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Abstract

This paper is devoted to the scalar Oseen equation, a linearized form of the Navier-
Stokes equations. Because of the various decay properties in various directions
of RN, the problem is set in Sobolev spaces with anisotropic weights. In a first
step, some weighted Hardy-type inequalities are obtained, which yield some norm
equivalences. In a second step, we establish existence results.
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1 Introduction.

Let Q be an exterior domain of RY, N > 2. We consider the following system:

(

—vAu+ pug.Vu+ VP = f in Q
divu=0 in

u=1u, on 0N

lim u(x) = Ueo.
L [z]—o0

C. W. Oseen [7] obtained (1) by linearising the Navier-stokes equations, describing the flow
of a viscous and incompressible fluid past several obstacles, around a nonzero constant
solution ug. Thus, the result offers a better approximation than that of Stokes. The
viscosity v, the density p, the external force f, and the boundary values u, on 0f) are
given. The unknown velocity field v is assumed to converge to a constant vector u.,, and
the scalar P denotes the unknown pressure. Among the works devoted to the system (1),

which is called the Oseen equations, we can cite Finn [5], and more recently Farwig [4],
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Galdi [6]. The purpose of this paper is to study a simplified case of (1), the scalar Oseen
equation:

—VAu—l—ka—u:finRN, k> 0. (2)
8.’171

To prescribe the growth or the decay properties of functions at infinity, the problem is set

in weighted Sobolev spaces. Since the fundamental solution E(x) of (2),

1
E(x>:m€7ks/2y, T:‘SL’|, S=Tr—2=o, (3)

has anisotropic decay properties, we will deal with the anisotropic weights introduced by
Farwig [3, 4]. The case k = 0 yields the Laplace’s equation studied by Amrouche-Girault-
Giroire [1] in weighted Sobolev spaces. In a first step, we establish anisotropically weighted

Poincaré-type inequalities and,in a second part, we present some existence results.

2 Notations

In this paper, we will use the following notations:

r=r(x)=|z|=@>+224+ .. +22)V% zeRY

s=s(x)=r—x, p=plx)=(1+r})"2
For the anisotropic weights, we set
g = (L+7)2(1+ )72
We will use the following spaces, a« € R, 1 < p < 400,
WaP(Q) = {v e D'(Q),p" v € LP(Q),p"Vv e LP ()} ifn/p+a #1,
with its natural norm
1/p
Iolwariy = (16" 0100y + 10"Vl ) -

and semi-norm
|U‘W§”’(Q) = [[p"V|Lr(a).
For the anisotropically weighted Sobolev spaces, we set
HB(Q) = {v e D'(Q), 15~ 1v € LP(Q), 13 Vv € LP(Q)},
X 2(Q) = {v e D'(Q), 15 % € LP(Q),n5Vv € LP(Q)},
Wab(Q) = {v e D'(Q), 75 "v € LP(Q), 7 Vv € L7(Q)}
(0] 17p

Was(Q) = {v € W, 5(Q),v =0 on 00},

o8



equipped withOtll};ir natural norms.

The dual of W, 4(£2) is noted W:;:flﬁ(ﬁ), with 1/p+1/p’ = 1. If Q@ = RY, we have
W o($2) = W5 (RY).

Let j = min{[—1/2 — N/p — «/2],[-1 — N/p — (a + 3)/2]}, we have P; C Hi%(Q) P;
stands for the space of polynomials of degree lower than j and [a] for the integer part of
a. We set Br = B(0, R) and Bj, = RY \ By. Finally, in what follows, by f ~ g in U, we
mean the following: there exists C, Cy > 0, such that

Ve e U, Cif(z) < g(z) < Cof(z).

3 Weighted Hardy-type inequalities.

A fundamental property of the weighted Sobolev spaces W!P(Q) is that their elements
satisfy Hardy-type inequalities. Amrouche-Girault-Giroire [2] proved that, for a € R,
(i) the semi-norm |[.|y10q, defines on W,2(Q2)/P; a norm which is equivalent to the
quotient norm, where j* = inf(j,0).

o 17p
(¢7) The semi-norm |.[y15 ) defines on W, (2) a norm which is equivalent to the full
norm ||. |y -
We shall establish similar results in the case of anisotropically weighted Sobolev spaces.
We choose to consider the particular case N = 3, p = 2, but the results can be generalised

to N >2andp> 2.

We consider the sector
S=Spr={reRr>R0<s<M}, R>0,0<)\<1. (4)

In R*\ S, we have r ~ s. Therefore, the spaces H,5(R*\ 5) and W(lai g)2(R?\ S) coincide

algebraically and topologically. It follows that, in R?\ S, the previous results hold. Thus,
it is enough to prove anisotropically weighted Hardy-type inequalities in S.
We first deal with the case § > 0.
Lemma 1 Let o, € R satisfy 6 > 0. Then there exists a constant C' > 0, such that
01,2
Vu € H, 5(5), HUHH;’;(S) < C|U|H;1§(5) (5)

Idea of the proof. We first prove the inequality for u € D(.5), then by density, we prove it
01,2
for all u in H, 5(S). Since 8 > 0, it is enough to prove

I= /(1 + ) P ) 2de < C/(l +7)%sP |Vl ?de. (6)
S S
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Using polar coordinates with u(z) = v(r, 0, ¢), (6) is equivalent to the following inequality

21 +o00 6o
I= / / / (1+ 7)Y (r —rcos )12 sin O|v|>dOdrdy
o Jr Jo
2 +o00 6o av
< C/ / / (1+7)%(r — rcos 0)” sin 0| — |*dfdrdep, (7)
o Jr Jo 90
with

Oy such that cosfy=1—X\, 0 <A< 1.

We set

0o
J = / (1 — cos )7L sin B|v|2dh.
0
An integration by parts yields
1 2 [% v
J == 1—COS€6U290——/ 1 — cos 0)°—wde.
ﬁK )71vl%]g ﬁo< ) 58

Since § > 0 and v € D(S), we have

2 [P ov
<= 1— Bl — .
J_ﬁ/o (1= cos0)°| 5 lv]de

Using the Cauchy-Schwarz inequality, we get

4 (% 1 Ov
< 1 — cos )P | ———246.
7= 52/0 (1= cos) ™ 1 5524

This last inequality allows to have (7).H

Remark 2 Inequality (5) is not valid for § < 0. For 8 =0, Farwig [3] gave a counter-
example with the case a« = 0. For 3 < 0, taking as counter-ezample v(r, 0, p) = v(r), we

can show that the inequality (7) does not hold.

Nevertheless, for § < 0, we have the analogue of Lemma 1 in the anisotropically weighted
Sobolev space X ;Z(S ).

Lemma 3 Let a, 8 € R satisfy 6 <0 and o+ 3+ 2 > 0. Then there exists C > 0, such
that

o 1,2
< .
Vu € X“vﬁ(‘g)a HUHX;”%(S) = C|u|X;’33(S)

Idea of the proof. Let u € D(S) and u(z) = v(r,0,¢). For R > 0 sufficiently large, it is

enough to prove

21 —+o00 6o
I= / / / (1 + 7 — 7 cos 0)° sin |v|*dfdrdyp (8)
o Jr Jo
21 +o00 6o
< C/ / / T3 (1 4 7 — rcos 0)” sin 0| Vu|*dfdrde.
o Jr Jo
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We set

+oo
J = / (1 4+ r — rcos 0)P|v|?dr.
R

Since # <0 and a+ 3+ 2 > 0, we have

1 +oo
< 7a+5+2/}z %[Ta+2(1+7‘—TCOSQ)BH’UPd’r‘.

An integration by parts and the Cauchy-Schwarz inequality yields

< (Oz—l—ﬁ—l—2>2 - r r T COS a’l‘ T,

which allows to obtain (8).H

By Lemma 1, we have the two following results.

Lemma 4 Let o, 3, R € R satisfy 3 >0, a+ 3+ 1#0 and R > 0. Then, there exists a
constant C'r > 0 such that
01,2
Vu € Hop(Br), Nullgz s, < Crlulgz ). (9)

01,2
: : , .
In other words, the semi-norm |'|Hc1£,2ﬁ(33z) is a norm on H, 3(By) equivalent to the norm

of Hy%(BR).

Idea of the proof. 1t is enough to consider u € D(B%). We use the following partition of

unity
p1,02 € C*(BR), 0< 1,902 <1, o1+ 2 =11in By,
with
o1 =11in Sg /2, suppy: C Sga-
We have

”U”H;fﬁ(B;%) = [lpru+ 902u”Hi”25(B3%) < H%U”H;ZZ(B;%) + H902UHH:‘Y”25(B;%)'

Since [ > 0, Lemma 1 yields

||901U||H;1§3(B;{) = ||S01u||H;:%(SR7A) < C|901U|H;’;(SR7>\) - C|¢1U|H;12B(B}2)

Since a + # + 1 # 0, using the following Hardy-type inequality

—+00 —+00

(+oreppopa < EEe [ g pa
¢ R

Vv € D(]R, +00|), /

R

with v, £, R € Rsuch that £ >0, y+&+1#0and (Y +E+1)2R+E(v+E+1) > 0, we
get

|901U|HC1¥’;(B}2) = C|U|HC1¥’;(B}2)'
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Thus, we have
HSOluHHclx’?@(B%,) < C|U|Hclx’,2@(3§)’

and by the same method, we get

H902U”H;22ﬁ(33%) < C‘U‘H;Z%(B}%)a
which conclude the proof.H

Theorem 5 Let o, € R satisfy >0 and o+ 3+ 1# 0. Let 7' = inf(j,0), where j is
the highest degree of the polynomials contained in H;%(Q) Then the semi-norm |'|H1’25(Q)

defines on H;’Z(Q)/Pj/ a norm which is equivalent to the quotient norm.

4 Weak solutions of the scalar Oseen equation.

In this section, we propose to solve the scalar Oseen equation with v =k =1, N =3 :

“Aut g—; — finR%. (10)

We introduce the concept of weak solution.

Definition 6 A function u : R* — R is called a weak solution to (10) if
(Z) u € Hlloc(R3)7
(17) u satisfies

Vo € D(R?), /

R3

Op
. _ g% _ , 11
Vu.Vpdzs /Rauaajl [f,¢] (11)

We are, first, interested in existence of weak solutions when the data f € W, “*(R?),
which is the dual of W,*(R?).

Theorem 7 Given a function f € Wy "*(R3), the problem (10) has a weak solution
u e Wy (R?) such that

IVullLz@s)y < || f 12 gs)- (12)
More over 3
U ~1,2 /133
— c W, " (R?). 13
oo € Wo () (13)

Idea of the proof. For R > 0, we consider the following equations

ou
—-Au+-—=finB
u+ A f in Bp (14)

u = 0 on OBg,
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Since f € W0_1’2(R3), we have f € H'(Bg), thus, by Lax-Milgram theorem, we prove

the existence of a unique weak solution ug € H}(Bgr) to problem (14) such that

IVurllvsr < 1 Fllws s, (15)

then, it suffices consider a sequence of problems analogous to (14) and to choose a weakly
convergent subsequence.ll

We now look for weak solutions when the data f € W é’Z(R?’).

Theorem 8 Let a, § € R satisfy 5 > 0 and 5 > |a|. Then for a function f € Wgé’z(Rg),
there ezists a weak solution u € Wié(R% to (10) such that

HUHWi:Z(R?’) < C|’fHWO;;’2(R3)' (16)

Idea of the proof. Let R > 0 be given and let ur € Hj(Bgr) be the unique weak solution

of (14). We need to prove the uniform estimate

HUR|’W;:§(BR) < C”f”w(;g?(m)a (17)

which allows to end the proof as in the previous Theorem. In the variationnal equation

0
Yo € H&(BR), Vug.Vedz +/ —uchdx =[f, ¢l
Bgr 8371

Br

we use the test function ¢ = nggu R, thus, by an integration by parts, we get

o N 1 8772(1 N
| sVunPdet [ unVunads -3 [ uP S de = (o)

Br 2

The Young inequality implies that

. 1 onzs Vgl o
[ oasivunpar+ g [ (=52 - S junPde < (foggun)
Br 2 /gy 1 WY

Introducing the equivalent anisotropic weight functions
ng = (1+0r)**(1 +es)"? (18)

with sufficiently small positive constants ¢ and ¢, Farwig [3] proved that if a, § € R satisfy
B> 0 and |a| < B, then there are positive numbers ¢1(6,¢) = O(0) + O(e), c2(6) = O(6),
such that
_oms [Vnggl?
0xy ng‘ﬁ’

> (8 lo]) = c1(d,)0zs(x) — c2(0))mpp 5 (w), = €R% (19)
This result with Theorem 5 yield (17).H
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