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Abstract. In this article we generalize an approximation formula for three dimensional
periodic data on a grid using fractal techniques which helps us to construct both smooth
and non-smooth approximants depending on the choice of scale factors. We obtain bounds
of the approximation error and showed the convergence with very weak conditions, when
the sampling frequency is indefinitely increased. The density of the mappings involved in
the space of two-dimensional periodic and continuous functions is proved using certain
ranges of the scaling factors. A numerical example is presented to illustrate the proposed
approximation methods.
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§1. Introduction

Current major investigations in the theory of approximation concern smooth approximation.
However it would be good to have mathematical structures to describe real life models which
are non-smooth in nature. Such a structure is provided, for instance, by the theory of fractal
functions (see for instance cf. [1], [2], [3], [8], [9]). Barnsley (cf. [1], [2]) first introduced the
concept of fractal interpolation functions (FIFs) using the theory of iterated function system
(IFS) (cf. [5]). FIFs form the basis of iterative constructive approximation theory. Barnsley
and Harrington (cf. [3]) derived the calculus of FIF and showed that depending on the pa-
rameters of the IFS, one can construct smooth or non-smooth FIFs. Adapting the notion of
FIF, Navascués (cf. [10]) constructed an entire family of fractal functions f“, parameterized
by an appropriate vector a, beginning from a given continuous function f on a compact in-
terval /. This type of maps tend to bridge the gap between the smoothness of the classical
mathematical objects and the pseudo-randomness of experimental data.

In the theory of classical trigonometric approximation, D. Jackson (cf. [6], [7]) described
the degree of approximation of a continuous function by means of algebraic trigonometric
polynomials. For the one dimensional case, he introduced an approximation formula (cf. [6])
for 2r periodic continuous functions as
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We generalize the previous formula (cf. [11]) using a positive exponent y, and derive the con-
vergence properties with very weak conditions on the original function. Recently, (cf. [14]),
Navascués and Sebastidn extended the approximation formula (1.1) for the two dimensional
case. The formula proposed in [14] has an explicit representation in terms of the sample data
on a two dimensional grid.

The approximation problem considered here is the representation of a prescribed periodic
continuous and real-valued function of two variables using fractal techniques. In addition,
we prove the density of the mappings involved in the space of two-dimensional periodic and
continuous functions using certain ranges of the scaling factors. Numerical examples are
given in the last section to illustrate the proposed process.

§2. Preliminaries

First we shall review the materials from the references (cf. [1], [7], [10], [13]) which will be
used in the sequel.

2.1. Construction of fractal functions

Let us recall the construction of fractal interpolation functions in this section. Consider an
interpolation data set {(x;,y;),i € Ny U {0}}, where Ny = {1,2,...,N}. Let A := xp < x| <

- < xy be a partition of the interval I = [xg,xy]. Let L; : I — I; = [x;_1,x;],i € Ny be
contractive homeomorphisms such that

Li(xo) = xj-1, Li(xn) = x;. (2.1
Let K = I X R and N continuous mappings, F; : K — R be satisfying

Fi(x0,Y0) = yi-1, Fi(xn, yn) = yi, [Fi(x,y) — Fi(x, y")| < lcilly — '], (2.2)

where (x,y),(x,y’) € K, ¢; € (-1,1), i € Ny. Now define functions w; : R?Z - R? as
wi(x, y) = (Li(x), Fi(x,y)) ¥ i € Ny.
Theorem 1. The Iterated Function System (IFS) I = {K;w;,i = 1,2,..., N} admits a unique
attractor G, which is the graph of a continuous function f : I — R which obeys f(x;) = y;
fori=0,1,2,...,N.

The previous function is called a Fractal Interpolation Function (FIF) corresponding to
the IFS T = {L;(x), Fi(x,y)}" ., and it satisfies the following functional equation:

i=1°
f() = Fil7 (), f o L' (), x € I;yi € Ny. (2.3)
In this paper we choose L;(x) = a;x + b; satisfying (2.1) and Fi(x,y) = a;y + gi(x), where

qi : I — R are continuous functions verifying (2.2). The vector @ = (@, ...,ay) is called a
vertical scaling factor and it must satisfy the inequality |@|c = max{|a;;i=1,2,...,N} < 1.
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2.2. a-fractal function

Let f : I — R be a continuous function. Consider g;(x) = f o L;(x) — a;b(x), where b is
defined from f through a linear map L (Lf = b) satisfying b(xg) = f(x0), b(xy) = f(xy). The
fixed point function associated with the above IFS is known as the a-fractal function f®, and
it enjoys the following equation:

fH) = f0) + ai(f* = b)(L; ' (0), x € ;i € Ny, 2.4
The previous equation provides the inequality

Ilf = Dlleo =

1 - lale 1 - ol

I = fllo < If = Lflleo, 2.5

which bounds the uniform distance between f* and f. Navascués (cf. [10]) proposed the
linear and continuous operator #“ defined by F(f) = f°.

§3. One dimensional fractal Jackson approximant

Let C(T") denote the set of all continuous periodic function on [-7, 7r]. Let A,, : = = xg <

«++ < Xom—1 < Xpp = & be such that x;;; = x; + n% foralli=0,1,2,...,2m—1. Let us consider
L (mx=0 ) [Y

the continuous and periodic basis {Pm,-y(x) = sm(ﬁ :01=0,1,2,..., Zm}. Let us define
msin ’T

the set 7, = span{Pmiy}f;”O. Let us consider a Jackson type operator 7, : c(rThH - 1,

assigning a periodic approximant belonging to 7, for every g € C(T'") (with respect to the
data {(x;, g(x:))}?), defined as

2m
Tory(@)(X) = Hyny (1) D g(6) Py (),
i=0

Y
. It is easy to see that

2m

where (H,y (X)) = 3
i=0

sin ( m“{”

sin ( x,»—x)
mSst -5

T gllecy < lglleery.

In fact, the equality holds if we choose g(x) = 1. In the one dimensional case, the error
of discrete Jackson approximation was studied in cf. [12]. According to this reference, for
g€ C(T"), and v > 2, the error of the approximation can be bounded as

Tony(@) = dllcar, < (g)y oy (=) 1+ 2720 - 1), 3.1)

where ¢ is the Riemann zeta function. We define the a-fractal Jackson approximant of g €
C(T") as

2m

2m
T @) = Hypy()F* [Z g(xaPm,-y(x)] = Hypy(%) (Z g(x»P;;,-,(x)] :
i=0 i=0
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where P;”m(x) is the a-fractal function of P,,;, with respect to the partition A of I = [-n, 7]

2m
and a linear bounded operator L. Let us denote P, (g)(x) = 3, g(x;)Ppip (x). Then
i=0

2m
1P my (@l < llglloll Z Py (2)|loo.- (3.2)
i=0

Thus [|Ppy (@l < ||g||o<,||H;1;||Do which provides the inequality [Pyl < IIH,;;IIOO, where
||yl represents the norm of the operator with respect to the supremum norm ||.||. in c(Th.

Here H,;}y represents the inverse with respect to the product. For the operator 7.,

17y (Do <IHmylleollF Py)lloo
< NIF M Homylloo 1Hop Nl 1910
= Rmya”g”ooa (33)

where Ry, = II(F‘IIIIIH,,WHOOIIH;l;IIoo. Then [|7,5,|l < Ruya- Let us consider the error term
Trgy(g) -9

2m

2m 2m
Tt (@) = 90) =Hoy > GO)Ps,(X) = Huny " GO Py () + Hiy Y g5) Py (%) = ()
i=0 i=0 i=0

= Hmyp‘;lny(g)(x) - Hmypmy(g)(x) + Hmypmy(g)(x) - g(x),
where s
Pry(9)(x) = Z g(x) Py (X) = F 4Py (9))().
i=0
Thus, using the above computations we obtain

175y = Glleo < Humyllooll Py (@) = Pry(@lleo + 1Ty (9) = Gllco- 34

Using (2.5), the first term of the above inequality can be bounded as

|loo
1Py (@) = Py @lleo <7——— ol 1Pmy(9) = LP (@)l
oo
< 1 = LINPmy (@l (3.5
I- |a|oo
|00 -1
<1 |a|00||1 LIlIH,,,, llsollgllco-

Finally, using (3.1) and (3.5) in (3.4) we get

||l — L]

IIT,ify(g) = dlleary < 1Hpyllo - fale

Wtlilighs + (5] () 1+ 2220/ = ).

(3.6)
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§4. Fractal Jackson approximation on 7

In this section, the approximation process described above is extended to data on a two di-
mensional torus. Let be given two partitions A,ln T =X < X < < Xoype] < Xop =T
and A% DT =yo < Yp < -+ < yYoyu-1 < Yo, = 7 of the circle. Let us consider the grid
A=A, xAof T = T' x T' and data {(x;,y,z;j)) : i = 0,1,2,...,2m; j = 0,1,2,...,2n}
with 27-periodicity condition in both variables. Let @ € (—=1,1)*" and 8 € (-1, 1)*" be scale
vectors for Al and A2 respectively. Let us define the operator using different exponents y1,y»
for both single functions as

2m  2n

Ty (DY) = Koy, G 9) D" F sy )P, (X) Qs ),

i=0 j=0

where xjy —x; = 2;i=0,1,2,....2m -1, yjp1 —y; = 2;j=0,1,2,...,2n - 1,

Sll’l(m(x‘ x)) Y1
Py, (X) = | ——5—=| >
: msin (*5)
Sln("(}; y)) 72
Oy ) = |————=| -
(1)
and
( - 2m 2n 1n(m(x, x)) 71 'Il(n(y{y)) 72
x0=2,0
mny]yz i ms1n(T SIH(UJ ’/)

Lemma 2. (cf. [11]) Forallk=1,2,...,yandz € R:

sin(kz) |
k sin(z)

Definition 1. (cf. [4]) Let f be a continuous function defined on 72. The modulus of conti-
nuity of f is defined as

wp(®) = sup {If(x) = fOx)l 2 x1,0 € T?).

[lx1 =x2]I1<6

We will use the following properties of the modulus of continuity:
1. a)f(él +087) < a)f((S]) + (1)f(62).
2. wy(A6) < Adwy(6) for A € N,

Lemma 3. For any y,y> > 0, the norm of Ky, can be bounded as

1 (70\2Vmax
”Kmnylyz”oo < Z (z) )

where Ypax = max{y;,y2}.



224 Maria Antonia Navascués, Sangita Jha, Maria Victoria Sebastidn, Arya Kumar Bedabrata Chand

Proof. From the definition of K,,,,,,, we have

. — . i— Y2
( ) 2m 2n ln(m(xé x)) V1 Sln(n(yjz y))
XY § § - -
mny177 s XiTX s YiTY
= m sin(=5= nsin(=5-)

H,) (\)H,) (1)

(%)” 3(5)
2Ymax

G

where H;ply(x) is defined in Section 3 and considering that H,;}y(x) > 2(%)«/ for any y > 0
(cf. [12]). O

Theorem 4. Let f € C(T?). Then for any y1,v> > 2, the approximant 7, mny1y, (f) converges
uniformly to f whenever m, n tend to infinity.

Proof. Consider the approximation error as Eyuy,y,(f)(6Y) = Tmnyy, (OO y) — f(x,y).
Applying the definition of K,,,y,, modulus of continuity of f, and the changes x; — x =
2u;, y; — y = 2v; we obtain

2m 2n

Emnyiys (YO 9] < 2Ky (5,4) Y > (@) + @4(0))

i=0 j=0

sin mg; | | sinng; [

msini;| |nsiny;

where i;, U are constructed as increasing order in |, [v;| respectively. From the inequalities
(15) and (16) of the reference [14], for all i, j > 2,
sin 2\
( < (—) . 4.1
J

2 Y1
< (—) and ﬁ
l nsin (%)

Using (4.1) and similar lines as given in [14], we obtain an error bound as

m(x;— x)) Y1 n(y;— '/))

sin (

msm(x’T)

Emryrs (1), )] < wf(4— + —) Foyi.72),

where F(yy,v>) is independent of m, n. Thus the error term tends to zero when the partition
is indefinitely refined. O

Definition 2. The fractal operator of Jackson approximation of a continuous f on the torus
is defined as

2m  2n

s (DY) = Konyia(59) D" iy )Py, (0Ch (1),

i=0 j=0

Theorem 5. Let f € C(T' x T') and y,,y, > 2, then

m\ P [ ale Bleo 11
—lle < mn|= I = L7l I-L —+ —|F(y1,72),
1Tt < (5 (1 S LN + ||)+wf(m + n) (1.72)

where a, B are suitable scaling vectors used to construct the fractal perturbation of the basis
Sunctions Py, and Q,jy,.
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Proof. To attain the prescribed upper bound we will use

mny]yz(f) f”oc = | mnylyz(f) - jmnylyz(f)”oo + ”jmnylyz(f) - f”oo

According to the definition of ,‘Zf},m (f) and K,y 4,
2m 2n
”jgmy]yz (f)_s(]mnylyz (f)”oo < ”Kmnylyz”oo Z Z f(-xi’ !/]) (PZ,),] (x)Qin,, (!/) Pmtyl (x)anyz)
i=0 j=0 -
The norm of the sum in the previous expression can be bounded as
2m 2n
Z Z f(xi’ y]) (P;f“'yl ij}’z - Pmi‘y] anyl)
i=0 j=0 o
2m 2n
<Ufllo D D 1P, O = Py, Oujllo 4.2)
i=0 j=0
2m 2n
< ”f”oo Z Z |P§“71 njy Pmm Qz]%”oo + “Pmtyl Qf/)’z Pmiyl anyz”oo)-
i=0 j=0
Now the first norm of the expression (4.2) in the parenthesis can be bounded as
1P, Qo = Prin @ o SIPS = Priy, sl oo
|2
=1 | |oo ”Pmiyl - LPmiyl ”00”7:'8” ||an’yz||oo (43)
oo
||II1 LIP iy, TP Qs Nl

where we have assumed b,,;,, = LP,;,, for a bounded linear operator L. But [Py, [lcc <
1, IQnjy,llc <1 due to Lemma 2. Similarly, the second norm of (4.2) in the parenthesis can
be bounded as

1Py, O

njy, miyl Qn,j,yzuoo S”Pmiyl ”oo”Qﬁjy2 Qn,j,)q”oo

4.4)
< By,
T~ Bl

where bfw = L*Q,jy, for a bounded linear operator L*. Finally, using (4.3), (4.4) in (4.2) we
obtain

2m  2n

Z Z S(xi,y)) (P Z,i,yl Qﬁ,j,)’z = Py, Q"sjl}’z)

i=0 j=0

|00 1Bloo
< I = LIIF*|| +
1 —|als 1 = |Ble

00

1= L7l

Using Lemma 3, Theorem 4 and the above expression, the final bound for the error is

|| oo loo
-y + 2

77\ 2Ymax
mnym(f) oo < m”(i) (1 |tloo - Al

——— =L+
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1 1
wf(_ + —)F()’l,)’z).
m n
o

Corollary 6. If f € C([-n, 7] X [-7, 7)), ¥1,v2 > 2 and if we choose scaling vectors a, 8
such that mn|a|w, mn|Ble. have the same rate of convergence as that of wy, then the discrete
fractal approximant 7, ,‘Zg},m (f) converges uniformly to f as m,n tend to infinity. The order of

convergence does not depend on 7y, 5.

Remark 1. The present approach may be extended to high-dimensional settings, for functions
defined on hypertori. The convergence results would remain qualitatively equal to those
exposed in this paper.

§5. Example

In this section we give the numerical explanation of the proposed approximants for different
exponents and scale vectors. Figure 1(a) represents the graph of the smooth function f(x, y) =
2 sin?(x) + 3 cos?(y) over the interval [, 7] X [—7, 7). Figure 1(b) represents the surface
corresponding to the discrete approximant J,,y,,(f) for the values of m = n = 10 and
y1 = y2 = 4. In order to get the fractal surface 7, ;:{jy,yz (f) corresponding to the discrete
surface data, we consider a uniform partition of [, 7] in both directions with M = N = 10.
Figure 1(c) depicts the fractal surface corresponding to a; = 8; = 0.12 fori = 1,2,...,N and
y1 = ¥2 = 4. Figure 1(d) represents another periodic fractal surface for a; = 0.08,8; = 0.1
fori=1,2,...,N and y; = 3,y, = 4. Usually, we tend to think that the sample points come
from a smooth function, but in practice this is not always the case. Thus for non-smooth
periodic surface data, these procedures may help to provide a better approximation.
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