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UNILATERAL AND BILATERAL
CHARACTERIZATIONS OF INCREASING MAPS
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Abstract. We define and study various properties of lateral increasing for mappings de-
fined between two ordered spaces. After introducing some particular classes of ordered
spaces, we formulate unilateral characterizations of the property of increasing. The main
theorem characterizes the increasing of a map defined on a complete totally ordered space
with bilateral conditions which generalize the classical notions of right or left increasing

(cf. [2)).
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81. Introduction

The aim of this paper is to give characterizations of isotone (increasing) maps by using some
variants of left and right isotone properties. Characterizations of strictly increasing maps can
be found in [1].

We first recall some classical definitions and notations to avoid ambiguityidf binary
relation onE which is reflexive, antisymmetric and transitiV&, <) is anordered spaceAn
ordered space such that any two elements are comparablotallgt ordered space An
ordered space such that any nonempty majorized subset admits a supremum (and thus, by
theorem, any nonempty minorized subset admits an infimum)ciangplete ordered space
(cf. [3]). We will write x <y whenx <y andx #y. The following notations are defined
in[2]:

[a,—[={xeE:a<x}, Ja—[={xeE:a<x}, J—,bj={xeE:x<b},
]Hab[:{XEE:X<b}7 [a,b] = [a,—[N],b], Ja,b[ = Ja,—[N]«, b,
[ab[=[a—[Nn]=b[,  Jabl=]a—[N]=b.
These subsets are callediervals those of the fornja, b] are calledsegmentsSince no con-
fusion is possible when several ordered spaces are considered, we will use the same notations
for their order, their intervals, etc.

In the following definitions,f : (A, <) — (B, <) is a map from an ordered spagk <)
into an ordered spad®, <). The notion of “preservation of the order” is classical:

Definition 1. f isisotoneor increasingif:

V(xy) € AxA x<y= f(x) < f(y). (h
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We remark immediately that in this definitigh), formulated from each element of the
product spacé x A, can be expressed by a right unilateral form, formulated from each ele-
ment of the subset™:

()= (IR) = (17)

where, by definition,

At :={xeA:JyecA x<y},
(IR) <= Vxe A", f|_ isisotone
(17) <= Vxe AT, f([x,—]) C [f(X),—].

The same is possible with a left unilateral form, formulated from each element of the
subsetA™:

()= (Ig) = (017)

where, by definition,

AT :={xeA:Jye A y<x},
(Ir) = Vxe A", fj_x isisotone
(I7) <= wxe A, f(J<,X) C ], f(X)].

We now define some various (left or right) lateral variants. We remark that, for left or
right lateral versions, saying that: (A, <) — (B, <) satisfies the left lateral version means
by definition thatf : (A, >) — (B, >) satisfies the right lateral version. Nevertheless we still
define the two versions for more completeness.

We first introduce, in an abstract form, a notion defined in [2] (for a real-valued function
defined on an open interval of the real field):

Definition 2. f is left isotoneif:

vxe A, Jae—x, f(jax) cl—, f(x)]. (1°)
f is right isotoneif;
vxe AT, 3be Jx —[, f([xb]) C [f(x),—[. (%)
It is obvious that
()= (1")and(1"). 1)

The converse implication is false in general (an example is given in § 3). The purpose
of 83 is to determine some sufficient conditions on the ordered spaces so that the isotone
property can be obtained by bilateral conditions suckilas and (1*) or by more general
conditions that will be defined below.

We first define some notions close to the previous ones by taking into account all possible
“directions” (for the left or right side); in other words, we formulate some “star” versions.
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Definition 3. f is left star-isotonf:

Yxe A™, Vce |—, X[, Jae[c,X], f([a,X]) C ], f(X)] (17)
f is right star-isotonef:

vx e AT, vee |x,—[, Ibe|x,c], f([xb]) C [f(x),—] (1)

These notions appear in the theorem of isotone maps under unilateral conditions in 82.
It is easy to provgl *) = (I7) and (1) = (I"); converse implications are false. For
instance(l ) is satisfied bufl ~*) is not for the mag0,1) — 1,(1,0) — 3,(1,1) — 2 where
R? is endowed with the product order (the partial order associated with the[@pne[z).
Nevertheless, when the domahnis totally ordered, we get equivalent properti€s ™) <
(17) and(1™) < (17). Proofs are obvious.
82. Unilateral characterization of isotone maps

We now define some other lateral variants from propertigs and (I5). Firstly, some
“local” versions.

Definition 4. f isisotone by left restrictionf:
Vxe A, Ja€]«,x[, flay isisotone (Ir)
f is isotone by right restrictiorif:
Vxe A", dbe]x,—[, fixp isisotone (I8)
Secondly, the corresponding “star” versions.
Definition 5. f is star-isotone by left restrictioit:
Vxe A, Vee |, X[, Ja€[c,X], fjay isisotone (IR
f is star-isotone by right restrictioif:
Vxe A*, Veex,—[, dbex.c], fiyy isisotone (P

The following table gives some implications between the notions of right lateral increas-
ing that are defined previously.

Generally, propertie§l*), (17), (1g) or (1) are not sufficient to ensure the isotone
property. Even ifA is countable, totally ordered and complete (and also well ordered);
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consider for instancé := {—n"':ne N*} U{0}, B:= R and f defined byf(0) = 0 and
f(—n~1) = n(for n € N*): (13*) is satisfied withouf being isotone.

The purpose of this section is the study of some converse implications relative to the
isotone propertyl).

We thus introduce the following properties which concern ordered spaces.

Definition 6. An ordered spacéA, <) is with finite segments:
V(xy) € Ax A x<y= [xY] is a finite subset

If Ais afinite subset(A, <) is with finite segments. The converse is faldeandZ are
with finite segments. We also remark that this property is not preserved for the closure of a
subset ofR (considen := {n~1:ne N*} and its closuré U {0}).

Definition 7. An ordered spacéA, <) is with finite connection§:

V(xy) €AxA x<y=3INeN, Ia)N A
X=a <& <aj1<anr1=yand|g,g1[=0fori=01,...,N.

If (A, <) is with finite segments then it is with finite connections. The converse is false;
consider for instanc® U {—c, +} endowed with the order defined by (resp. +©) is
the minimum (resp. maximum). When the order is total,<) is with finite segments if and
only if it is with finite connections; the proof of this result is straightforward.

A unilateral characterization of increasing is given below.

Theorem 1. Let f be a map from an ordered spap® <) into another ongB, <). If Ais
with finite connections then
()<= (Ig") <= (1) = (Ig") <= (7).

Proof. If x<ythen, sincé is with finite connections, there exists a finite numbef points

g such thak < a3 < ap <--- <a, <yand|a,a+1[=0 fori =0,1,...,n, whereay := X

andan1 ;=Y. By (I™), f(a) < f(a,1) fori =0,1,...,n, sincea,; is the only point in
la,ai11] and thusf ([a,a41]) C [f(a),—]. We getf(x) < f(y) by transitivity. Thus, the
first two equivalences are proved. The last two ones can be deducedlgiigcequivalent to
the increasing of from (A, >) into (B, >). O

When the spacd is totally ordered(I3*) < (I3) and also(1 ™) < (17). As a direct
consequence, we have the following characterizations.

Corollary 2. If f is a map from a totally ordered space with finite segméAts<) into an
ordered spacéB, <) then

()<= (Ig) = () = (7)< (I").

The conclusion of this corollary is not still true under the assumptions of the previous
theorem. Indeed, these characterizations are not tieei¥en finite, is not totally ordered.
Consider for instance the subgewhich consists of the point®,0), (1,0) and(0,1) and is
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endowed with the order associated with the cfthe-co[* and the magf defined byf (0,0) =
1, f(1,0) =2 andf(0,1) = 0: (13) is satisfied bufl ) is not (and thud is not isotone).

This corollary cannot be generalized to the case of a lattice (even finite), i.e. an ordered
set whose subsets of two elements possess an infimum and a supremum; we can modify the
last example by adding the poittt, 1) and by definingf (1,1) = 2.

Other unilateral characterizations will be established in the following section as a conse-
guence of the main theorem.

83. Bilateral characterization of isotone maps

In the main theorem which concerns the converse implication of (1) we will use the following
lateral notions of increasing that are more general.

Definition 8. f is left quasi-isotoné:

vxe A", Jac]—,x[, f(Jax) C]—, f(xX)]. (QI7)
f is right quasi-isotonef:

vxe AT, Foelx, —|, f([x b)) C[f(X),—][. (QIT)

The converse implications ¢f ~) = (QI~) and(I™) = (QI*) are false: any sequence
of real numbers is left and right quasi-isotone.

Definition 9. f is pointwise left isotoné

vxeA™, Jac]—,x[, f(a) e]—, f(x)]. (PI17)
f is pointwise right isotoné:

vxe AT, Ibex, —|, f(b) € [f(x),—[. (PIT)

Trivially, (17) = (P17) and (1) = (PI") but the converse implications are false. For
instance, the function defined By[—1,0]) = {0} and f (x) = x— 1 if x € ]0, 1] is pointwise
right isotone but is not right isotone.

The following notions are also used in the main theorem.

Definition 10. f isleft pseudo-isotoner pointwise left star-isotoni:

Vxe A, Vee]—. X[, Jac [c,x, f(a) €], f(X)]. (PI7*)
f is right pseudo-isotoner pointwise right star-isotond:

vxe AT, vee |x,—[, Ibe|x,c], f(b) e [f(x),—[. (PIF*)

It is straightforward thatP1=*) = (PI~) and(PI™*) = (PI*) and that the converse im-
plications are false (consider the previous example). When the doiginvell ordered,
these implications are not necessarily equivalences; consider the caseAwhéte (PI1*)
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and (P1T) correspond respectively to the increasing of the sequence and one of its subse-
quences. We also have the implicatighs*) = (PI=*) and(1 ) = (PI™™).

The following table contents some links between several properties of right lateral in-
creasing; the symbdl means the equivalence of the properties when the doAarotally

ordered.
) = (g") = () = (PI')

4] 4 4
(Ig) = (%) = (PI)
4
(QI)

We can state the main theorem.

Theorem 3. Let (A, <) be a complete totally ordered spad®, <) an ordered space and
f: (A <) — (B,<) a map which is right pseudo-isotone and left quasi-isotone. Then f is
isotone.

Proof. Assume thaff is not isotone: there exis < X in A such that the relatioffi(x;) <
f(x2) is not satisfied in the ordered spd@eConsider the subset

P:={xe [x1,x2] : f(x) £ f(x2)}. 2

On the one handP # 0 for x; € P: f(x1) £ f(x2). On the other hand? is a majorized
subset: by definition? C <, xp]. Denotexp := supP (P is a nonempty majorized subset of
the complete ordered spaéi

We have in particulang € P andx, majorizesP):

X1 < Xo < X 3)

We also geP C [x1,Xo] (for P C [x1,—] by definition, andy majorizesP). Now we justify
the property:
f(x0) £ f(x2). 4)

By assumingf (xo) < f(x2), two cases appear.tf = Xo thenf (xg) = f(x1) £ f(x2) (forx; €
P) which contradicts the assumption. Otherwiges xg and then, sincé is left quasi-isotone
at Xo, there existsaa < xg such thatf (Ja,xo]) C ]<, f(Xo)] and then, from the assumption,
f(x) < f(x) for all x € Ja,xg]. We deduce tha® C |«—,Xo] \ ]a,%o] and thus, sincd is totally
orderedP C |+, a]. Consequentlya majorizesP and thusg < awhich gives a contradiction.
Thus, property (4) is satisfied.

We remark thakg € P (by (3)-(4)) and therxg = maxP. We get:

X1 < Xo < Xo. %)

Indeed, by (3), it is sufficient to justify that # xo; this follows fromf(xp) # f(x2) (by (4)).
Sincef is right pseudo-isotone &g, andxp < Xz (by (5)), there existb € |xg, Xp] such that

f(b) > f(xo0). In particularb € [x1,xz] butb ¢ P (for Xg < b) which implies thatf (b) < f(xz).

Thus, f(xo) < f(x2) which gives a contradiction with (4). O



Unilateral and bilateral characterizations of increasing maps 49

We can formulate the following bilateral characterizations of the increasing of a map
when the order is total and complete on the domain:

Corollary 4. Let (A, <) be a complete totally ordered spad®, <) an ordered space and
f:(A<)— (B,<). Then:

(1) <= (I7)and(I") <= (QI") and(PI**) <= (PI"*) and (QI ).

Obviously, some other equivalences can be formulated above (by chaf@ing or
(P17*) by (17) and alsdQI™) or (PI**) by (1T)).

When the domain i&N or Z we can simplify the previous characterizations. Thelset
is “discrete” (i.e., cf. [4], well ordered and such that all elements except the first one has a
predecessor) b is not; nevertheles? satisfies the following more general definitions.

Definition 11. An ordered spacgZ, <) is left quasi-discretéf:
YxeZ, Jac |—,X[, |ax =0;
(Z,<) isright quasi-discretef:
vxeZt, I ex,—[, |x,b[= 0.
(Z,<) is quasi-discretsf it is left and right quasi-discrete.

A countable totally ordered space is not necessarily left or right quasi-discrete. The sets
I:'={n1:neN*},J:={-n"1:nec N*} andl UJ are quasi-discreté;U {0} is left but not
right quasi-discrete] U {0} is right but not left quasi-discretél JU {0} is not left nor right
guasi-discrete.

An ordered space with finite connections is quasi-discrete. The converse id faldés
quasi-discrete but there exist no finite connections between an elenleahdfanother one
of J.

It is immediate that any map from a left (resp. right) quasi-discrete ordered &pace
into an ordered spacgB, <) is left (resp. right) quasi-isotone. We deduce the following
corollaries giving unilateral characterizations of the isotone property.

Corollary 5. Let(Z,<) be a left quasi-discrete and complete totally ordered sp&Bex)
an ordered space and:f(Z,<) — (B, <). Then:

() <= (Ig) = (17) = (PI").

In the above corollary, proper{fP1™) is not equivalent to the isotone property (consider
the map defined on the finite subget1,0,1} by f(—1) =0= f(1) andf(0) = —1).

Corollary 6. Let(Z,<) be aright quasi-discrete and complete totally ordered sp&Be<)
an ordered space and:f(Z,<) — (B, <). Then:

() == (r) <= (I") <= (PI"7).
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Property(PI~) is not equivalent to the isotone property even if the domain is finite and
well ordered.

The equivalences of one of these two corollaries are not valid under the assumptions of
the other one. Consid&r=1U{0} which is a left quasi-discrete and complete totally ordered
space and given by f(0) =1 andf(i) =i for i € I; this function satisfie¢lz) (and thus
(I7), (PI7)) but is not isotone.

WhenZ is a quasi-discrete and complete totally ordered space then all properties that
appear in the two previous corollaries are equivalent. The fact that the order is total is crucial.
Considerz = 2 with the inclusion for orderZ is a quasi-discrete and complete partially
ordered space. Consider also the functfoniZ — {0,1} given by f(A) = 1 if Ais a finite
subset ofN and f (A) = 0 otherwise. This function is left and right isotone (in félgf*) and
(Iz*) hold) but is not isotone.
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