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STATIONARY STOKES EQUATIONS WITH
FRICTION SLIP BOUNDARY CONDITIONS
Chérif Amrouche and Ahmed Rejaiba

Abstract. The main purpose of this work is to study the existence and uniqueness of weak
and strong solutions of the stationary Stokes system with the Navier boundary condition
in the Hilbert case.

Keywords: Stokes equations, Navier boundary conditions.
AMS classification:

$§1. Introduction

Let Q be a bounded domain in R? with smooth boundary T. In this paper, we consider the
stationary Stokes equations:

—Au+Vr=f and divu=0 in Q, (L.1)

where u denotes the velocity and x the pressure and f is the external forces.

To study this problem, it is necessary to add some boundary conditions. Note that this system
is often studied with the Dirichlet boundary condition, also called no-slip boundary condition,
which is applicable in the case where the boundary of the flow is solid. However, from a
point of view of physical applications, we often encounter situations where this condition is
not quite feasible. In this case, it is really important to introduce other boundary conditions
to describe the behavior of the fluid on the wall. For example, when a part of the flow on
the boundary is the air, it is convenient to use a slip boundary condition. In literature, Navier
[5], in 1827, was the first to propose a slip-friction boundary condition, in which there is
a stagnant layer of the fluid close to the wall allowing the fluid to slip, and the tangential
component of the strain tensor should be proportional to the tangential component of the
fluid velocity on the boundary:

u-n=0 and 2[D@)n], +au, =0, (1.2)

where D(u) = %(Vu + Vu") denotes the deformation tensor associated with the velocity
field u, « is a scalar friction function, n is the exterior unit normal and 7 the corresponding
tangent vector. System (1.1) with (1.2) has been studied by many authors. Note that, the
first paper is due to Solonnikov and Scadilov [7] in 1973 without friction function (o = 0)
in the Hilbert case. We also refer to the paper of Beirdo da Veiga [2]. We can cite the
work of Clopeau, Mikelic and Robert in two dimensions [3]. In this paper, we investigate,
on the first hand, the existence and uniqueness of weak solution and on the second hand,
we prove the regularity of these solutions. Our method consists to used the Lax-Milgram
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theorem and such Korn’s inequality to prove the existence and uniqueness of weak solutions
and exploit the relationship between slip-Navier boundary condition and the the following
boundary condition:

u-n=0 and curluxn=0, (1.3)

to prove the regularity.

The outline of this paper is as follows. In the first paragraph, we will recall some preliminary
results and introduce an important framework. The second section is devoted to prove the ex-
istence and uniqueness of weak solution for Stokes problem (1.1) with (1.2). In the paragraph
3, we prove the regularity of solution.

§2. Preliminary results and functional framework

In this section we review such basic notations and definitions and collect many known results,
that will be useful for our studies.
‘We note that the vector-valued Laplace operator of a vector field v = (v;, v, v3) is equivalently
defined by

Av = 2divD(v) — grad (div ). 2.1

Now, we define some functional spaces.
H(div, Q) = {v € L¥(Q); divv € L*(Q)},
H(curl, Q) = {v € L*(Q); curlv € L*(Q)},

which equipped with the graph norm. The closure of D(2) in H(div, ) and in H(curl, Q are
denoted respectively by Hy(div, Q) and Hy(curl, Q) and can be respectively characterized by:

Hy(div,Q) = {v € H(div,Q);v-n =0onl},
Hy(curl, Q) = {v € H(curl,Q2); v xn =0onI}.

In the sequel, we need the following Korn inequality, whose proof is given in [4].

Lemma 1. Let Q be a bounded connected open set of R of class C''. Then there exists a
constant C = C(Q) such that

Ml < CUPIE, o + IDMI2 g} forall v in H'(Q). 22

Let’s now introduce some notation to describe a boundary I'. We consider any point P on
I" and choose an open neighborhood W of P on I' small enough to allow the existence of two
families of C2-curves on W with these properties: a curve of each family passes through every
point of W and the unit tangent vectors to these curves form an orthonormal system (which
we assume to have the direct orientation) at every point of W. The lengths sy, s, along each
family of curves, respectively, are a possible coordinate system in W. We denote by 7y, T
the unit tangent vectors to each family of these curves, respectively.
With this notation, we have v = 21%:1 T + (v - n)n where ‘rl{ =(7,, T, T)and vy = v - T4,
The lemma below give a relationship between the slip-Navier boundary condition and the
boundary condition given by (1.3). It will be used in the proof of existence and uniqueness
of strong solutions.
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Lemma 2. We suppose that T is of class C*. Then, for any v € H*(Q), we have

ov 2 on
2Dl = Vel 1)+ (50), - ; (e 5 2.3)
and
v 2 on
curlv xn =V, (v-n) - (6_n)T - Z (ve- a—Sk)-rk. 24

k=1

Remark 1. In the particular case v - n = 0, we have the following equality:

2

ov on
(2D0)nl; = (7). ; (v 50T
and
2
curlv xn = —(S—Z)T - kZ:; (vr - g—;{)fk
implying
2 on
2D(w)n], = —curly xn — 2 Z W - =—)7. (2.5)
=1 I

Remark 2. We note that, if Q is of class C*!, then slip-Navier boundary condition differs
0

from (1.3) only by the term —2 Zzzl (vr - 8—n)rk. This term vanishes on the flat boundary,
K

k
consequently, we have (1.2) and (1.3) are identical.
Now, we define the following space:

Ky(Q)={veL?*Q), dive=0, curlv=0 in Q and vxn=0 on T}

We also recall the following result which will be useful in sequel.(cf. [1]).

Lemma 3. Let B such that B X n € H> @) and f € [Hy(curl, Q)] with divf = 0 in Q and
satisfying the compatibility condition:

Yy € Ky(Q),  {f, V) iHy(curl. o)) xHo(curl,) = 0. (2.6)
Then, the following problem

-Au =f in Q,
divae =0 in Q,
uxn =Bxn on T,

has a unique solution in H'(Q) and we have:

lleellgy @) < CUAatyeonor + 1B X nll 1 ).
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§3. Weak solutions

In this section we will study the following Stokes problem.

-Au+Vr =f in Q,

divu =y in Q,

(S1) u-n =g on I,
2[D@n], +au, =h on T.

The aim of this section is to give a variational formulation of the problem (Sr) and prove
a theorem of existence and uniqueness of weak solutions. We set a by a positive function
such that @ belongs to L>(I').
Let us introduce the following space:

V={veH'(Q); divi=0 inQ and v-n=0 on T},
EQ) ={veH'(Q); Ave [Hy(div,Q)])}.
E(Q) is a Banach space for the norm
IPlle) = A1 g, + 1AV I, i)

We give the following result where the proof can be found in [6].
Lemma 4. The space D(Q) is dense in E(Q).
We can now deduce the following result.
Corollary 5. The linear mapping ® : v —— [D(v)nl, - defined on D(Q) can be extended
by continuity to a linear and continuous mapping

0 : EQ) —— H:(I).

Moreover, we have the Green formula: for anyv € E(Q) and ¢ €'V,

= (AV, ©)Hy(div. ) o (div) = 2 fg D) : D(p) dx = A[DOIn)e @)y ooy GD
Proof. For any ¢ in V and for any v € D(Q) we have
— AV, ©) (1, (div.)1 xH, (div.0) = 2 f D) : D(p)dx -2 f‘P ‘D@)ndo. (3.2)
Q r

We know also, for all ¢ € V we have

f ¢-Dvndo = f ¢ -{[DW)n],n + [DW)n].} do

r r

- f o - DOl do
T
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where [D(u)n],, is the component of D(u)n in the direction of n and [D(u)n]., is the projection
of D(u)n on the tangent hyperplane of IT'.

Now, let u be any element of H %(F), then there exists an element ¢ of H 1(Q) such that
dive =0in Q and ¢ = g, on I" with

leller @ < Clliell, y . < Cllul

HZ(F) H2(I‘)

Consequently,
DOm0y 4t = (POML ) 1o

= |< D(v)n T"P>H—

< AV @iv.or el @iv.e) + ||D(V)||L2(Q)||D(‘P)||L2(Q)

LN S <r>|

(DO 1)y ot o] < IV vy + DO g I ) + D@ )

It follows from Korn’s Inequality, we have

(Dm.m,

1 OxH 1 ) C”V”E(Q)“SOHH Q)

Thus,
D@, -y

<
Ly S CVlE@.

Therefore, the linear mapping ® : v —— [D(v)n],Ir defined on D(ﬁ) is continuous for the

norm of E(Q). Since D(Q) is dense in E(Q), ® can be extended by continuity to a mapping
still called ® € L(E(Q), H‘%(F)) and Formula (3.2) holds for allv € E(QQ) and ¢ € V. a

The following proposition will help us to solve the problem (S7).
Proposition 6. We suppose that y =0, g = 0. Let f € [Hy(div,Q)]",h € H -3 () such that

h-n=0 on T.

Then, the problem: Find (u,n) € H'(Q) satisfying (St) is equivalent to the following varia-
tional problem:

Find u €V suchthat,

(3.3)
Vo eV, 2 [ D@): D(p)dx + [ a(X)@.t: do = {f, )i aiv.cyy v

—(h (’0>H7(F)><H2(I‘)
Proof. Using the Green formula (3.1), we deduce that every solution of (S7) also solves
(3.3). Conversely, let u be a solution of the problem (3.1). Let us take a function ¢ € D(Q)
such that divep = 0 as a test function in (3.3). It is clear that a second term in the left-hand
side of (3.3) vanishes because ¢ € D(). Now the first term in the left-hand side is
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2 fg D) : D(¢) dx = {(~Aut, 9}y e (3.4)

As a consequence,
Vo € D,(Q)  (~Au—Ff,0) 1 nn@ = O-

So, by the De Rham’s Theorem, there exists a distribution 7 in 9'(Q) defined uniquely up to
an additive constant such that
—Au+Vr=f. 3.5)

Moreover, by the fact that # belonging to the space V, we have divae = 0inQandu-n = 0 on
I'. It remains to prove the Navier boundary condition 2 [D(#)n], + au, = h on I'. We multiply
the equation (3.5) by ¢ € V and we integrate on  we obtain

2 LD(M) :D(p)dx — 2ﬁ<ﬁ (D@l do = f, ©)mydiv.)yxHoiv.) - (3.6)

Using (3.3) and (3.6), we deduce that
YoeV, f{Z [D@)n], + au, —h} - pdo = 0. 3.7
r

Let now u be any element of the space H 2 (I). So, there exists ¢ € H'(Q) such that div g = 0
inQand ¢ =y onT. Itis clear that ¢ € V and

([D(u)n]; + au, — h, y) = ([D)n], + au, — h, /.tT>H
=([D@)n], + au. - h, ¢)
=0.

Y (OxH (D) “2(N)xH? (T)

2 (D)xH3 ()

This implies that
[D@)n], +eu, =h on T.

Now, we show the following inequality which will be useful in the proof of coercivity.

Lemma 7. Let Q be a bounded open set of R? of class C'*'. Then, there exists a constant
C = C(Q) > 0 such that

f ID()|>dx + f alu*do > Cllully ), YueV. (3.8)
Q r
Proof. Assume that the inequality (3.8) is not true. Then there is a sequence (uy); of V such

that
||uk||H1(Q) =1
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and

1
f ID(uy)|>dx + f o|u)-Pdo < - Vk > 1. (3.9)
Q

r
Hence, there is a subsequence, again denoted by (uy); and u € V such that

(ui)rconverge tou weakly in H ! (Q), strongly in LQ(Q),

and
Du) —— 0 in L*(Q)

It follows from the Korn inequality that for all € > 0 we have

+D@,) - D)l }

2 2
lleep = willyy 1 ) < Cllle, — il L@

2(Q)
<&

Thus, the subsequence (uy); is a Cauchy sequence in H 1(Q) and then
u, —— u strongly in H'(Q).

Therefore, D(#) = 0, which means that u(x) = a + b x x, a,b € R3. But by (3.9) we have

u. =0onT, thenu = 0 onI. Using the second left-hand side of (3.9) , we deduce thatu = 0,

that is a contradiction with IIuIIHl(Q) =1. O
Now, we can solve the Stokes problem with Navier boundary condition.

Theorem 8. ( Weak solution for (S7))
Suppose that y = 0 and g = 0. Let f € [Hy(div, Q)] and h € H: (), satisfying

h-n=0 on T.

Then, the Stokes problem (St) has a unique solution (u, ) € H'(Q) x L*(Q)/R and we have
the following estimate:

lleller (@) + 117 2@y < Wflliao@ivor + Ml -y - (3.10)

Proof. Thanks to the Proposition 6, the problem (S7) is equivalent to the following varia-
tional formulation:

Find u €V suchthat,

(3.11)
VoeV, 2[ D@):D@)dx+ [ a(X)@t:do =, Qim0 ivo
—(h, ¢>H’%(I‘)><H%(I‘) :

We consider the Hilbert space V endowed with the norm [v|ly = [Iv[l2q) + IDW)IIL2(q),

E(u, ) = 2f D(u) : D(p) dx + fa(x)go,u, do  for,u, p€V,
Q r
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I(p) = {f, ‘p)[HO(div,Q)]’xHo(div,Q) —<(h, “D>H’%(F)><H%(l“) .

Its easy to see that the bilinear form E(.,.) (resp. the linear form /(.))is continuous on
V x V(resp. on V) since we have

E(u, ) < Cllullg )llella o) < Cllllvilelly),

Up) < (flliroaivor |l + Wil -1 Dllelly

“3(r)

Furthermore, the bilinear form E(.,.) is V—elliptic, as we have
YueV, E(u,u)>Cluly.

thanks to the Lemma 7. According to Lax-Milgram theorem, the problem (Sr) has a unique
function u € H'(Q) and 7 € L*(Q) solution of the Stokes problem. |

Remark 3. We can also solve the Stokes problem (S7) when the divergence operator does
not vanish and g # 0. To do this, we consider the following Neumann problem:

00
AG =y inQ and 6_n:g on T. 3.12)

and setting z = u — V6.

§4. Strong Solution and regularity for the Stokes system (S7)

We prove now the existence of strong solution (u, ) € H*(Q)xH ' (Q) for the Stokes problem
(87). The proof of the following theorem is based on results given in Lemma2 and Lemma3.
Theorem 9. Assume that Q is of class C>'. Suppose that y = 0. Let f € L*(Q), g € H%(Q)
andh € H? T), satisfying

fgd0'=0 and h-n=0 on T.
r

Then, the solution (u, ) given by Theorem 8 belongs to H*(Q) x H'(Q)/R and satisfies the
estimate:

el + el < ez + Nl 3y + Wl ) 1)

Proof. Note that under the hypothesis of Theorem 9, the data f satisfies also the hypothesis
of Theorem 8. So, this implies that problem (S7) has a unique solution (u,7) € H'(Q) x
L*(Q)/R. To prove the regularity of the velocity, we set z = curlu. Using Remark 1, we
deduce that z satisfies the following problem:

divz =0 in Q,

-Az =curlf in Q,
zXxn =H on T.
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7]
where H = au, -2 37, (u, - %)Tk —h.
&

0
Because Q is of class C>! and u € H'(Q), we have Zle (u; - a—n)‘rk € H%(F), it follows
Sk
that H € H %(F) and H - n = 0. Since curlf belongs to [Hy(curl, Q)]" and satisfies the
compatibility condition (2.6), as a result of Lemma 3, we have z € H'(Q). Then u € X>*(Q).
As a consequence, thanks to the imbedding of X >2(Q) in H*(Q) (see[1]), the solution u of

the problem (S7) belongs to H*(Q),
where

X22(Q) = {v € L%(Q); divv € H'(Q), curly € H'(Q)andv - n € H3(I)}.

Moreover, since
Vr = Au +f € L*(Q),
we deduce that 7 € H'(Q). o

We have the following result concerning strong solution of the Stokes problem (Sr),
where the divergence operator does not vanish.

Corollary 10. Assume that Q is of class C>'. For every f € L*(Q), y € H'(Q), g € H%(Q)
andh € H? T), satisfying

fgda’zO and h-n=0 on T.
r

The solution (u, ) given by Theorem8 belongs to H 2(QxHY(Q)/R and satisfies the estimate:

el + illr ey < CUL2 gy + iy + Nl 5 ) + Wl 3 ) 4.2)
Proof. We solve the following Neumann problem:
. 06
AG =y inQ and =Y on TI. “4.3)

This problem has a unique solution this problem has a unique solution § € H3(Q)/R
satisfying the estimate:

16113 ) < Clll¥lla @) + llgll ). 4.4)

H3 Q)
Setting z = u — V6, then (S7) becomes: Find (z,7) € H 2(Q) x HY(Q)/R such that

-Az+Vr =f+Vy in Q,

divz =0 in Q,
z:n =g on T,
2D@n],+az, =H on TI.

where H = h — 2 [D(VO)n], — «(V0), and belongs to H 2 (). Observe that f + Vy belongs

to L>(Q). Thus, due to Theorem 9, this problem has a unique solution (z,7) € H*(Q) x
H'(Q)/R. Therefore u = z + V6 and belongs to H>(Q).

O
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