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RICHARDSON EXTRAPOLATION ON
GENERALIZED SHISHKIN MESHES FOR
SINGULARLY PERTURBED PROBLEMS

J.L. Gracia and C. Clavero

Abstract. In this work we are interested in to apply the Richardson extrapolation technique
on a type of finite difference schemes, which are used to solve 1D singularly perturbed
problems of convection-diffusion type. The numerical method is constructed on general-
ized Shishkin meshes, which are defined by using a generating function; in all cases the
mesh points are condensed in the boundary layer region, in order to obtain a good approx-
imation in the maximum norm. We prove that, if the diffusion coefficient is sufficiently
small, an appropriate Richardson extrapolation increase the order of uniform convergence
associated to the basic finite difference scheme. Some numerical examples permit us to
confirm in practice the theoretical results.

Keywords: Richardson extrapolation, Shishkin type meshes, generating function, uniform
convergence
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81. Introduction
We consider the Dirichlet boundary value problem
Lou=—ceu” +a(z)u +b(z)u= f(z),0 <z <1, u(0)=ug u(l)=mu, (1)

where uo and wu; are constants, a,b and f are sufficiently smooth functions satisfying a(x) >
2a > 0, b(z) > 0, Vz € [0, 1] and the diffusion parameter is sufficiently small, 0 < ¢ < 1.
This problem is the simple linear 1D model of convection-diffusion problems with dominating
convection term and it appears in many areas of science (fluid mechanic, semiconductor devices
and heat or mass transport by example). It is known (see [3]) that the exact solution has a
boundary layer at x = 1.

In last years many works (see [3] and references therein) have been developed to solve
efficiently this type of problems, using robust or e-uniform convergent methods (finite differ-
ences or finite elements) defined on piecewise uniform Shishkin meshes, which condense the
mesh points in the boundary layer region. In [8] new generalized Shishkin type meshes were
introduced, proving also the uniform convergence of classical numerical schemes on this type
of meshes. Nevertheless, only in few papers the numerical methods have order of convergence



170 J.L. Gracia and C. Clavero

bigger than one; in [1] HODIE schemes on Shishkin meshes were analyzed, proving second and
third order of uniform convergence; in [2] these results were extended for generalized Shihskin
meshes; in [4] it was proved that the defect correction method, combining the upwind and the
central finite difference schemes, is a second order -uniform convergent scheme; finally, in [7]
it was proved that Richardson extrapolation increase the order of the upwind scheme defined
on classical Shishkin meshes.

Richardson extrapolation is a well known procedure to improve the numerical solution us-
ing an appropriate combination of previously computed solutions (see [5, 6] for the application
of this technique to non-singularly perturbed problems). In this paper we prove that the combi-
nation of a HODIE finite difference scheme, defined on generalized Shihskin meshes, and the
Richardson extrapolation, is an efficient technique to increase the order of uniform convergence
and also to reduce the errors associated to the numerical scheme.

Throughout the paper C' denote any positive constant independent of € and the discretization
parameter N.

82. The generalized Shishkin meshes

Before constructing the numerical method, we present the generalized Shishkin mesh, which
was introduced in [8]. Let N > 4 be an even integer (the discretization parameter); we define
the transition parameter by

o =min{1/2,0pcIn N}, 2

where oy is a positive constant to be fixed later. If o = 1/2, we take a uniform mesh with
xo = 0, xy = 1; in this case the analysis could be made in a classical way; therefore, in the
remainder of the paper we will suppose that ¢ = o¢eIn N. Now, on the interval [0, 1 — o] we
consider a uniform mesh such that 2y = 0, zx/» = 1 — o; however, on [1 — o, 1] the mesh will
be graded such that the step sizes, h; = x; — x;_y, satisfy h; > hjq, j = N/2+1,--- /N —1.
To define the mesh we use a continuous, monotone increasing and piecewise continuously
differentiable function (¢), t € [1/2,1] such that ¢(1/2) = —In N and ¢(1) = 0; the mesh
points are given by

/ 1+00€90(tj)7 tj:j/Na j:N/2+1>7N

From this definition we see that h; = H = 2(1 — 0)/N, j = 1,---,N/2and N™' < H <
2N,

Following [8], we consider a new function (¢) = exp(y(t)), which is also increasing and
it satisfies ¢(1/2) = N1, ¢(1) = 1; some examples of mesh functions « (see [8]) are

Y(t) = e 200N (S-mesh) (4)
Y(t)=1-2(1—-N"")(1—t), (S-Bmesh) (5)
P(t) = e~ D/=0=0) g = 1/2 +1/(2In N). (S-B modified mesh) (6)

It is straightforward to prove that

/ C'In N, (S-mesh)
ax [ < { c, (S-B and S-B modified mesh) (7)
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These meshes were used in [8] to prove that the simple upwind scheme is uniformly convergent
with order at most 1; also, the same meshes were used in [4] to prove that the defect correc-
tion technique, based on central differences and the simple upwind scheme, gives a s-uniform
method having order O(N ! max |[¢/(¢)])?).

Here we only are interested in meshes whose mesh-generating function ¢ satisfies

1
/ |’ (t)|dt < CN, max ¢'(t) < CN. 8)
1

/2 te[1/2,1] -

Conditions (8) are sufficient to prove the e-uniform convergence of the simple upwind scheme
defined on these meshes (see [8]). Moreover, we will assume that there exists a fixed integer
1 < j, < N/2 independent of N such that

hj(lj—2€<0, VJ2j¢+N/2 (9)

In [2] it was proved that (8) and (9) are satisfied by S, S-B and S-B modified meshes.

83. HODIE finite difference scheme and the Richardson extrapolation

Before studying the Richardson extrapolation, we define the basic HODIE finite difference
scheme, which is given as follows:

LéVUJ ET]_U]—l_'_rJCUJ—i_T;_UJ-Fl :qjlfj—1+QJ2fj7 j: 177N_17
Up =uo, Uy =u,

(10)

where f; = f(z;), j = 0,---, N (similarly for a; and b;). The coefficients r;, 7§, v, ¢}, ¢}
associated to (10), are determined by imposing that the polynomials of degree less or equal 2,
P,[x], belong to the kernel of the local error operator and also that the coefficients satisfy the

normalization condition

These coefficients were calculated in [2], where also it was proved the following result of
uniform convergence.

Theorem 1. Let 6 < a be, N > 4 an even positive integer such that
hjmax {|[a/||oc, [[blloc} <@, 1< j <N,

u the solution of the continuous problem (1), {U;}1, the numerical solution of the finite dif-
ference scheme (10) defined on the mesh (3), where (¢) is such that (8) and (9) hold and we
assumethat ¢ < C N~1. Then, the error satisfies

[ufag) = U] < C(N"lop maxc [0/(D])* + N72), 1<j<N-1  (12)
te ,

Remark 1. From Theorem 1 and bounds (7) we deduce that, if 5 satisfies Goy > 2, the HODIE

finite difference scheme has order two on S-B and S-B modified meshes and order near two

(due to the logarithmic factor) on classical S-mesh.
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In order to increase the order of convergence of this method, following the original idea
of Natividad-Stynes [7], we consider now a new mesh Q2¥ = {Z;}, which is obtained by
bisecting each interval of the original mesh (3). On this mesh, we define the HODIE finite
difference scheme

LENUN = 7, U + BUN + 7 U = @ fja+ @ f; 1< <2N -1,

- 13
UN =g, U =u, o
where now the coefficients are given by
Q) =a;/(a; +a;0), i 1<) < N42j,
Gt = (hy — hjs1)/(3hy), TN +2j, <j<2N -1, (14)

G =1—¢q;, for1<j<2N-1,
f*(gagjl‘aquahjaaa b) = r*(qujl‘aq]zahj/Qaaab)v for x=—,¢,+.

We are interested in to prove that the extrapolated numerical solution defined on the mesh (3)
by

J

ON = (403 ~UN) /3, 1<j<N-1, (15)

improves the approximation obtained with the basic HODIE scheme and also that the order of
uniform convergence is higher.

To study the e-uniform convergence of the extrapolated solution, we need to know the
asymptotic behaviour with respect to ¢ of the exact solution. In [3] it was proved that the
exact solution can be written as © = v + w, where the regular component v and the singular
component w satisfy L.v = f, L.w = 0, respectively, with appropriate boundary conditions
such that for 0 < k < ¢ (¢ is an integer depending on the data regularity) it holds

pO@)] <€, b)) < Ce ket (16)

Similarly to the continuous problem, we decompose the numerical solution as U]?N = f/fN +
W2N, where

LV, =@l i+ @f;, 1<j<2N—1, Vo=0(0), Vay=0(1),
LENVVJ = 0, 1 S] S 2N — ]_, W() = ’LU(O)7 WQN = w(l)

Lemma 1. The local error associated to the regular component satisfies
LY (VY —v)(x;) = (()h + OENT +N7?), 1<j<N-1, (17)

where ((z) is a sufficiently smooth function such that in the mesh points it satisfies

;) = (q}ajl (e —ai(aj1+a) g5 (20 + hja)aj o + q?hjﬂaj) o
J 2 3'hj(hj + hj+1) 3‘(’1] + hj+1) 77

and its derivatives are bounded with respect to ¢.

Proof. The proof is straightforward from Taylor expansion and the bounds (16). O
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Let F be the solution of the following boundary value problem
L.E(x)=((z), z€(0,1), E0)=E()=0.
Similarly to the original problem we can write £ = n + ¢, where
Len(z) = ¢(z), Ld(x) =0, = € (0,1), n(0) = =9(0), n(1) = —d(1),
and the functions 7, ¥ satisfy
nP <, W] < Ceheme e,

for 0 < k£ < g with ¢ a positive integer, again depending on the data regularity.
Lemma 2. Let hg = hy be. Then, it holds

VjN —v(z;) = n(x;)hi + OEN"+N7?), 1<j<N-1

Proof. We easily prove that

173

(18)

(19)

(20)

LIn(x;) = Len(z;) + Le'n(x;) — Len(a;) = Len(x;) + O(N %) = ((;) + O(N7?),

or equivalently
WL n(x;) = h3¢(x;) + O(N ).

From (17) it follows that

LY(VN —v —h2n)(x;) = LN(VYN —v)(z;) — h2LYn(x;) =
= ()2 + OGN+ N~%) — h2((z;) + O(N ) = O(eN~ + N9).

We consider now the barrier function
Z;j=C(l+ux;)(e+ NN, j=0,...,N,
with C' a positive constant large enough, which satisfies
LYZ; > LY (VY —v =) (zy)], 1<j<N-—1,
and

Zn =C(e+ NNt > Ce? > Oh%|n(1)),
Zy=C(e+ N2)N~1 > Ce? > Ca?e=/c > Ch2n(0)|.

Then, the discrete maximum principle proves

(VN —v —hin)(z;)| < Z; < Cle + N2)N 71,
which permit us to deduce (20).
Lemma 3. The error associated to the regular component satisfies

lv(z;) = V;| < Cle+N?)N', 1<j<N-1.

(21)
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Proof. Taking into account the definition of numerical extrapolated solution giving by (15), the
proof is straightforward from (20). ]
Lemma 4. The error associated to the singular component satisfies

jw(a;) = W)Y < ONTP° 1< < N/2+ jy.
Proof. In [2] it was proved that

jw(z;) —WN| <ONP0 1< < N/2+ jy.
In a similar way we can also obtain

jw(z;) = WN| < CNTF0 1< j <N+ 2j
Therefore, for 1 < j < N/2 + j,, the result follows. ]

For N/2 + j, < j < N — 1 the study is not so easy. Firstly, we will prove that the error
can be written in the form

WY —w(w;) = (hj/e)*F(x;) + O(N7 + (N~loy max [¢/(1)])"),

J te[1/2,1]
where the function F' is the solution of the boundary value problem

L.F(r)=0(x), x€ (Tn/24j,-1,1),
N

22
F(@nj2ie=1) = Wiipaej,—1 — WaN2eg,-1),  F(1) =0, (22)

whit 6 a sufficiently smooth function satisfying

h3 h; ge  qla_
0(z;) =¢ ( ha Y ——J—+L)w’.", N/2+j, <j<N-1,
! 3h7 3l T, 2 7

and also we assume that
‘9(1) (ZE)| S 05_(1+i)6_2a(1_$)/€, xr € [xN/2+j¢—17 ].]
Lemma 5. Let o be such that 5oy > 4. Then, it holds

W —w(a) = (hy /2 Flay) + ON P +(N Yoy max [W/(B])'), N/2+js < < N=1.

Proof. Clearly, from the hypotheses on 6, it follows that F' satisfies
|F®) (2)] < C(1 4 e ke 2e-0)/e), (23)
Taylor expansions of LY F'(z;) around z; and (23) permit us to prove

LYF(z;) = L.F(x;) + O(e7 ' (h;/e)?e 2 =2)/&) - N/2 44, <j< N -1 (24)
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Using the Shishkin decomposition of the continuous problem (1) (see [3]), the bounds (16) for
the derivatives of w and appropriate Taylor expansion, we deduce

. h: h2
Y =t = (S5 = 7 = ol )
h4+1 h s 3
e Fagpenton) —g g et g
h: h; 145
w® 2" gL+ M- —i-t
bj 13| ( ) (h /5) (B‘hirj B‘TJ qjh +q 2 )‘I’

FO(e (g f2)%e 202,
where o; € (z;-1,%;),1=1,2,3,4,and 6 € (z;,x;11). From (22), (24) and (25), it follows
(hy /LY F(x)) = (hy/)LeF (x) + O(™ (hy fe)te20-0)/e) =
= LN —w(e))] + O (hy/e)te2o0=mre),
Therefore,
LYW —w(wy) — (hy/e)*F(x;)]] = O(e ™" (hy/e) e 2202)F), (26)
Taking the barrier function

&(B) = C (NP (14 z;) + (h/2)" 6;(8)) 4
where C'is a positive constant large enough, it holds that
LYE(B) 2 |[LN W —w(xj) — (h/e)?F(z))]l,  N/2+4j, <j<N-—1,
Enj2tiyp—1(0) = |vavz+]w_1 w(@ny21j,-1) = (hi/e) F(@ny24j,-1)];
En(B) = [WR —w(1) — (h;/e)*F(1)] = 0.
Finally, using the discrete maximum principle on [z /2,1, 1], we obtain
(WY —w(z;) = (hj/e)?F(a;)| < & < C(NTP + (h;/e)'e;(B)) <
< O(N= + (N~oo max [W'(1)])"),
te

taking G such that Soy > 4, which is the required result. ]

Lemma 6. Let o be such that oy > 4. Then, the error associated to the singular component
satisfies

jw(z;) = W)Y < C(N77° + (N'og max [@'(t)])*), N/2+4j, <j<N-—1

te[1/2,1]
Proof. From Lemma 5 we have
w(z;) —WN = (h;/e)*F(x;) + O(N~P7° 4+ (N "oy max [/ (t)])"),

~ te[1/2,1]
wlay) = WY = ((hs/e) /) (23) + O 4+ (Nop ma [v/(1)])").
Therefore, it immediately follows

w(z;) — WY = O(N#° 4 (N"'oy max [/()])*), N/2+js <j<N—1

te[1/2,1]
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From Lemmas 3, 4 and 6 we obtain the main result of this work.

Theorem 2. Let oy besuchthat o > 4, u the solution of the continuous problem (1), {U; }jVZO
the extrapolated numerical solution defined by (15) and we assume that ¢ < C N~!. Then, the
error satisfies

C((e + N72)N~1 4 N—Foo),
C((e+ N2)N~-1 4 N—Foop

Nt "Ny, fFN/2+4,< i< N-—1.
HV oo mas [0, ITN/2 45y < <

if 1<j<N/2+ 3y,

u(z;) = U] < (27)

Remark 2. From Theorem 2 we deduce that, if the diffusion parameter is sufficiently small with
respect to the discretization parameter (¢ < CN~2) and j3 satisfies oy > 3, the extrapolated
solution converges with third order on S-B and S-B modified mesh and with order near three
on S-mesh.

84. Numerical examples
We consider the test problem:
—eu" +u' + (" +1—2*)u=f,
where the source term f and the boundary conditions are such that the exact solution is
u(x,e) = xe” 1=/ ¢ sin(x).

For any values of € and N we calculate exactly the pointwise errors ej.’N = |u(z;) — UJN|,
0 < j < N, where {U]} is the numerical solution obtained with the HODIE finite difference

scheme. From these values, the maximum errors are E&V = ma:>J<V ej’N and the numerical
0<5<

order of convergence are p. y = log(E=Y /E=*)/log 2.
Table 1 shows the maximum errors and the numerical order of convergence of the HODIE
scheme on some particular generalized Shishkin meshes, taking ¢ = 10~ and o, = 4.

Table 1: Errors and order of convergence without extrapolation

e=10""8 N=64 N=128 N=256 N=512 N=1024 | N=2048

S-mesh 8.541E-3 | 2.840E-3 | 9.237E-4 | 2.917E-4 | 8.995E-5 | 2.721E-5
1.589 1.620 1.663 1.697 1.725

S-B mesh 1.268E-3 | 3.239E-4 | 8.170E-5 | 2.051E-5 | 5.138E-6 | 1.286E-6
1.969 1.987 1.994 1.997 1.999

S-B m. mesh | 1.548E-3 | 4.095E-4 | 1.068E-5 | 2.763E-5 | 7.099E-6 | 1.816E-6
1.919 1.939 1.951 1.960 1.967

For the same values of £ and oy, table 2 shows the results obtained using Richardson extrap-
olation. From both tables we see that the results are in agreement with the theoretical results.
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Table 2: Errors and order of convergence with extrapolation

e=10""8 N=64 N=128 N=256 N=512 N=1024 N=2048
S-mesh 6.388E-5 | 7.406E-6 | 7.936E-7 | 7.919E-8 | 7.541E-9 | 6.898E-10
3.109 3.222 3.325 3.392 3.451
S-Bmesh | 3.597E-6 | 2.547E-7 | 1.767E-8 | 1.209E-9 | 8.254E-11 | 5.912E-12
3.820 3.850 3.869 3.872 3.803
S-B m. mesh | 2.735E-6 | 7.924E-8 | 5.178E-9 | 3.748E-10 | 2.566E-11 | 2.054E-12
5.109 3.844 3.880 3.867 3.642
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Moreover, table 2 gives better results than Theorem 2 proves; the reason is that, for this ex-
ample, the maximum errors are associated to the singular component of the exact solution and

therefore the order is given by Lemma 6.
In second place, we take oy = 4 and e = 10~4, for which the restriction e < N~2is violated.

Table 3 shows the results obtained without extrapolation, in agreement with the theoretical

results.
Table 3: Errors and order of convergence without extrapolation

e=10""1 N=64 N=128 N=256 N=512 N=1024 | N=2048
S-mesh 8.538E-3 | 2.839E-3 | 9.234E-4 | 2.916E-4 | 8.993E-5 | 2.721E-5

1.589 1.620 1.663 1.697 1.725
S-B mesh 1.267E-3 | 3.238E-4 | 8.171E-5 | 2.053E-5 | 5.153E-6 | 1.294E-6

1.969 1.987 1.993 1.994 1.993
S-Bm. mesh | 1.547E-3 | 4.093E-4 | 1.068E-4 | 2.764E-5 | 7.113E-6 | 1.824E-6

1.919 1.938 1.950 1.958 1.963

For these same values, table 4 gives the results associated to the extrapolation; from it we
see that for all meshes, principally for S-B and S-B modified meshes, the numerical order of
convergence is reduced. Nevertheless, the errors are smaller than in table 3, which is important
in practice applications of the method.

Table 4: Errors and order of convergence with extrapolation

e=10"1 N=64 N=128 N=256 N=512 N=1024 | N=2048

S-mesh 6.380E-5 | 7.373E-6 | 7.763E-7 | 7.065E-8 | 9.485E-9 | 4.741E-9
3.113 3.247 3.458 2.897 1.000

S-Bmesh | 3.722E-6 | 3.212E-7 | 5.131E-8 | 1.897E-8 | 9.485E-9 | 4.741E-9
3.535 2.646 1.435 1.000 1.000

S-B m. mesh | 2.859E-6 | 1.467E-7 | 3.925E-8 | 1.897E-8 | 9.485E-9 | 4.741E-9
4.285 1.902 1.049 1.000 1.000
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