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LINEAR ELASTICITY MODELLING OF THE
BEHAVIOUR OF A PRE-STRESSED
MATERIAL

R. Luce, C. Poutous and J.M. Thomas

Abstract. In order to study the behavior of the outer envelop of an airship with great
payloads, we have to modelize the behaviour of an inflated material structure. Indeed, the
envelop is made of a succession of independant longitudinal lobes. Each lobe is made
of two rectangular pieces of material stuck on their lengths and widths to the metallic
armature of the airship. The inner volume thus obtained is inflated with a perfect gas so
as to pre-stress the whole structure. The expected result is to stabilize the geometry of the
airship in case of wind, shocks, impacts, turbulences ... and to protect the Helium envelops
which are inside. Assuming that the problem is stationnary, that the material is orthotropic,
that the outer disturbances are known and that the inner pressure is uniform, we modelize
in 3D this fluid-structure interaction problem and we prove the existence and uniqueness
of the solution. We explicitely calculate the pre-stress.

§1. Modelling

1.1. Description of one lobe

One lobe is made of two pieces of material. When required the upper layer has the exponent
+ and the lower layer the exponent —. Their length L is very large compared to the width 2!
which is also very large compared to the thickness e.

Let Q" be the connex bounded open set occupied by the upper material, 2~ the connex bounded
open set occupied by the lower material, and 2 = Q* U Q~, let T" be the outer free surface and
~ be the inner free surface, let I'y be the surface of the thickness in the length and ~, the surface
of the thickness in the width.

1.2. Assumptions on the materials

The materials are supposed to be elastic and orthotropic. They are modelled in 3D even
though one dimension is very small compared to the other ones. The symmetric elasticity
tensor, expressed in the axes of orthotropy is A = (aijkl)lgijklgs where a;jr; = Nigdij0m +
fi; (6051 + 040;%) . From now on, the directions of orthotropy are indiced with s, r, z or 1, 2, 3
so that for example, A3 = A,... One necessary condition of isotherm stability [Salencon] is that
the quadratic form e —— A : e : e is positive definite when restricted to space of symmetric
tensors.
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Figure 1: Notations

1.3. Mechanical assumptions
1.3.1. Three states of equilibrium

First of all, we assume the existence of a quasi naturel state of equilibrium. This state is
physically obtained just before the material stretches when inflating the lobe. In this unstable
state, the stress tensor can be neglected compared to the constants of elasticity and the variables
have a ¢ exponent.

When this unstable state is reached, the next step is to increase the inflating pressure so
as to get a stable state of equilibrium. Each state thus obtained is a pre-stressed state of
equilibrium where the inner forces depend on the inflating pressure. The variables of this state
have a p exponent. The displacement to get it from the quasi natural state is u?.

Then, the airship is subjected to an outer (known) perturbance. Its shape is deformed.
the corresponding displacement of the material is u. The variables of this deformed state of
equilibrium have no exponent.

1.3.2. Linearized elasticity

Because of the expected result of the pre-stress, we admit that the displacement and the dis-
placement gradient are small. Then, according to [Salengon], the Cauchy stress tensor and the
Piola-Kirchoff tensors can be taken one for the other in the equations of equilibrium, whereas,
in the behaviour law of an elastic orthotropic material, the linearized strain tensor can replaced
by the Green-Lagrange deformation tensor, [Duvaut]. So,

T=A:Z(Vu+Vu')+ZPand ¥ = A : - (Vu’ + Vu”) + 3¢ (1)

N | —

1
2



Linear elasticity modelling of the behaviour of a pre-stressed material 557

and
—div (X7) = pg  in Q9 —div (XP) = pg in QP (Q9) —div (X) = pg in QP
3% = —Pn on I 3Pn=—Pn onI'? (I'?) ¥n=—Pn+¢F onI”
¥in = —7n on ~4 ¥Pn = —7Pn on~? (y9) ¥n=—(m"+dém)n on~P

)
where n is the outer normal unit vector, p the volumic mass of the material, P the outer
uniform pressure, 79 the inner uniform pressure, =” the inflating uniform pressure, JF is an
outer perturbation and é7 the resulting variation of inner pressure.

1.4. Relation between the inner pressure and the shape of a lobe

The inflating fluid is a perfect gas so 77 = —™n” , in the pre-stressed configuration. A

perturbation causes the displacement u of the envelop and the variation 61" of the inner volume.

Assuming it remains uniform, the inner pressure becomes 7? + o7 = —V”fg/nm. Since the
small perturbations assumptions are fulfilled we can suppose that the outer unit vectors n”

ext
and n.,, merge, so that om = — (#45 — 2 ) np,,.

, % L
After a first order Taylor’s development in 2 we get o ~ —57V7rp. The variation of vol-
ume and the displacement are linked by 6V = — f,yp u.n?_,d~ so, in the end,

ext

T
om=—-L / u.n’e'xtd7> n’ ,
v ( .

P

1.5. Formulation of the perturbed problem

We suppose that the pre-stressed state is known (shape and stress) and we choose it as the
reference state for the calculus. The outer perturbation JF is also supposed to be known and
we want to calculate the resulting shape and stress. They are determined by the displacement
u. To calculate it, we suppose that the small perturbation assumptions are fulfilled and that the
fixation of the material on the structure can be modeled by u = 0 on I’y U 7.
From (2) we deduce

—div(Z-¥)=0 inQ®

(X —3¥P)n =0F onI?

(X —3¥P)n=—6mn on~?P
Because of (1) and because of the boundary conditions we are led to study the problem

—div (A1 (Vu+Vu')) =0 in Q7

(A:3 (Vu+Vu'))n = 0F onI”

(Al (Va+Vu"))n __™ (f u ndfy) n on~? @)
:3 AU

u=20 onl'yU Yo

82. Existence and unigqueness

2.1. Variational formulation
LetV ={ueH'(Q,),u=00nT U~}



558 R. Luce, C. Poutous and J.M. Thomas

With the classical techniques, we can establish that the problem (3) is equivalent to the problem

uel,vwey
—div (A : % (Vu + VuT)) vdQP =0
[ (A1 (Vat V) nvdl = [, 6F.vdl

P
fﬁ/p (A 1 (Vu+Vvua'))nvdy = - v WV (pr u.nah) n.vdy

At this stage we use a Green’s formula. Then, we let

Jo, (A5 (Vu+ vu') : 1 (Vv+Vv"))dQ, = b(u,v). Because of the symmetry of the
tensor

A (Vu+vu')wehaved(u,v) = [, (A5 (Vu+Vu'):Vv)d,

So, taklng account of the boundary conditions the previous problem becomes

ucV,v¥veV
{ b(u,v)+ WVP (pr v.nd7> (fﬂ/p u.ndv) = Jpp OF.vdl

2.2. Study of the solution
Theorem 1. The mapping from ) into R thus defined
u— (pr (A1 (Vu+Vvua'): L (Vu+vVu')) de>§ isanormon V), noted || |,

Proof. The positive symmetric bilinear formon ¥V xV b (u, v) verifies
b(u,u) =0=1(Vu+ VuT) = 0. Moreover, because of the boundary condition u = 0 on
Ty U o, we can prove that 2 (Vu+ Vu') =0 = u=0. O

Theorem 2. Thenorms || ||, and | |, , areequivalenton) .
Proof. Same pattern as the proof of the Korn’s inequality given in [Duvaut-Lions]. ]

Theorem 3. Existence and uniqueness of u € V solution of Vv € V, a(u,v) = [ (v) with
7Tp
a(u,v)=b(u,v)+ v (fvp V.ndv) (f u. nd’y) and! (v) = [, 0F.vdl

Proof. We check the Lax-Milgram assumptions
- (V.1 I, ) Hilbert
- [ is a linear mapping continuous because of the continuity of partial trace operator on I'?

- a is a bilinear continuous positive V-elliptic mapping because the norms | |, o, and || ||, are
equivalent on V. O

2.3. Conclusion

As a conclusion, with a 3D elasticity modelling we have established the existence and unique-
ness of the displacement caused by an outer disturbance. But since the cost of a 3D mesh is
numerically very high, we want to mesh only the inner surface of the lobe. In order to do that
we choose to model the displacement so as to integrate it in the thickness. That way, we expect
to get rid of the thickness parameter. To have a reallistic model of displacement we solve ex-
plicitly the pre-stressed problem, and from the expression of explicit pre-stressed displacement
we make a conjecture on the displacement.
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83. Study of the pre-stressed state

3.1. Curvilinear and differential calculus
3.1.1. Cartesian set of coordinates

We associate to each lobe the Cartesian orthonormal basis (O, ey, es, e3) such as the Cartesian
representation of the lateral fixations are {—d} x {0} x {0 <x3 < L} and {+d} x {0} x
{0 < x5 < L} where 2d is the distance between the two parallel axes of fixation.

3.1.2. Orthotropic set of coordinates

At a generic point of the material, we want the coefficients of the matrix representing the
elasticity tensor to be independent of the shape of the material. To manage that, we write the
matrix in a basis of orthotropy. That is, a basis with one vector in the width, one in the thickness
and one in the length.

Let M (xam,xare, xars) be a generic point of Q, let Py, be the perpendicular plane to e3
going through M. Let Cy; = vN Py and x5 = f(21), x3 = x5 be the equations of . Let
M (z371, 379, ar3) be the orthogonal projection of M onto Cy, and t,, and n, be the tangent
and normal unit vectors to Cy, in M . Let R),, be the curvature radius in M, of Cy,. Then,

—f'(z3p) 1
V1+ (F(zi))? Vi1t f’$M1 )?
ty = 1 and ny = f(le)
V1 ( ngMl V1t 0 F(@))

The orthotropy basis in M is (ty, ny, e3) .

The orthotropic set of coordinates of M is (s, r, z) thus defined, s = fﬁ“ f(z1)dz, is the
curvilinear abscissa of M, along C,,, r is the abscissa of M on the oriented axis (M, ,n,,),
thatis M, M = rny, and rRy,, < 0,and z is 3.

3.1.3. Partial derivatives operators

Let u = usty + u,np + uses , the displacement gradient tensor matrix in A/, (Vu) (M) in
the orthotropy basis (t,;, nyy, e3) is

Ry, aus 1 " ous, Ous 7
RMJ__TgS RML—T " é‘?r aaz
B R, Uy 1 Uy Uy
(Vu) (M) = Ry, —1r Os * Ry, — r ar 92 | @)
R, % ou, Ou,
L Ry, — 7 Os or 0z |
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LetX = | X, X, X, | in(ta,nu,es), then the orthotropic coordinates of the vector
EZS 23Z’I” EZZ
div(X) in M are

Ry 0YXse 0%, 02, 1

= - Esr er
dlU(E) fi]\/[L - T 85 + 87” + 82 RML - T ( o )
. s RML 827’5 aErr 827‘7; 1
dlU(E)T = + + + (Zss - Err) (5)
div(%) Ry, — 7 0Os or 0z Ry, —7
POl Ry, 0%., 0%, 0%, 1
+ + - Ezr

Ry, —r 0Os or 0z Ry, —r

3.2. Description of the quasi natural state

We want to know the shape of an object made of two sheets of material, fixed along their lengths
to rigid metallic axes, when slowly inflated. Since the length is very large, we will suppose that
it is infinite. Then, we assume that the inner fluids tends to occupy the maximum volume. So
we have to solve a classical problem of optimization under constraint : find f such as

{ Vg e Cy[—d, +d], [ g(x)der < [T f(a))dey = A(f)

L(f) =[5 I+ (F(@1)2dzy =21

This problem has two solutions (f*,\) et (f~, A). Their representing curbs (two arcs of
circle) are symmetric in relation to (O, e;) . The radius of the circles is A solution of

d
[ = MNArc sin(x)

So, in the quasi natural state, each lobe is a cylinder. The generating surface is the intersec-
tion of two disks of radius R symmetrical in relation to (O, e;) .

3.3. Pre-stressed problem

We assume that
¥ << ¥Pand XP (s,1,2) = XP (1), (6)

As established in the quasi natural state study, the curvature radius R? is constant. Let R =
| R
From (2) written in the reference quasi natural state, and because of (6) we have to solve

div (¥*) =0 in ¢
>rn 0 onT?ier=—xte .
3Pn =(m?—7P)n onylier=0
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Let IT = 7 — w%. We use (5) to transform these equations into

(oxr. 2

_ P -0
Ry T B
i P 3 —0
87;) + RI— 1 ( 55 rr)
S T i
I T
Egr (—%6) = Zfr (—%6) - Egr (0) =0

\

From the first and the third equations and because of the fourth we can state

35, (r) = XL, (r) = 0. (7
Let’s now introduce the displacement u?. The problem to solve becomes
3P (r) =A: % (qu + quT)
aZZr)T—F ! (P, —%P) =0
r Rq —r S5 rr -
3P (—Ae) =0
L u?(l,0,2) =u?(—1,0,z) =0
Taking account of (4) the first equation is equivalent to the three following ones
R®  0ul 1 oul
P — 5 _ q -
5 Ass (Rq —r ds RI— rur> T A or ®)
R?T  Oul 1 oud
P s _ q T 9
" Aoy (Rq —r ds RI— rur) A or ©)

(10)

2 q
>or Hor (Rq —r Js * Ri—r* " or
We first solve the linear system of 2 equations with 2 variables formed by (8) and (9) . Then
we introduce the auxiliary parameter U () = (r — R,) X*,, which verifies ¥’ (r) = ¥?_, and

T 587

R7  Ou? 1 oul )

we let A = A\ A\, — A2 so that
e A=) an
Rf - ; f;;g B qu— Sl = % (qu * A“‘ﬁw) (12)
Taking in account (7) and dividing (10) by R? — r, we get
% (qu— ruﬁ) T (Rq}il r)? a;j 13

2,4
We derivate (11) to get Y _ . So, we can deduce the existence of 2 mappings f and ¢

oros
such as

ul = f(s)+g(r). (14)
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and, replacing into (13), the existence of a mapping A such as
= —RUf'(s) + (R' =) h(s) (15)
so, with (12) we get

1
— (R f" ()= f (s)+ BT (RT =) ' () =g (r) = & (\er (RT =) W' (1) + Aoy ¥ (1)) (16)
so, we can state the existence of two constants £ and H such as R*f"(s)+ f(s) = F and
W (s) = H. The solutions of these differential equations are f (s) = acos (%) + F and h (s
H s. The next step is to derivate (16) . We obtain

1
~RUH — g (r) = 5 (A = M) W (1) + Aoy (BT =) W7 (1))
. : 1 1
but, since, accordingto (11), ¢’ (r) = 3 ()\ST\IJ’ (r) + Ass 70 v (7“)) , we are led to solve
- T
the following second order differential equation
1
A (RE— 1) 0" (1) + N\ W (1) + /\ssmxp (r)=RIHA
a . X RIHA
Let o~ and o™ be two undetermined constants. Let A = /= and H,; = o The

general solution of the previous equation is
U (r)=a |[RT—r[+at R —r|™ — H (RT—7).
We can now calculate g :
. . 1

Since, according to (16) , —g (1) = N (A (RT=7) W' (r) + AV (r))+F—RI(RI — 1) H,

then, if we let A= = VA A\ — Ay and AT = /A )\ + A, (SO that A = ATA™) we have
a” _ at B

g(r) === |R" =] A+F|Rq—fr\“— (Azder) Hy (RY — 1) — F.

Replacing into (14) and (15) , we get the radial and the tangential displacement

s
ul = acos | —

- +
— (ASS_AST>H (R(I_/r)_&_|RQ_T|7/\+OK_|R(1_T|+)‘
R A A- AF

(17)
ud = asin (%) + (R1—r)Hs

3.3.1. Calculus of the constants

We can explicitly calculate the constants a~, a*, a and H with the boundary conditions

S, (~fie) = —(_ﬂj_ ¥ () =0
Egr (O) = (_I;q) v <O> = (ﬂ-q - Wp)

u? (1,0,2) =u?(-l,0,2) =0
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3.3.2. Taylor’s developmentsin O (%) of the constants

—1II R A
Hy ~ AL
! (1—}%00‘5(%))()\2—1) (6 +>\r7“ )
H)\rr R Asr
M= A0 Lot () (E* _— 1)
o L\, <§+ﬁ_1>
A (sin (i) — L cos (é)) e Ao

R Ra

a‘N——HRHRq —(E—i-)\)—l— §+;\_i:_1
- 2\ e (1—%cot (&) (A+1)

ot BRI (E—A)Jr T4 3= -1
- 2\ e (1—Lcot (L)) (A1)

3.3.3. Taylor’s development in O (%) of ¥4,

. II
From the development of X2 (r) = W’ (r) we obtain 32 (r) = ?R +0 (%) :

3.3.4. Geometry of the pre-stressed state

We want to calculate an approximation of the equations of ~7. In order to do that, we write
that a generic point MY (s, 0, z) of 7 becomes, after the deformation, M?, such as M?M? =
u? (s,0, z) . First of all, let’s evaluate u? (s, 0, z) . When r = 0, (17) becomes

ul (s,0,2) = acos <£> — (RssAer) H1RY — O R + £R+/\
s R A A- A+
ul (s,0,2) = asin <E> + RYHs
and at the extremities we have .
_ o «
ud (1,0, z) = acos =) (Reezter) H1 RT — FR At FR“‘ =0
) l
ul (1,0, z) = asin <§> + RIHI =0

s0 the displacement at a generic point of 79 is

[ ~acos (2 —acos (L
ul (s,0,z) = acos (R) acos |
ul(s,0,2) = asin (i) —aZsin (L)

\ R4 [ R4
The Cartesian coordinates of MY € 7+ are
S
q - R ! <_)
Xz S1n R

y? = Rcos (%) +yg

and those of M? are <
2P = Rsin (—) +ul(s,0,2)cos (
y? = Rcos <}—%> —ul(s,0,z)sin (—) +ul (s,0,2) cos <—> + yg .
Since on 47", R? = —R, then,
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o — a? sin (é) oS <%) + (R — acos <é)) sin (%)
yP :Rcos< ) a—a sin (é) sin (%) — acos (é) cos (%)vLyJ
We notice that (z7)° + (y* — yg” — a)” = a? (?)28m2 (é) * (R o <é>)2

Identifying sin? < ) (—) we get
@)+ (P —yf —a)’ = (R — acos (é))z 10 ((%)2)

So, we can admit that the pre-stressed inner surface is also constituted by two arcs of circle.

2
The new radius is (R?)* = (R — acos (%)) which is smaller than R9.

84. Conclusion

From the explicit displacement obtained in (17) , we can conjecture that the general displace-
ment of a generic point is

us (s,7,2) = u?
u, (s,7m,2) = ul (s, 2)
u, (s,7,2) = u?

1
(R —r)ut (s,2) + |R? = | uy (s,2) + [RY =[P uf (s,2)

r

then, in order to solve a 2D problem, we can replace u in the variationnal formulation and
integrate in the thickness.

References

[Ciarlet]  Ciarlet, P.G. [1988] Mathematical Elasticity, North Holland, Amsterdam.
[Duvaut] Duvaut, G. [1990] Mécanique des milieux continus, Masson, Paris
[Salencon] Salengon, J. [1995] Mécanique du continu, Ellipses, Paris

[Duvaut-Lions] Duvaut, G. & Lions, J.L. [1972] Les Inéquations en Mécanique et en Physique, Dunod,
Paris

R. Luce, C. Poutous and J.-M. Thomas

Laboratoire de Mathématiques Appliquées, FRE 2570

Université de Pau et des Pays de I’Adour

IPRA, BP1155, 64013 Pau Cedex, France
robert.luce@univ-pau.fr, cecile.poutous@univ-pau.fr
jean-marie.thomas@univ-pau.fr



