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Abstract

We study a generalization of the Kantorovich operators firstly considered by

Kacsó [3]. We put in relief some elementary properties of these operators and com-

pute the asymptotic expansion for all their derivatives explicitly. As a particular

case we obtain the expansion for the derivatives of the classical Kantorovich opera-

tors.
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1 Introduction

The Bernstein operators are one of the more classical examples of linear approximation

process. Given n ∈ N, f ∈ R[0,1] and x ∈ [0, 1] the Bernstein operators are defined by

Bnf(x) =
n∑

i=0

(
n

i

)
xi(1− x)n−if

(
i

n

)
.

It is well known that if f ∈ C[0, 1] then Bnf → f uniformly in [0, 1]. Furthermore, they

present good properties of simultaneous approximation. That is to say, if f ∈ Ck[0, 1], it

is possible to approximate not only the function f but also its derivatives and we thus

have DiBnf → Dif , i ∈ {1, . . . , k}.
When we are working with measurable functions instead of continuous ones, it is more

useful a classical modification of the Bernstein operators introduced by Kantorovich. The

Kantorovich operators are defined for n ∈ N, f ∈ L1[0, 1] and x ∈ [0, 1] by

Knf(x) = (n + 1)
n∑

i=0

(
n

i

)
xi(1− x)n−i

∫ i+1
n+1

i
n+1

f(z)dz
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and are connected with the Bernstein operators by means of the identity

Kn = DBn+1S, (1)

where S : L1[0, 1] → C[0, 1] is the definite integral operator

Sf(x) =

∫ x

0

f(z)dz.

In fact, identity (1) makes possible to transfer several properties from the Bernstein

operators to the Kantorovich ones. For instance, it allows to assert that the Kn operators

have also good simultaneous properties.

With the aim of obtaining estimations of the approximation error for the derivatives

of linear operators, Kacso [3] defines a generalization of the Kantorovich operators in the

following way: given q ∈ N, n ∈ N,

Kq,n = DqBn+1S
q, (2)

where Sk = S ◦ · · · ◦S is the q-th iteration of the integration operator S. We will call Kq,n

the q-th Kantorovich operator. Indeed, the definition given by Kacsó is more general and

it is useful for any linear operator and not only for the Bernstein ones.

It is well known [4] the following differentiation formula for the Bernstein operators:

given q ∈ N,

DqBnf(x) = nq

n−q∑
i=0

(
n− q

i

)
xi(1− x)n−q−i∆q

1
n

f

(
i

n

)
, (3)

where ∆q stands for the q-th forward difference and for any x ∈ R, xq = x(x− 1) · · · (x−
q + 1) is the falling factorial. It is not difficult to prove that

∆q
1

n+1

Sqf(x) =

∫
Hq

n+1(x)

f(zq)dzq · · · dz1, (4)

where Hq
a(z0) = {(z1, . . . , zq) ∈ Rq : ∀i ∈ {1, . . . , q}, zi−1 ≤ zi ≤ zi−1 + a}. From (3) and

(4) it is straightforward to obtain the following integral representation of Kq,n:

Kq,nf(x) =

= (n + 1)q

n−p+1∑
i=0

(
n− q + 1

i

)
xi(1− x)n−q−i+1

∫
Hq

n+1( i
n+1

)

f(zk)dzk · · · dz1.

As it happens for Kn, identity (2) allows to deduce that Kq,n are linear operators

that preserve all convexities and present simultaneous approximation properties for all

derivatives. Our purpose is to describe the way in which takes place such a convergence

for the derivatives in a sense that we explain in the following paragraph.
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Let {Ln}n∈N be a sequence of operators that approximates certain class of functions,

H ⊆ RI , defined over an interval I ⊆ R. An asymptotic formula of order r ∈ N for this

sequence is an expression of the form

Lnf(x) = f(x) +
r∑

i=1

af,i(x)

φ(n)i
+ o(n−r),

valid for all f ∈ H differentiable enough and x ∈ I, where φ is a non decreasing and

non vanishing function such that limn→∞ φ(n) = +∞ (usually φ(n) = n or φ(n) =

n + 1). An asymptotic formula provides an exhaustive description of the convergence of

the considered sequence of operators. The simplest example of asymptotic expression is

a Voronovskaja formula for the sequence that usually adopts the form

lim
n→∞

φ(n) (Lnf(x)− f(x)) = af (x)

that is actually an asymptotic expansion of order 1. When the sequence satisfies si-

multaneous approximation properties, it is also possible to consider the corresponding

asymptotic expression for the convergence of the derivatives, namely

DkLnf(x) = Dkf(x) +
r∑

i=1

af,k,i(x)

φ(n)i
+ o(n−r).

In the case of the Kantorovich operators, Kn, the complete asymptotic expansions for

the sequence and for the first derivative have been obtained by Abel [2] for any order r.

The main goal of this paper is to explicitly compute the complete asymptotic formula for

all derivatives of the q-th Kantorovich operators for each q ∈ N. The basic tool that we

will use in order to reach such an objective is the study of the properties of the expansion

for the derivatives of the Bernstein operators already done by López-Moreno et al. [5,6,7].

2 Asymptotic expansion for the derivatives of the

Bernstein operators.

The complete asymptotic expansion of the Bernstein operators was computed in an ex-

plicit way by Abel [1,2]. The expression obtained by Abel is written in terms of the

Stirling numbers of the first and second kind, denoted by Sj
i and σj

i , respectively, and

defined by

xi =
i∑

j=0

Sj
i x

j, xi =
i∑

j=0

σj
i x

j ,

where xi is the falling factorial and x0 = 1. Later, López-Moreno [5,6] proved that the

asymptotic expression of the Bernstein operators presents good properties with respect

to the derivatives. More precisely he obtains the following:
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Theorem 1 (López-Moreno [5, Teorema 3.2]). Let r ∈ N be even, let k ∈ N0 and let

f ∈ R[0,1] be bounded and k + r times differentiable at x ∈ [0, 1]. Then,

DkBnf(x) = Pf,k,r,n(x) + o(n−
r
2 ),

and it is satisfied that Pf,k,r,n(x) = DkPf,0,r,n(x). Furthermore, Pf,k,r,n(x) has the following

explicit representation,

Pf,k,r,n(x) =

r
2∑

α=0

n−α

2α∑
s=(α−k)+

Dk+sf(x)

α,s∑
i=0

xs−i×

×
k+s∑

j=α,k+i

(
k + s

j

)(
j − i

k

)
k!

(k + s)!
(−1)k+s−jSj−α

j−i σj−i
j , (5)

where z+ = z when z > 0 and vanishes otherwise.

As a corollary of this result it is also possible to compute the Voronovskaja formula

for all derivatives of the Bernstein operators.

Corollary 2 (López-Moreno [5,Corolario 3.3]). Let f ∈ RI be bounded and k + 2

times differentiable, k ∈ N, at x ∈ [0, 1]. Then,

lim
n→∞

2n
(
DkBnf(x)−Dkf(x)

)
=

= −k(k − 1)Dkf(x) + kDk+1f(x)(1− 2x) + Dk+2f(x)x(1− x).

3 Asymptotic and Voronovskaja formulae for the de-

rivatives of the q-th Kantorovich operator.

In the following result we use identity (1) and Theorem 1 in order to calculate the asymp-

totic expression for the derivatives of the q-th Kantorovich operator.

Theorem 3. Let r ∈ N be even, let q ∈ N, k ∈ N0 and let f ∈ L1[0, 1] be k + r times

differentiable at x ∈ [0, 1]. Then,

DkKq,nf(x) = P
(q)
f,k,r,n(x)

and it is satisfied that P
(q)
f,k,r,n(x) = PSqf,k+q,r,n+1(x) = DkP

(q)
f,0,r,n(x), with PSqf,k+q,r,n+1(x)

defined as in Theorem 1. Furthermore, the following explicit expression holds true,

P
(q)
f,k,r,n(x) =

r
2∑

α=0

(n + 1)−α

2α∑
s=(α−k−q)+

Dk+sf(x)

α,s∑
i=0

xs−i× (6)

×
k+q+s∑

j=α,k+q+i

(
k + q + s

j

)(
j − i

k + q

)
(k + q)!

(k + q + s)!
(−1)k+q+s−jSj−α

j−i σj−i
j .
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Proof. If f ∈ L1[0, 1] is k + r times differentiable at x then, it is immediate that Sqf ∈
Cq[0, 1] is k + q + r times differentiable at x so that we can apply Theorem 1 to check

that the asymptotic expansion of DkKq,nf(x) = Dk+qBn+1S
qf(x) is PSqf,k+q,r,n+1(x),

that is to say, we have P
(q)
f,k,r,n(x) = PSqf,k+q,r,n+1(x) from which (6) follows immediately.

On the other hand, from the properties with respect to the derivatives of the expansion

of the Bernstein operators, we have P
(q)
f,k,r,n(x) = PSqf,k+q,r,n+1(x) = DkPSq ,q,r,n+1(x) =

DkP
(q)
f,0,r,n(x).

Now, let us obtain the Voronovskaja formulae for the derivatives of the q-th Kan-

torovich operators.

Theorem 4. Let f ∈ L1[0, 1] be k + 2 times differentiable at x ∈ [0, 1] for k ∈ N0. Then,

lim
n→∞

2n
(
DkKq,nf(x)−Dkf(x)

)
= x(1− x)Dk+2f(x)

+(k + q)(1− 2x)Dk+1f(x)− (k + q)(k + q − 1)

2
Dkf(x).

Proof. From Theorem 1 we have Pg,0,2,n(x) = g(x) + x(1−x)
2n

D2g(x) and Pg,s,2,n(x) =

DsPg,0,2,n(x), for any s ∈ N0 and g ∈ C[0, 1] differentiable enough at x. Then

P
(q)
f,k,2,n(x) = PSqf,k+q,2,n+1(x) = Dk+qPSqf,0,2,n+1(x)

= Dk+q

(
Sqf +

t(1− t)

2(n + 1)
D2Sqf

)
(x) = Dkf + Dk+q

(
t(1− t)

2(n + 1)
D2Sqf

)
(x).

To compute the last summand in the above identity, let us make use of the Leibniz formula

for the differentiation of the product of two functions, Ds (g · h) =
∑s

i=0(
s
i
)DigDs−ih.

Then,

Dk+q
(
t(1− t)D2Sqf

)
(x) =

k+q∑
i=0

(
k + q

i

)
Di (t(1− t)) (x)Dk+q−iD2Sqf(x)

= x(1− x)Dk+2f(x) + (k + q)(1− 2x)Dk+1f(x)− (k + q)(k + q − 1)

2
Dkf(x),

which inserted in the expression for P
(q)
f,k,2,n(x) given above ends the proof.

Once we have obtained the Voronovskaja formulae for all derivatives of the operators

we can prove the following ‘little o’ saturation theorem:

Theorem 5. Given f ∈ Ck+2[0, 1], we have

DkKq,nf(x)−Dkf(x) = o(n−1)

m f ∈ span{1, t, . . . , tk−1,
1

tq−1
,

1

(1− t)q−1
}, if q ≥ 2,

f ∈ span{1, t, . . . , tk−1, log(t), log(1− t)}, if q = 1.
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Proof. From the proof of Theorem 4 we know that

lim
n→∞

2n
(
DkKq,nf(x)−Dkf(x)

)
= Dk+q

[
t(1− t)D2Sqf

]
(x).

From this identity it is obvious that DkKq,nf(x)−Dkf(x) = o(n−1) if and only if f is a

solution of the differential equation

Dk+q
[
t(1− t)D2Sqf

]
(x) = 0.

Thus, it suffices to compute a fundamental system for such an equation.
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