + div(pu) = 0 in Qx]0, T, (mass equation) (1)
0:(pu) + div(pu ® u) — Au + grad p = f in Qx]0, T, (momentum equation)  (2)
p=p" in Qx]0, T[. (Equation Of State)  (3)

To this system, we add a Dirichlet boundary condition,
u = 0 on 9Qx]0, T, 4)

and an initial condition
u(-,0) = uy, p(-,0) = po on IQ. Q)]

The main unknowns of Problem (1)-(5) are u and p (then, p is given with (3)). Under
the assumption pp > 0 a.e. on Q and fg(%po|uo|2 + pg/(y — 1))dx < +o0, existence of
a weak solution (u,p) to (1)-(5) is known (but no uniqueness in general) since the works
of P-L. Lions [18] and E. Feireisl and coauthors [5], [6]. This weak solution sastifies
p € L0, T[,LLY(Q), p > 0ae.,u € L*[0,TI, H&(Q)3) and plul> € L*10,T[, L'(Q)).
Futhermore, fQ p(x,Hdx = fQ po(x)dx a.e.. In particular, such a weak solution has a finite
energy. More precisely, for a.e. #in ]0, T[, if f = 0,

Y

1 Y ! 1
f pluf + L)ty dx + f f | gradu® dxdrt < f (zpolugl® + %o ydx.  (6)
o2 y-1 0o Jo o 2 y-1
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It is said that this weak solution is a “suitable” solution.

We are also interested by the stationary compressible Navier Stokes equations. In this
case, Q is a bounded open set of R3, with a Lipschitz continuous boundary, y > 3/2, f €
L*(Q)* and M > 0. The equations read

div(pu) = 01in Q, @)
divijpu ® u) — Au + grad p = f in Q, ®)
p=p" inQ. ©))

To this system, we add a Dirichlet boundary condition,
u = 0on 9Qx]0, T, (10)

and
p=>0ae. fp(x)dx =M. (11)
Q

Here also, the main unknowns of Problem (7)-(11) are u and p (and p is given with (9)).
Existence of a weak solution (u, p) to (7)-(11) is known (but no uniqueness) with u € H(l)(Q)3
and p € LY(Q), at least for y > 5/3, see for instance [19], [20]. Indeed, the “optimal” space
for this weak solution depends on y (except for u which always belongs to Hé Q3. Ify > 3,
p € L¥(Q) and then p € L2(Q). If y < 3, p € L°(Q), with § = 3(y—1)/y, and then p € L(Q).
In particular, the function p belongs to L*(Q) for y > 5/3.

Remark 1. Fory = 3/2, one has ¢ = 3(y — 1)/y = 1, and y§ = 3(y — 1) = 3/2, so that
the natural spaces for p,p,u seem to be p € L'(Q), p € L%(Q), u € H(l)(Q)3. Using the
Sobolev embedding Hcl)(Q) c L%(Q) these natural spaces gives pu® u € LY(Q)3. Thisis a
reason for the limitation y > 3/2. However, in the case of the stationary compressible Stokes
equations (that is without this term pu ® u in (8)), one has a weak solution with p € L*(Q)
(and p € L*(Q)) and there is no restriction on 1 in the sense that we can take y > 1 (see for
instance [4, 3] for y > 1 and [9] fory = 1).

For this two problems (Compressible Navier-Stokes Equations and Stationary Compress-
ible Navier-Stokes Equations, namely Problem (1)-(5) and Problem (7)-(11)) we are inter-
ested by the discretized models obtained with the Marker-And-Cell scheme (MAC in short)
and, for the unsteady problem, with an implicit discretization in time. The reason of this
choice is that the MAC scheme is widely used in computational fluid dynamics. It was intro-
duced in [16] and considered (since the beginning) as a suitable space discretization for both
incompressible and compressible flow problems (see [14, 15] for the seminal papers and [23]
for a review). We refer to [3], [10], [12] for a description of the MAC scheme. Of course, we
have to consider a domain € adapted to the discretization by the MAC scheme.

Admitting the existence of an approximate solution, that is a solution of the discretized
problem (this existence can be proven), two questions ares interesting:

1. Isit possible to prove convergence (up to the subsequence) of the approximate solution
to the weak solution of the continuous problem as the mesh size goes to 0 (and also the
time step in the evolution case) ?

2. In case of uniqueness of the solution of the continuous problem, is it possible to obtain
error estimates and what are they ?
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The answer for this two questions are partially known, it remains some open questions
(and the known results are completely different between the unsteady case and the steady
case) :

1. For the stationary compressible Navier-Stokes problem (namely (7)-(11)), we prove,
for v > 3, convergence (up to the subsequence) of the approximate solution to the
(weak) solution of (7)-(11) as the mesh size goes to 0, see [10]. But it is an open
problem for 3/2 < vy < 3. Note that for y > 3 the proof of convergence given in [10]
also gives existence of a weak solution to (7)-(11) since the existence of an approximate
solution is also proven in [10].

2. For the compressible Navier-Stokes problem (namely (1)-(5)), the convergence of the
approximate solution, up to a subsequence, to the solution of the continuous problem
is probably true, but we do not have a complete proof.

3. For the compressible Navier-Stokes problem (namely (1)-(5)), if the solution of the
continuous problem is regular enough (then we call it a “strong solution”), we obtain,
for y > 3/2 an error estimate, cf. [12] for the case f = 0. The rate of convergence
obtained in [12] depends on y and is probably not optimal.

4. For the stationary compressible Navier-Stokes problem, even when the solution of the
continuous problem is regular, we are not able to obtain error estimates.

Remark 2. tis possible to obtain some convergence results or some error estimates with other
schemes than the MAC scheme. For instance, a convergence result is given for the unsteady
compressible Navier-Stokes equations in [17] with a FV-FE scheme, albeit only in the case
y > 3 (the difficulty in the realistic case y < 3 arise from the treatment of the non linear
convection term). Some error estimates (when the solution of these unsteady compressible
Navier-Stokes equations is regular enough) have been derived for this FV-FE scheme in [11]
if y >3/2.

§2. Error estimates

2.1. For the compressible Navier-Stokes problem

For the compressible Navier-Stokes problem the proof of an error estimate, that is the compar-
ison of a “strong” solution of Problem (1)-(5) and an approximate solution (that is a solution
given by the MAC-scheme in space and an Euler-backward scheme in time) is very close to
the so called “weak-strong uniqueness principle", which is the comparison of a “strong” so-
Iution and a weak solution of Problem (1)-(5). Indeed, the weak-strong uniqueness principle
states that if Problem (1)-(5) has a regular enough solution (the main hypothesis on the solu-
tion is the fact that divu € L'(J0, T[, L*(Q)) and grad p € L'(]0, T[, L*(Q))) then Problem
(1)-(5) has a unique weak solution (and this solution is equal to the strong solution).

This idea of the weak-strong uniqueness principle comes back to G. Prodi [21] (1959)
and J. Serrin [22] (1963) for the case of Incompressible Navier-Stokes Equations. For the
compressible isentropic Navier-Stokes equations, the first result is probably in [13]. More
general Equation Of State are considered in [6].
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For the compressible Navier-Stokes equations, the proof of this weak-strong uniqueness
principle uses the so-called “relative entropy” introduced by C. M. Dafermos for Euler Equa-
tions [2]. In other papers, the “relative entropy” is called “modulated energy”. We will use
below the term “relative energy” which seems to be more adapted to our system of equations.

We first describe in Sec. 2.2 this weak-strong uniqueness principle in a very simple case
containing the main idea of the method.

2.2. Weak-strong uniqueness principle, simple case

We present in this section the weak-strong uniqueness principle in the case of the compress-
ible Stokes equations with y = 2 and f = 0. The set Q is still a bounded open connected set
of R?, with a Lipschitz continuous boundary and T > 0. The problem read

0:p + div(pu) = 0 in Qx]0, T, (12)
ou — Au + grad p = 0 in Qx]0, T, (13)
p =p*in Qx]0, T[. (14)

with a Dirichlet boundary condition,
u = 0on 0Qx]0, T, (15)

and an initial condition
u(-,0) = uy, p(-,0) = pg on Q. (16)

Let (u, p, p) be a regular solution of (12)-(16) (we call it ’strong solution) and let (u, p, p)
be a suitable weak solution of (12)-(16).

The idea of the proof is to use a Gronwall inequality on the “relative energy" between (u,
p) and (1, p) which reads in this case (Stokes Equations, y = 2), fort € [0, T'],

1
Edupli,p) = fQ (310) ~ BOP + o) = HOP) .

Note that this quantity is indeed well defined for any ¢, thanks to some continuity which can
be proven for u and p. We now transform formally the quantity E;(u, p |1, p) in three steps,
using (12)-(16).

Step 1 Energy Inequalities for the suitable weak solution and for the strong solution

We formally take u as test function in the momentum equation for u (Equation (13)) to
obtain, for 7 € [0, T],

1 g 1
— f [ul(7) dx + f f (| gradu)* — pdivu) dxdr = = f lug|*dx. (17)
2 Q 0 Q 2 Q

We formally take p as test function in the mass equation (Equation (12)) to obtain

1 1 !
—fpz(t)dx——fpédx—ffpu~gradpdxd1':0.
2 Ja 2 Ja 0 Ja
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But, since p2 =p,

t 1 ! 1 f
ffpu-gradpdxd‘z':—f fu~grad(p2)dxd‘r=——f fpdivudxdr
o Jo 2 Jo Ja 2 Jo Ja
and then .
fp2(t)dx+f fpdivudxdr=fpgdx. (18)
Q 0 Q Q

Then, adding Equations (17) and (18) gives for all ¢ € [0, T'],

1 ! 1
— f [u?(r) dx + f PPt dx + f f (| grad u]* dxdr = = f lug|*dx + f o4 dx.
2 Ja Q 0o Ja 2 Ja Q

Indeed, this is Inequality (6) with an equality instead of an inequality, but the computation
here is formal. For the suitable weak solution, one has Inequality (6) which is here

1 d 1
- f lu?(r) dx + f P2t dx + f f (| grad v dxdr < = f lug|*dx + f pidx.  (19)
2 Q Q 0 Q 2 Q Q

For the the strong solution (which is “more” than a suitable weak solution), one has also

1 ! 1
— f lal*(r) dx + f 52t dx + f f (| grad @) dxdr < = f [ug|*dx + f pidx.  (20)
2 Ja Q o Ja 2 Ja Q

Using (19) and (20), for all ¢,
_ 1 _ _
Ei(u,pla,p) = f (Elu(t) —a(n)f + o - pl)dx <
Q

- f u(t) - a(r)dx -2 f p(p(1) dx — f f (| grad u]®* + | grad &%) dxdt
Q Q 0 Q

+f|u0|2dx+2f|polzdx, 1)
Q Q

‘We have now to transform the two first terms of the right hand side of (21).
Step 2 Transformation of fQ p(H)p(t) dx.

Using the regularity of the strong solution, we can take p as test function in the mass
equation for the weak solution (Equation (12)) and p as test function in the mass equation for
the strong solution. This gives

! !
f f(ﬁtp)ﬁ dxdt — f fpu -gradpdxdr = 0,
0 Ja 0 Ja
! 3
f f (0,p)p dxdt + f f div(pin)p dxdt = 0.
0 Jo 0 JO

The non-symmetry between these two equalities is due to fact that (u,p) is only a weak
solution. Adding the two equations leads to

fp(t)p(t)dx—fp(z)dxzf fpu'grad,[)dxd‘r—f fdiv(ﬁﬁ)pdxdt (22)
Q Q 0 Jo 0 Jo
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Step 3 Transformation of fQ u(?) - a(r) dx.

Using, here also, the regularity of the strong solution, we can take u as test function in
the momentum equation for the weak solution (Equation (13)) and u as test function in the
momentum equation for the strong solution. This gives

! !
f f((?,u)ﬁ dxdt + f f(gradu : gradu — pdiv(n)) dxdt = 0,
0 Jo 0 Ja

t T
f f(@,ﬁ)u dxdt + f f(gradu :grada + u - grad p) dxdt = 0.
0 Ja 0o Ja

Adding the two equations leads to

i3
f u(r) - u(r) dx—f lup|® dx = f f(—Z gradu : gradu + p div(l) —u- grad p) dxdr. (23)
Q Q 0 Jo

Step 4 End of the proof of the weak strong uniqueness principle
We use (22) and (23) to transform (21). We obtain

! !
E(u,plu,p) < - f f | gradu — grad al? dxdr - f f(p div(a) — u - grad p) dxdt
0 JQ 0 Ja

3 3
- 2[ fpu - grad p dxdt + Zf f div(pu)p dxdr.
0 JO 0 Jo

Using p = p% p = p% [ [div(ipdxdr = [} [ (ppdiv(@i) + pi - gradp) dxdr and
fot fg(div(ﬁ)ﬁ2 + 2up - grad p)dxdr = 0, this inequality can be rewritten as

E(u,p|0,p) < f f(—l gradu — grad > - (p - p)* div() — 2(p — p)(@i — u) - grad p) dxdr.
0 Jo
and then
E(u.plii.p) < f f (~(p - PP div(@) - 25 - p)(ii — w) - grad p) dadr.  (24)
0 Jo

Setting @ (1) = E/(p,ulp, 1) = 3 [ lu(t)—a()P* dx+ [ (o(t)—p(t))* dx, using Cauchy-Schwarz
Inequality for the last term, we obtain from (24), since divii € L'(]0, T[, L*(Q)) and grad p €
L'(J0, T, L*(Q)),

e < Cf a(t)p(t)dr for all t € [0, T,
0

with some a € L'(]0, T[). This gives, by Gronwall Inequality, ¢(f) < <p(0)ef0f ™4t and then,

since ¢(0) = 0, ¢(f) = O for all r € [0,T]. The weak-strong uniqueness principle is then
proven for this simple case (compressible Stokes equations with y = 2 and f = 0).
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2.3. Error estimate for the compressible Navier Stokes equations

We consider here the compressible Navier Stokes system (1)-(5) with f = 0, y > 3/2 and a
domain Q adapted to the MAC scheme (for instance, Q =]0, 13). Mimicking the previous
proof of uniqueness (given in Sec. 2.2) at the discrete level it is possible to obtain error esti-
mates, that is an estimate between a strong solution (we assume existence of such a solution)
and the approximate solution given by a numerical scheme (roughly speaking it is not so far
of a weak solution with some errors due to the discretization). Instead of a suitable weak
solution (p, ), we use now the solution of the scheme (that is the solution obtained with a
space discretization using the MAC scheme and an Euler-backward discretiztation in time).
This numerical solution is denoted by (u, p) and the strong solution is denoted by (u, p). The
energy is now

1
E(u,p|u,p) = fg(iplu(t) — a0 + e(p®Ip(1))) dx,

with e(p|p) = p” — p*~'y(p — p) — p”. Note that e(p|p) = 0 if and only if p = p.
If A is the mesh size and k the time step, the error estimate given in [12] is

Ep,ulp,it) < C(h® + k'*)forall 0 <1< T,

where C depends only on the strong solution and on the regularity of the mesh and o =
min(@, 3). Fory = 2, one has @ = 1/2 and E, is the L?-norm of (p — p) plus the L?-norm

of (u — i) weighted by p (and we have p > 0 a.e.).

2.4. For the stationary compressible Navier-Stokes problem

We are not able to give error estimates for the stationary compressible Navier-Stokes problem
(that is problem (7)-(11)) as we did for the compressible Navier-Stokes problem in Sec. 2.3.
The proof in Sec. 2.3 follows closely the proof of the weak-strong uniqueness principle.
A crucial tool in the proof of weak-strong uniqueness principle is the use of the Gronwall
inequality. Then a natural question is “What can play the role of Gronwall Inequality for
stationary problems” ?

We present below a very simple example where uniqueness in the unsteady case follows
easily from the Gronwall inequality and uniqueness is also true in the stationary case, with a
trick which has some similarity with the Gronwall inequality. Unfortunately, we are not able
to adapt the same trick in the case of the stationary compressible Navier-Stokes problem.

Let Q be a bounded open set of R, T > 0, w € L*(Q)?, f € L*(10, T[, L*(Q)), up € L*(Q)
and ¢ be Lipschitz continuous function from R to R. We consider the following problem,

Owu + div(we(u)) — Au = f in Qx]0, T,
u(-,t) = 0on 0Q for all £ €]0, T,
u(-,0) = uy on 9Q.

For this problem, one has existence of the solution in the space L*(]0, T, HO1 (Q)) and the
solution is continuous with value in L*(2). Uniqueness easily follows from a Gronwall in-
equality.



102 Thierry Gallouét

We now consider the stationary case, thatis f € LX(Q) (and still w € L®(Q)3, ¢ Lipschitz
continuous) and the stationary problem reads

div(we(u)) — Au = fin Q,
u(-,t) = 0 on 0Q.

Note that we do not have any hypothesis on div(w). Then, we may have a non-coercive
differential operator.

For this problem, it is possible to prove existence in the space Hé(Q) (for instance cf. [8],
Exercice 3.5). But, for this problem, it is also possible to prove uniqueness. If u and &
are two solutions, the idea is to take T.(u — 1) (¢ > 0) as test function, where T.(s) =
max(—¢, min(s, €)) for s € R.

Using in particular Sobolev Injection of W' (€) in L' (Q) (with 1* = 3/2 since Q c R?)
and letting € — 0 allows us to conclude u = # a.e.. (for instance, cf. [1] or [8] Exercice 3.6.)

§3. Convergence results

3.1. For the stationary compressible Navier-Stokes problem

For the stationary compressible Navier-Stokes equations (7)-(11) discretized with a MAC
scheme (of course, we assume that Q is adapted to the MAC scheme), we prove (cf. [10])
convergence of the approximate solution (up to a subsequence) to a weak solution, in the
case y > 3 (and f € L*(Q)*, M > 0) following the idea of P.L. Lions (cf. [18]) for proving
existence of a solution.

Let (w,,, py, on)nen be a sequence a approximate solutions obtained with the MAC scheme
(existence of such an approximate solution is proven, cf. [10]). We assume lim,_,, h, = 0,
where A, is the mesh size. The steps for proving the convergence result are

1. Estimates on the approximate solution (u,, p,, 0,);
2. Compactness result (convergence of the approximate solution, up to a subsequence);
3. Passage to the limit in the approximate equations.

The main difficulty is in the passage to the limit in the EOS (p = p”) since the EOS is a non
linear function and Step 2 only leads to weak convergences of p, and p,,.

The estimate on u,, is with a norm which mimic (at the discrete level) the Hé (Q)3-norm.
The estimate on p,, is in L*(€)-norm (thanks to v > 3) and the estimate on p, is in L*(Q)-
norm. Thanks to these estimates on u,,, p,, oy, it is possible to assume (up to a subsequence)
that, as n — +oo,

u, — uin LY(Q)? for ¢ < 6 and weakly in L°(Q)?, u € H(%(Q)3,
pn — p weakly in L*(Q), p, — p weakly in L?7(Q).

We show now how to pass to the limit in the equations. For simplicity we will asume that
(W,, pn. pp) is a weak solution of (7)-(11) with £, instead of f, and f, — f weakly in L*(Q)?
as n — +oo. The passage to the limit in the equation when (u,, p,, p,) is an approximate
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solution given by MAC scheme follows the same lines, with some modifications that we
indicate when there are interesting.
For the mass equation, let v € Cf(R3), one has

fp,,un -gradv =0, (25)
Q

Since p, — p weakly in L?(Q), with 2y > 6/5, and u, — u in LI(Q)? for all g < 6. Then
onu, — pu weakly in L'(Q)3. This gives fg pu - gradv = 0. Indeed, at the discrete level, in
Equation (25), there is an additional term which allows us to prove fQ pndx = M. This term
vanishes as n — +oo since it is of ordre A, where @ €]0, 1] is a given parameter (cf. [10]).
The L'-weak convergence of p, gives non negativity of p and convergence of the total
mass, thatis p > 0 a.e. in Q, fQ p(x)dx = M. For the momentum equation, let v € C;’.°(Q)3,

fgradun :gradvdx - fp,,un ®u,:gradvdx — f pndiv(v)dx = ff,, -udx  (26)
Q Q Q Q

This is also true at the discrete level with an error term (vanishing as n — +0o0) and a discret
operator grad, (acting on u,) mimicking grad. One has, asn — 400, gradu, — grad u weakly
in L2(Q)? (this is also true at the discrete level with grad, isntead of grad). Furthemore,
using p, — p weakly in L?(Q), with 2y > 3/2, and u, — u in L4(Q)? for all ¢ < 6 (and
2+1+1=1),pm,®u, > pu®uweakly in L'(€Q)*3. It remains to remark that p, — p
weakly in [*(Q)andf, - f weakly in L*(Q)?. Then, we can pass to the limit in (26), it gives

fgradu:gradvdx—fpu@u:gradvdx—fpdiv(v)dx:ff~vdx.
Q Q Q Q

For the moment, we proved that (u,, p,, p,) is solution of the momentum equation and of
the mass equation. We also proved non negativity of p and fQ pdx = M. It remains to prove
p = p”. This is not easy since p,, and p, converge only weakly...and y > 1.

In order to prove p = p” a.e. in €2, the main step is to prove that

n—+oo

liminffpnpndxﬁfppdx. 27
Q Q

(Then, we deduce the a.e. convergence of p, and p, and p = p” using the fact that the function
y — y” is increasing and a variant of the Minty trick.) Note that for y < 3 the natural spaces
given in Sec. 1 are L*>~D for p and L37~D/Y fro p. Then, we need here y > 2, in order to
have pp € L'(Q).

In order to prove (27), we first remark that, for all @, v in Hé (Q)3,

f gradu : grad vdx = f div() div(v) dx + f curl(@) - curl(Vv) dx. (28)
Q Q Q

A similar equality is true at the discrete level with the MAC scheme and the natural discrete
operators grad, and div, (acting on discrete functions), cf. [3] (this is the first “miracle” with
the Mac scheme). With other schemes, it seems that there is not a similar equality and this
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introduces an additional difficulty, needing, for instance, a “regularization” term for proving
the convergence of the scheme, cf. [4].
Using (28), the momentum equation is, for all v in H(Q)°,

f div(u,) div(Vv) dx + f curl(a,) - curl(v) dx — f (onu, ®u,) : grad vdx
Q Q Q

—fpndiV(V)dx=ffn-‘7dx (29)
Q Q

Our aim is now to choose v = v, with curl(v,) = 0, div(v,) = p, and (V,),ev bounded
in H(l)(Q)3. Unfortunately, it is possible to choose such a v, in H (Q)? (as we will below)
but not in Hé (Q)*. Assuming anyway that we can have such a ¥, in Hé (Q)?, then, up to a
subsequence,

¥, — vin L*(Q)’ and weakly in H}(Q)?, curl(v) = 0, div(v) = p,

and (29) becomes
f(diV(lln) = Pn)pndx = fpnun ®u, : gradv, dx + f Jn - Vadx.
Q Q Q
If we prove that fﬂ o, ®u, : gradv, dx — fg pu®u : grad vdx then
lim (div(u,) — pp)pndx = fpu ®u: gradvdx + f f-vdx.
n—+00 Jo Q Q
But, since we already know that —Au + div(pu ® u) + grad p = f,
fdiv(u) div(v) dx+f curl(u) - curl(v) dx—f pdiv(v) = fpu@u : gradvdx+f f-vdx,
Q Q Q Q Q
which gives (using divv = p and curl v = 0)
f(div(u) - ppdx = fpu@u sgradvdx + f f-vdx,
Q Q Q

Then, 1im, 50 [,(Pn — div(u,))p, dx = [, (p — div(w))p dx.
Finally, thanks to the mass equations, we can prove fg pndiv(u,)dx = 0 and fg pdiv(u) dx =

0. Then, lim,,_, fQ PnPrndx = fQ ppdx.
Indeed, at the discrete level, one has only fQ pndiv(u,) dx < 0 and (27) is proven (even
with lim sup instead of lim inf). It remains to prove

fp,lu,, ®u,: gradv,dx — fpu ®u: gradvdx. (30)
Q o)

We remark that (since div(p,u,) = 0)

f P, ®u, : grad v, dx = f (onuy, - grad)u,, - v, dx,
o) o
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and the sequence ((p,u, - grad)u,),cn is bounded in L(Q)? with % = % + % + 2% and r > g

since y > 3. Then, up to a subsequence, (o,u, - grad)u, — G weakly in L(Q)>. and (since
7, — 0in L"(Q)3 for all r < 6),

f(pnu,, -grad)u, - 0, dx — f G-vdx.
Q Q

But, G = (pu - grad)u, since for a fixed w € H}(Q)?,

f(pnun -grad)u, - wdx = fpnu,, ®u, :gradwdx — fpu ®u: gradwdx.
Q Q Q

Then, (30) is proven and this gives (27) except that there is a mistake in the previous proof
since it is not possible to have such a v, in Hé(Q)3 such that curlv, = 0, divv, = p, and
(Va)ner bounded in H}(Q)*. In order to correct to proof, we will use such a v, in H'(Q)’ but
not in H}(€)>.

Letw, € Hé (Q), —Aw,, = p,, It is well known that w, € leoc(Q) (equivalent to say here,
since w, € H'(Q), Aw,p) € L*(Q) for all ¢ € C(Q)). An easy way to prove this regularity
result is to remark that, for ¢ € CZ°(Q), with C, depending only on ¢ and of the bound of the
L?-norm of p,,,

3 3
>, [ s dawerds =Y [ 90w 0,90 dx
ij=1v¢ ij=1v¢
= f (AW,p))* dx = C, < +0o.
Q

The main interest of this way to prove he Hfoc—regularity of w, is that it is possible to prove a
discrete version of this result with the corresponding discrete problem obtained on the primal
mesh of the MAC discretization. Namely, we obtain an lem_-discrete estimate on w,, in term
of the L?>-norm of p, when w, is the solution of the discrete problem (it is the second miracle
for the MAC scheme).

To continue our proof of (27), we take v,, = grad w, so that divv, = p, and curlv, = 0
a.e. in €. Furthermore, thanks to the leoc—discrete estimate, the sequence (v,),ey 1S bounded
in (HZIOC(Q))3. Then, up to a subsequence, as n — +co0, v, — v in LIZOC(Q) and weakly in
H}OC(Q), curl(v) = 0, div(v) = p.

Let ¢ € C2(Q) (so that v, € Hj(Q)?)). Taking ¥ = v, in (29) gives

f div(u,) div(v,p) dx + f curl(u,) - curl(v,p) dx — f pndiv(v,) dx
Q Q Q

= fp,,u,, ®u, : grad(v,p)dx + f £, (v,o)dx.
Q Q

Using a proof similar to that given if ¢ = 1 (with additional terms involving ¢), we obtain, as
n— +oo,

lim | (p,—div(w,))p,pdx = f (p — div(w))pyp dx for all ¢ € C°(Q),
Q Q

n—+oo
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thatis F,, = (p,—div(u,))p,) — F = (p—div(u))p in the distribution sense. But since (F,),en
bounded in L7 for some ¢ > 1 (this is due to the fact that p, — div(u,) is bounded in L*(Q)
and p, is bounded in L"(Q) with some r > 2, here we use y > 5/3), one has also F,, — F
weakly in L' (Q) and therefore

f(Pn - div(u,))p, dx — f(p — div(u))p dx.
Q Q

Finally, thanks to the mass equations, fQ diviw)pdx = 0 and fQ div(u,)p, dx = 0 (or < in the

case of the discrete setting) and one obtains (27), that is lim inf,,_, fQ PnPrndx < fQ ppdx.
We prove now the a.e. convergence of p, and p,. Let G, = (o} — p?)(p, — p) so that

G, € L'(Q)and G, > 0 a.e. in Q. Futhermore G,, = (P, —0")(0n—P) = PuPn—PnP —P" Pn+0"P

and:
fGndx=fpnpndx—fpnpdx—fpypndﬂfpypdx.
Q Q Q Q Q

Using the weak convergence in L*(Q) of p, and p, and (27), liminf,_, e fQ G, = 0. Then
(up to a subsequence), G, — 0 a.e. and then p, — p a.e. (since y — y” is an increasing
function on R,). Finally, p, — pin LY(Q) for all 1 < ¢ < 2y, p, = pi — p” in LI(Q) for all
1<g<2andp=p”ae. inQ.

It is possible to adapt this proof of convergence when (u,,p,, p,) is the approximate
solution given by the MAC scheme as it is done in [10]. As we said before, two main tools
are interesting with the MAC scheme:

1. There exists a discrete counterpart of

f gradu : gradvdx = f (divadivv + curlu - curl v) dx.
Q Q

2. If w,, belonging to a discrete equivalent of the Hé (Q)-space, is the solution of —A,w, =
pn Where —A, is the natural discretization of —A on the primal mesh of the MAC-
discretization, then one has an estimate on w, in the “discrete local H2>-norm” of w, in
term of the L%-norm of p,,.

If v < 3, a new difficulty appears since we have to work with the local L”-norm of the
second dicrete derivatives of w, for some p > 2.

In order to conclude this section, we recall that the convergence of approximate solutions
(given by the MAC scheme) if 3/2 <y < 3 is, to our knowledge, still an open problem.

3.2. For the compressible Navier-Stokes problem

‘We consider in the section the compressible Navier-Stokes problem discretized with the MAC
scheme and the Euler backward discretization in time, as in Sec. 2.3 (with T > 0, y > 3/2
and f € L*(]0, T[, L*(Q))). For n € N, the approximate solution (up, p,,, p,) is solution of the
discretization of Problem (1)-(5). We assume that lim,,_,, /1, = lim,_,« k, = 0, where A,
and k, are the mesh size and the time step of the discretization. Our objective is to prove that
the approximate solution converges, in an appropriate sense, up to a subsequence, to a weak
solution of (1)-(5).
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As usual, the first step, for proving such a convergence result, is to obtain estimates
on the approximate solution. A quite easy estimate is in L*(]0, T'[, LY(Q)) for p, and in
L*(]0, T[, H,) for u, where the norm in H,, is a discrete counterpart of the H(;(Q)—norm (this
gives also an L*(]0, T[, L%(Q)) estimate on u,,).

Then, in order to pass to the limit in the equations (as n — +00), a new difficulty appears
(with respect to the stationary case) for passing to the limit on the non linear terms, namely
pn4, and p,u, ®u,. For instance, in the stationary case (Sec. 3.1), we pass to the limit on p,u,
(up to a subsequence) using the (strong) convergence of u, in a Lebesgue space LY(Q)3 for
some ¢ < 6 and the weak convergence of p, in the dual space L7 (Q), ¢’ = ¢/(qg — 1) > 6/5.
It gives convergence of p,u, in L' (Q). This method does not work in the unsteady case since
we do not have relative (strong) compactness of the sequence (u,), in a Lebesgue space.
However, we can also conclude in the stationary case by changing the roles of u, and p,.
Assuming, for simplicity that (u,),en is bounded in Hé (Q)3, one has, up to subsequence,
u, — uweakly in H)(Q), p, = p in H'(Q) (thanks to the compact embedding of L7 (Q) in
H~'(Q)) and then, for all ¢ € CX(R)?,

[ o v = w0y = ou v = [ pu-van
Q Q

For the discrete setting, we also have to replace the Hé(Q)-norm by the so-called discrete-
H(‘)—norm (which depends on n), cf. [7] for a complete proof.

The main interest of this new proof for passing to the limit on p,u, is that it works also for
the unsteady case. Assuming also for simplicity that (u,),ey is bounded in L*(]0, T, Hé(Q)3)
(cf. [7] for the discrete case), one has (up to a subsequence) u, — u weakly in L*(10, T,
Hé (Q)*). We also know that (p,,), in L>(]0, T[, LY (Q)) for some ¢’ > 6/5 and the mass equa-
tion (1) (together with the fact that u,, is bounded in L°(Q)) gives that the sequence (9;0,),
is bounded in L*(]0, T[, W="!(Q)). Then (o,),cx is relatively compact in L2(]0, T[, H~'(Q))
(thanks to Aubin-Lions-Simon compactness results, since L7 (Q) is compactly embedded
in H7'(Q)). Then, up to a subsequence p, — p in L>(]0,T[, H"'(Q)) and finally, for all
Y e C2RX R,

T T T
f fpnun -ydxdt = f Ons Uy - YY1 gt —= f fpu - dxdt.
0 Ja 0 o 0o Ja

The difficulty is similar for the term pu ® u. In Sec. 3.1 we pass to the limit on this
term using u, — u in LI(Q)3 for all ¢ < 6 and p,u, — pu weakly in L7 (Q)>, with some
q’ > & It gives p,u, ® u, - pu ® u weakly in L' (€)*>. But an other method is possible.
One can use u, — u weakly in H}(Q)’ and p,u, — pu in H~'(Q)’ (thanks to the compact
embedding of L7 (Q) in H1(Q)). It also gives convergence of p,u, ® u, to pu® u, that is, for
all y € C§°(R)3X3, fgp,,un ®u, : Ydx — pru ® u : Y dx. Here also, the generalization of
this second method is possible for the unsteady case cf. [7].

This does not conclude the convergence (as n — +co, up to a subsequence) of the approx-
imate solution to a weak solution of Problem (1)-(5). It remains to pass to the limit on p,, and
on the EOS p, = p}. It is an ongoing work.



108

[1]

(2]

(3]

[10]

[11]

Thierry Gallouét

References

Boccarpo, L., GALLOUET, T., AND Murar, F. Unicité de la solution de certaines équations
elliptiques non linéaires. C. R. Acad. Sci. Paris Sér. I Math. 315, 11 (1992), 1159-1164.

Darermos, C. M. The second law of thermodynamics and stability. Arch. Rational
Mech. Anal. 70, 2 (1979), 167-179. Available from: https://doi.org/10.1007/
BF00250353, doi:10.1007/BF0250353.

Eymarp, R., GaLrouir, T., HerBiN, R., anp Larchg, J.-C. Convergence of the MAC
scheme for the compressible Stokes equations. SIAM J. Numer. Anal. 48, 6 (2010),
2218-2246. Available from: http://dx.doi.org/10.1137/090779863, doi:10.
1137/090779863.

Eymarp, R., GaLrouirt, T., HErBIN, R., anp Larchg, J. C. A convergent finite element-
finite volume scheme for the compressible Stokes problem. II. The isentropic case.
Math. Comp. 79, 270 (2010), 649-675. Available from: http://dx.doi.org/10.
1090/S0025-5718-09-02310-2, doi:10.1090/S0025-5718-09-02310-2.

FereisL, E., NovornyY, A., anp PerzerrovA, H. On the existence of globally de-
fined weak solutions to the Navier-Stokes equations. J. Math. Fluid Mech. 3, 4
(2001), 358-392. Available from: https://doi.org/10.1007/PLO0000976, doi:
10.1007/PLOOOOOI76.

FereisL, E., NovornY, A., aND SuN, Y. Suitable weak solutions to the Navier-Stokes
equations of compressible viscous fluids. Indiana Univ. Math. J. 60, 2 (2011), 611-631.
Available from: https://doi.org/10.1512/iumj.2011.60.4406,doi:10.1512/
iumj.2011.60.4406.

Garrouirt, T. Discrete functional analysis tools for some evolution equations. Comput.
Methods Appl. Math. 18, 3 (2018), 477-493. Available from: https://doi.org/10.
1515/cmam-2017-0059, doi:10.1515/cmam-2017-0059.

Garrougt, T., anp HerBIn, R. Equations aux dérivées partielles. Lecture, Sept. 2015.
Available from: https://hal.archives-ouvertes. fr/cel-01196782.

Garrouit, T., HErBIN, R., aND Larcug, J.-C. A convergent finite element-finite vol-
ume scheme for the compressible Stokes problem. I. The isothermal case. Math.
Comp. 78, 267 (2009), 1333-1352. Available from: https://doi.org/10.1090/
S0025-5718-09-02216-9, doi:10.1090/S0025-5718-09-02216-9.

Garrouir, T., HerBIN, R., Larchg, J.-C., aNp MaLtEsg, D. Convergence of the MAC
scheme for the compressible stationary Navier-Stokes equations. Math. Comp. 87, 311
(2018), 1127-1163. Available from: https://doi.org/10.1090/mcom/3260, doi:
10.1090/mcom/3260.

GavrLougr, T., HErRBIN, R., MALTESE, D., AND NovorNy, A. Error estimates for a numerical
approximation to the compressible barotropic Navier-Stokes equations. IMA J. Numer.
Anal. 36, 2 (2016), 543-592. Available from: https://doi.org/10.1093/imanum/
drv028, doi:10.1093/imanum/drv028.



Convergence and error estimates for the compressible Navier-Stokes equations 109

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

(21]

[22]

(23]

Garrouit, T., Martese, D., ano Novorny, A. Error estimates for the implicit
mac scheme for the compressible navier—stokes equations. Numerische Mathe-
matik 141, 2 (Feb 2019), 495-567. Available from: https://doi.org/10.1007/
s00211-018-1007-x, doi:10.1007/s00211-018-1007-x.

GerMAIN, P.  Weak-strong uniqueness for the isentropic compressible Navier-Stokes
system. J. Math. Fluid Mech. 13, 1 (2011), 137-146. Available from: https://doi.
org/10.1007/s00021-009-0006-1, doi:10.1007/s00021-009-0006-1.

Harrow, F., AN Amspen, A. Numerical calculation of almost incompressible flow.
Journal of Computational Physics 3 (1968), 80-93.

Harrow, E., AND AMsDEN, A. A numerical fluid dynamics calculation method for all flow
speeds. Journal of Computational Physics 8 (1971), 197-213.

Harrow, F., anD WELsH, J. Numerical calculation of time-dependent viscous incom-
pressible flow of fluid with free surface. Physics of Fluids 8 (1965), 2182-2189.

KarPpeR, T. K. A convergent FEM-DG method for the compressible Navier-Stokes equa-
tions. Numer. Math. 125, 3 (2013), 441-510. Available from: https://doi.org/10.
1007/s00211-013-0543-7, doi:10.1007/s00211-013-0543-7.

Lions, P-L. Mathematical topics in fluid mechanics. Vol. 2, vol. 10 of Oxford Lecture
Series in Mathematics and its Applications. The Clarendon Press, Oxford University
Press, New York, 1998. Compressible models, Oxford Science Publications.

Novo, S., anp Novorny, A. On the existence of weak solutions to the steady compress-
ible Navier-Stokes equations when the density is not square integrable. J. Math. Kyoto
Univ. 42, 3 (2002), 531-550.

NovoTNY, A., AND STRASKRABA, 1. Introduction to the mathematical theory of compress-
ible flow, vol. 27 of Oxford Lecture Series in Mathematics and its Applications. Oxford
University Press, Oxford, 2004.

Propi, G. Un teorema di unicita per le equazioni di Navier-Stokes. Ann. Mat. Pura Appl.
(4) 48 (1959), 173-182. Available from: https://doi.org/10.1007/BF02410664,
doi:10.1007/BF02410664.

SerrRIN, J. The initial value problem for the Navier-Stokes equations. In Nonlinear
Problems (Proc. Sympos., Madison, Wis., 1962). Univ. of Wisconsin Press, Madison,
Wis., 1963, pp. 69-98.

WESSELING, P. Principles of computational fluid dynamics, vol. 29 of Springer Series in
Computational Mathematics. Springer-Verlag, Berlin, 2001. Available from: https:
//doi.org/10.1007/978-3-642-05146-3, doi:10.1007/978-3-642-05146-3.

T. Gallouét

12M, CMI,

39 rue F. Joliot Curie

F-13453 Marseille cedex 13
thierry.gallouet@univ-amu. fr



