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BIHARMONIC PROBLEM IN THE HALF-SPACE

Chérif Amrouche and Yves Raudin

Abstract. In this paper, we study the biharmonic equation in the half-spaceRN
+, with

N ≥ 2. We prove inLp theory, with 1< p < ∞, existence and uniqueness results. We
consider data and give solutions which live in weighted Sobolev spaces.
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§1. Introduction and functional framework

The purpose of this paper is the resolution of the biharmonic problem with nonhomogeneous
boundary conditions

(P)


∆2u = f in RN

+,

u = g0 on Γ = RN−1,

∂Nu = g1 on Γ.

Since this problem is posed in the half-space, it is important to specify the behaviour at
infinity for the data and solutions. We have chosen to impose such conditions by setting our
problem in weighted Sobolev spaces, where the growth or decay of functions at infinity are
expressed by means of weights. These weighted Sobolev spaces provide a correct functional
setting for unbounded domains, in particular because the functions in these spaces satisfy
an optimal weighted Poincaré-type inequality. Our analysis is based on the isomorphism
properties of the biharmonic operator in the whole space and the resolution of the Dirichlet
and Neumann problems for the Laplacian in the half-space. This last one is itself based
on the isomorphism properties of the Laplace operator in the whole space and also on the
reflection principle inherent in the half-space. Note here the double difficulty arising from the
unboundedness of the domain in any direction and from the unboundedness of the boundary
itself.

Problem(P) has been investigated by Boulmezaoud (cf. [3]) in weighted Sobolev spaces
in L2 theory forN ≥ 3 and without the critical cases corresponding to logarithmic factors.
The aim of this work is to give results inLp theory, with 1< p < ∞, to reduce critical values
and especially to reach weaker solutions from more singular data.

In the sequel, for any integerq, we shall use the following polynomial spaces:

• Pq is the space of polynomials of degree smaller than or equal toq;

• P∆
q is the subspace of harmonic polynomials ofPq;

• P∆2

q is the subspace of biharmonic polynomials ofPq;
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• A ∆
q is the subspace of polynomials ofP∆

q , odd with respect toxN, or equivalently,
which satisfy the conditionϕ(x′,0) = 0;

• N ∆
q is the subspace of polynomials ofP∆

q , even with respect toxN, or equivalently,
which satisfy the condition∂Nϕ(x′,0) = 0;

with the convention that these spaces are reduced to{0} if q < 0.
Let Ω be an open set ofRN with N≥ 2, ρ = (1+ |x|2)1/2 and lgρ = ln(2+ |x|2).
For anym∈ N, p∈ ]1, ∞[, (α, β ) ∈ R2, we define the following space:

Wm, p
α,β (Ω) =

{
u∈D ′(Ω) ; 0≤ |λ | ≤ k, ρ

α−m+|λ | (lgρ)β−1
∂

λ u∈ Lp(Ω);

k+1≤ |λ | ≤m, ρ
α−m+|λ | (lgρ)β

∂
λ u∈ Lp(Ω)

}
,

(1)

wherek = m−N/p−α if N/p+α ∈ {1, . . . ,m}, andk =−1 otherwise.
In the caseβ = 0, we simply denote the space byWm, p

α (Ω). Note thatWm, p
α,β (Ω) is a

reflexive Banach space equipped with its natural norm:

‖u‖Wm, p
α,β

(Ω) =
(

∑
0≤|λ |≤k

∥∥ρ
α−m+|λ | (lgρ)β−1

∂
λ u
∥∥p

Lp(Ω)

+ ∑
k+1≤|λ |≤m

∥∥ρ
α−m+|λ | (lgρ)β

∂
λ u
∥∥p

Lp(Ω)

)1/p
.

We also define the semi-norm:

|u|Wm, p
α,β

(Ω) =
(

∑
|λ |=m

∥∥ρ
α (lgρ)β

∂
λ u
∥∥p

Lp(Ω)

)1/p
.

The weights in the definition (1) are chosen so that the corresponding space satisfies two
properties. On the one hand,D

(
RN

+
)

is dense inWm, p
α,β (RN

+). On the other hand, the following

Poincaré-type inequality holds inWm, p
α,β (RN

+) (cf. [1]):

if
N
p

+α /∈ {1, . . . ,m} or (β −1)p 6=−1, (2)

then the semi-norm| · |Wm, p
α,β

(RN
+) defines onWm, p

α,β (RN
+)/Pq′ a norm which is equivalent to

the quotient norm, withq′ = inf(q,m−1), whereq is the highest degree of the polynomials
contained inWm, p

α,β (RN
+).

Now, we define the space
◦

W
m, p
α,β (RN

+) = D(RN
+)
‖·‖

Wm, p
α,β

(RN
+)

, whose dual space is denoted

by W−m, p′

−α,−β
(RN

+), wherep′ is the Hölder conjugate ofp. Under the assumption (2), the semi-

norm| · |Wm, p
α,β

(RN
+) is a norm on

◦
W

m, p
α,β (RN

+) which is equivalent to the full norm‖ · ‖Wm, p
α,β

(RN
+).

We shall now recall some properties of the weighted Sobolev spacesWm, p
α,β (RN

+). We have
the algebraic and topological imbeddings:

Wm, p
α,β (RN

+) ↪→Wm−1, p
α−1,β (RN

+) ↪→ ··· ↪→W0, p
α−m,β (RN

+) if
N
p

+α /∈ {1, . . . ,m}.
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WhenN/p+α = j ∈ {1, . . . ,m}, then we have:

Wm, p
α,β (RN

+) ↪→ ··· ↪→Wm− j+1, p
α− j+1,β (RN

+) ↪→Wm− j, p
α− j,β−1(R

N
+) ↪→ ··· ↪→W0, p

α−m,β−1(R
N
+).

Note that in the first case, for anyγ ∈ R such thatN/p+α− γ /∈ {1, . . . ,m} andm∈ N, the
mappingu ∈Wm, p

α,β (RN
+) 7−→ ργu ∈Wm, p

α−γ,β (RN
+) is an isomorphism. In both cases and for

any multi-indexλ ∈NN, the mappingu∈Wm, p
α,β (RN

+) 7−→ ∂ λ u∈Wm−|λ |, p
α,β (RN

+) is continuous.
Finally, it can be readily checked that the highest degreeq of the polynomials contained in
Wm, p

α,β (RN
+) is given by

q =


m−

(
N
p

+α

)
−1, if


N
p +α ∈ {1, . . . ,m} and(β −1)p≥−1 or

N
p +α ∈ { j ∈ Z ; j ≤ 0} andβ p≥−1,[

m−
(

N
p

+α

)]
, otherwise,

(3)

where[s] denotes the integer part ofs.
In order to define the traces of functions ofWm, p

α (RN
+) (here we don’t consider the case

β 6= 0), for anyσ ∈ ]0,1[, we introduce the space:

Wσ , p
0 (RN) =

{
u∈D ′(RN) ; w−σ u∈ Lp(RN) and ∀i = 1, . . . ,N,∫ +∞

0
t−1−σ pdt

∫
RN
|u(x+ tei)−u(x)|pdx< ∞

}
,

(4)

wherew = ρ if N/p 6= σ andw = ρ (lgρ)1/σ if N/p = σ , ande1, . . . ,eN is the canonical
basis ofRN. It is a reflexive Banach space equipped with its natural norm:

‖u‖Wσ , p
0 (RN) =

(∥∥∥ u
wσ

∥∥∥p

Lp(RN)
+

N

∑
i=1

∫ +∞

0
t−1−σ pdt

∫
RN
|u(x+ tei)−u(x)|pdx

)1/p

,

which is equivalent to the norm(∥∥∥ u
wσ

∥∥∥p

Lp(RN)
+
∫

RN×RN

|u(x)−u(y)|p

|x−y|N+σ p dxdy

)1/p

.

Similarly, for any real numberα ∈ R, we define the space:

Wσ , p
α (RN) =

{
u∈D ′(RN) ; wα−σ u∈ Lp(RN),∫

RN×RN

|ρα(x)u(x)−ρα(y)u(y)|p

|x−y|N+σ p dxdy< ∞
}

,

wherew = ρ if N/p+α 6= σ andw = ρ (lgρ)1/(σ−α) if N/p+α = σ . For anys∈ R+, we
set

Ws, p
α (RN) =

{
u∈D ′(RN) ; 0≤ |λ | ≤ k, ρ

α−s+|λ | (lgρ)−1
∂

λ u∈ Lp(RN);

k+1≤ |λ | ≤ [s]−1, ρ
α−s+|λ |

∂
λ u∈ Lp(RN); |λ |= [s], ∂

λ u∈Wσ , p
α (RN)

}
,
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wherek = s−N/p−α if N/p+α ∈ {σ , . . . ,σ +[s]}, with σ = s− [s] andk =−1 otherwise.
It is a reflexive Banach space equipped with the norm:

‖u‖Ws, p
α (RN) =

(
∑

0≤|λ |≤k

∥∥ρ
α−s+|λ | (lgρ)−1

∂
λ u
∥∥p

Lp(RN)

+ ∑
k+1≤|λ |≤[s]−1

∥∥ρ
α−s+|λ |

∂
λ u
∥∥p

Lp(RN)

)1/p
+ ∑
|λ |=[s]

‖∂ λ u‖Wσ , p
α (RN).

We can similarly define, for any real numberβ , the space:

Ws, p
α,β (RN) =

{
v∈D ′(RN) ; (lgρ)β v∈Ws, p

α (RN)
}

.

We can prove some properties of the weighted Sobolev spacesWs, p
α,β (RN). We have the

algebraic and topological imbeddings in the case whereN/p+α /∈ {σ , . . . ,σ +[s]}:

Ws, p
α,β (RN) ↪→Ws−1, p

α−1,β (RN) ↪→ ··· ↪→Wσ , p
α−[s],β (RN),

Ws, p
α,β (RN) ↪→W[s], p

α+[s]−s,β (RN) ↪→ ··· ↪→W0, p
α−s,β (RN).

WhenN/p+α = j ∈ {σ , . . . ,σ +[s]}, then we have:

Ws, p
α,β ↪→ ··· ↪→Ws− j+1, p

α− j+1,β ↪→Ws− j, p
α− j,β−1 ↪→ ··· ↪→Wσ , p

α−[s],β−1,

Ws, p
α,β ↪→W[s], p

α+[s]−s,β ↪→ ··· ↪→W[s]− j+1, p
α−σ− j+1,β ↪→W[s]− j, p

α−σ− j,β−1 ↪→ ··· ↪→W0, p
α−s,β−1.

If u is a function onRN
+, we denote its trace of orderj on the hyperplaneΓ by:

∀ j ∈ N, γ ju : x′ ∈ RN−1 7−→ ∂
j

Nu(x′,0).

Let’s recall the following trace lemma due to Hanouzet (cf. [5]) and extended by Amrouche-
Nečasová (cf. [1]) to this class of weighted Sobolev spaces:

Lemma 1. For any integer m≥ 1 and real numberα, the mapping

γ = (γ0,γ1, . . . ,γm−1) : D
(
RN

+
)
−→

m−1

∏
j=0

D(RN−1),

can be extended to a linear continuous mapping, still denoted byγ,

γ : Wm, p
α (RN

+)−→
m−1

∏
j=0

Wm− j−1/p, p
α (RN−1).

Moreoverγ is surjective andkerγ =
◦

W
m, p
α (RN

+).
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§2. On the Laplace equation inRN
+

We shall now recall the fundamental results of the Laplace equation in the half-space, with
nonhomogeneous Dirichlet or Neumann boundary conditions. Let’s first recall the results of
the Dirichlet problem

(PD)

{
∆u = f in RN

+,

u = g on Γ.

Theorem 2(Amrouche-Něcasová). Let ` ∈ Z and assume that

N
p′

/∈ {1, . . . , `} and
N
p

/∈ {1, . . . ,−`}. (5)

For any f∈W−1, p
` (RN

+) and g∈W1−1/p, p
` (Γ) satisfying the compatibility condition

∀ϕ ∈A ∆
[1+`−N/p′], 〈 f ,ϕ〉W−1, p

` (RN
+)×

◦
W

1, p′
−` (RN

+)
= 〈g,∂Nϕ〉

W1/p′, p
` (Γ)×W−1/p′, p′

−` (Γ)
, (6)

problem(PD) has a solution u∈W1, p
` (RN

+), unique up to an element ofA ∆
[1−`−N/p].

Theorem 3(Amrouche-Něcasová). Let ` ∈ Z and m≥ 1 be two integers and assume that

N
p′

/∈ {1, . . . , `+1} and
N
p

/∈ {1, . . . ,−`−m}. (7)

For any f ∈Wm−1, p
m+` (RN

+) and g∈Wm+1−1/p, p
m+` (Γ), satifying the compatibility condition (6),

problem(PD) has a solution u∈Wm+1, p
m+` (RN

+), unique up to an element ofA ∆
[1−`−N/p].

Concerning the Neumann problem

(PN)

{
∆u = f in RN

+,

∂Nu = g on Γ,

we can give the following result

Theorem 4(Amrouche). Let ` ∈ Z and m∈ N and assume that

N
p′

/∈ {1, . . . , `} and
N
p

/∈ {1, . . . ,−`−m}. (8)

For any f∈Wm, p
m+`(R

N
+) and g∈Wm+1−1/p, p

m+` (Γ) satifying the compatibility condition

∀ϕ ∈N ∆
[`−N/p′], 〈 f ,ϕ〉W0, p

` (RN
+)×W0, p′

−` (RN
+)

+ 〈g,ϕ〉
W1−1/p, p

` (Γ)×W−1/p′, p′
−` (Γ)

= 0, (9)

problem(PN) has a solution u∈Wm+2, p
m+` (RN

+), unique up to an element ofN ∆
[2−`−N/p].

Remark1. Note that for these three theorems, the solutions continuously depend on the data
with respect to the quotient norm.
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§3. Generalized solutions of∆2 in RN
+

Firstly, we establish a global result for the biharmonic operator in the whole space:

Theorem 5. Let ` ∈ Z and m∈ N and assume that

N
p′

/∈ {1, . . . , `+min{m, 2}} and
N
p

/∈ {1, . . . ,−`−m}, (10)

then the biharmonic operator

∆2 : Wm+2, p
m+` (RN)/P∆2

[2−`−N/p] −→Wm−2, p
m+` (RN)⊥P∆2

[2+`−N/p′]

is an isomorphism.

Secondly, we characterize the kernelK m of the operator(∆2,γ0,γ1) in Wm+2, p
m+` (RN

+). For

anyq∈ Z, we introduce the spaceBq as a subspace ofP∆2

q :

Bq =
{

u∈P∆2

q ; u = ∂Nu = 0 onΓ
}

.

Then we define the two operatorsΠD andΠN by:

∀r ∈A ∆
k , ΠDr =

1
2

∫ xN

0
t r(x′, t)dt and ∀s∈N ∆

k , ΠNs=
1
2

xN

∫ xN

0
s(x′, t)dt.

Lemma 6. Let ` ∈ Z and m∈ N and assume that
N
p

/∈ {1, . . . ,−`−m}, then

K m = B[2−`−N/p] = ΠDA ∆
[−`−N/p]⊕ΠNN ∆

[−`−N/p]. (11)

Thirdly, we establish a global result for the homogeneous problem in the half-space:

(P0)


∆2u = 0 in RN

+,

u = g0 on Γ,

∂Nu = g1 on Γ.

Lemma 7. Let ` ∈ Z and m∈ N. Under hypothesis (8), for any g0 ∈Wm+2−1/p, p
m+` (Γ) and

g1 ∈Wm+1−1/p, p
m+` (Γ), satisfying the compatibility condition

∀ϕ ∈B[2+`−N/p′] , 〈g1,∆ϕ〉Γ−〈g0,∂N∆ϕ〉Γ = 0, (12)

problem(P0) admits a solution u∈Wm+2, p
m+` (RN

+), unique up to an element ofB[2−`−N/p],
and which continuously depends on the data with respect to the quotient norm.

Finaly, we can give the main result for the biharmonic operator in the half-space:
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Theorem 8. Let ` ∈ Z. Under hypothesis (5), for any f∈W−2, p
` (RN

+), g0 ∈W2−1/p, p
` (Γ)

and g1 ∈W1−1/p, p
` (Γ) satisfying the compatibility condition

∀ϕ ∈B[2+`−N/p′], 〈 f ,ϕ〉W−2, p
` (RN

+)×
◦

W
2, p′
−` (RN

+)
+ 〈g1,∆ϕ〉Γ−〈g0,∂N∆ϕ〉Γ = 0, (13)

problem(P) admits a solution u∈W2, p
` (RN

+), unique up to an element ofB[2−`−N/p], and
which continuously depends on the data with respect to the quotient norm.

Proof. We can readily check the necessity of condition (13), where〈g1,∆ϕ〉Γ denotes the
duality bracket〈g1,∆ϕ〉

W1−1/p, p
` (Γ)×W−1/p′, p′

−` (Γ)
, and〈g0,∂N∆ϕ〉Γ the duality bracket

〈g0,∂N∆ϕ〉
W2−1/p, p

` (Γ)×W−1−1/p′, p′
−` (Γ)

.

Then, by Lemma 1, we can consider the lifted problem

(P?)


∆2u = f in RN

+,

u = 0 onΓ,

∂Nu = 0 onΓ,

where f ∈W−2, p
` (RN

+) and f ⊥B[2+`−N/p′], which corresponds to (13).

We shall give now a characterization ofW−2, p
` (RN

+):

Lemma 9. For any f ∈W−2, p
` (RN

+), there exists F= (Fi j )1≤i, j≤N ∈W0, p
` (RN

+)
N2

such that

f = divdivF = ∑N
i, j=1 ∂ 2

i j Fi j , with ∑N
i, j=1‖Fi j ‖W0, p

` (RN
+) ≤ C‖ f‖

W−2, p
` (RN

+).

Finally, we can give the outline of the proof of the existence:

Step 1. Assume that 2+ `−N/p′ < 0. Let f ∈W−2, p
` (RN

+). Then by Lemma 9, we can

write f = ∂ 2
i j Fi j . Let F̃i j the extension ofFi j to RN by 0 and f̃ = ∂ 2

i j F̃i j ∈W−2, p
` (RN). By

Theorem 5, there exists ˜z∈W2, p
` (RN) such thatf̃ = ∆2z̃ in RN, and writingz = z̃|RN

+
, we

have f = ∆2z in RN
+, with z∈W2, p

` (RN
+), z|Γ ∈W2−1/p, p

` (Γ) and∂Nz|Γ ∈W1−1/p, p
` (Γ). Since

B[2+`−N/p′] = {0}, the compatibility condition (12) vanishes in Lemma 7 which asserts the

existence of a solutionv∈W2, p
` (RN

+) to the homogeneous problem

∆2v = 0 in RN
+, v = z and ∂Nv = ∂Nz on Γ.

The functionu = z−v answers to problem(P?) in this case.

Step 2. Assume that 2− `−N/p < 0. We have shown that if 2+ `−N/p′ < 0, the operator

∆2 :
◦

W
2, p
` (RN

+)/B[2−`−N/p] −→W−2, p
` (RN

+)

is an isomorphism. Thus, by duality we deduce if 2− `−N/p < 0, the isomorphism

∆2 :
◦

W
2, p
` (RN

+)−→W−2, p
` (RN

+)⊥B[2+`−N/p′].

Step 3. Assume that 2+`−N/p′ ≥ 0 and 2−`−N/p≥ 0, which implies̀ ∈ {−1,0,1}. We
begin to establish a preliminary result:
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Lemma 10. Let ` ∈ {−1,0} and assume that N/p 6= 1 if ` = −1. For any f ∈W0, p
` (RN

+),
there exists z∈W4, p

` (RN
+), such that∆2z= f .

Then we can prove in a similar fashion to Step 1 the isomorphism result for` ∈ {−1,0},
and we deduce the case` = 1 by duality from` =−1.

It remains to combine the three steps to obtain the isomorphism

∆2 :
◦

W
2, p
` (RN

+)/B[2−`−N/p] −→W−2, p
` (RN

+)⊥B[2+`−N/p′],

for any ` ∈ Z verifying (5). This answers globally to problem(P?) and thus to general
problem(P).

To extend Theorem 8, we also have establish a global result for different types of data.

Theorem 11. Let ` ∈ Z and m∈ N. Under hypothesis (10), for any f∈Wm−2, p
m+` (RN

+), g0 ∈
Wm+2−1/p, p

m+` (Γ) and g1∈Wm+1−1/p, p
m+` (Γ) satisfying the compatibility condition (13), problem

(P) has a solution u∈Wm+2, p
m+` (RN

+), unique up to an element ofB[2−`−N/p], with the estimate

inf
q∈B[2−`−N/p]

‖u+q‖
Wm+2, p

m+` (RN
+)

≤ C

(
‖ f‖

Wm−2, p
m+` (RN

+) +‖g0‖Wm+2−1/p, p
m+` (Γ)

+‖g1‖Wm+1−1/p, p
m+` (Γ)

)
.

References
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