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AN APPLICATION
OF CARLEMAN INEQUALITIES

FOR A CURVED QUANTUM GUIDE
Laure Cardoulis

Abstract. We consider in this paper the Schrödinger operator −i∂t − ∆ on a curved quan-
tum guide in R2 for which the reference curve is asymptotically straight. Using an adapted
Carleman estimate, we establish a local estimation result for the curvature with a single
observation.
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§1. Introduction

Let Ω ⊂ R2 be a curved quantum guide with a fixed width d > 0 and let T > 0. We consider
the Schrödinger operator

H B −i∂t − ∆ in Ω × (0,T ).

We proceed as in [8] and [4]. We denote by Γ = (Γ1,Γ2) the function which characterizes the
reference curve and by N = (N1,N2) the outgoing normal. We denote by

Ω1 B R × (d, 2d).

Each point (x, y) of Ω is described by the curvilinear coordinates (s, u) as follows:

f : Ω1 −→ Ω with (x, y) = f (s, u) = Γ(s) + uN(s). (1)

We assume Γ′1(s)2 + Γ′2(s)2 = 1 and we recall that the signed curvature γ of Γ is defined
by γ(s) = −Γ′′1 (s)Γ′2(s) + Γ′′2 (s)Γ′1(s), named so because |γ(s)| represents the curvature of the
reference curve at s. We assume throughout this paper that:

Assumption 1.
• γ ∈ C3(R), γ(k) ∈ L∞(R) for each k = 0, 1, 2, 3, where γ(k) denotes the k-th derivatives

of γ.

• γ(s)→ 0 as |s| → ∞ and 1 − 2d‖γ‖∞ > 0, where ‖γ‖∞ B sups∈R |γ(s)| = ‖γ‖L∞(R).

Note that, by the inverse function theorem, the map f defined by (1) is a diffeomorphism
provided 1 − uγ(s) , 0, for all u, s, which is guaranteed by Assumption 1. The curvilinear
coordinates (s, u) are locally orthogonal so the metric in Ω is expressed with respect to them
through a diagonal metric tensor

(
(1−uγ(s))2 0

0 1

)
. The transition to the curvilinear coordinates
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Figure 1: Geometry of the problem

represents an isometric map of L2(Ω) to L2(Ω1, g
1/2 dsdu), where g(s, u) B (1 − uγ(s))2 is

the Jacobian ∂(x, y)/∂(s, u). Therefore we can replace the operator H (with the metric dx dy
on Ω) by the operator Hg (with the metric g1/2ds du on Ω1), where

Hg B −i∂t − g
−1/2∂s(g−1/2∂s) − g−1/2∂u(g1/2∂u).

Then we can rewrite the operator Hg into a Schrödinger-type operator (with the metric ds du
on Ω1). Indeed, using the unitary transformation Ug(ψ) = g1/4ψ, setting Hγ B UgHgU−1

g , we
get

Hγ = −i∂t − ∂s(cγ(s, u)∂s) − ∂2
u + Vγ(s, u)

with
cγ(s, u) =

1
(1 − uγ(s))2 (2)

and

Vγ(s, u) = −
γ2(s)

4(1 − uγ(s))2 −
uγ′′(s)

2(1 − uγ(s))3 −
5u2γ′2(s)

4(1 − uγ(s))4 .

Let R B (R1,R2) ∈ R2 and ε > 0. We denote by

ΩR,ε B ωR,ε ∪
(
]R1 + ε,R2 − ε[ × ]2d − 2ε, 2d[

)
a regular bounded domain in Ω1, with

ωR,ε B ωR1,ε ∪ ωR2,ε ,

ωR1,ε B {(s, u) ∈ R2, R1 < s < R1 + ε, 2d − 2ε < u < 2d, (s − R1 − ε)2 + (u − 2d + ε)2 < ε},

ωR2,ε B {(s, u) ∈ R2, R2 − ε < s < R2, 2d − 2ε < u < 2d, (s − R2 + ε)2 + (u − 2d + ε)2 < ε}.

Note that ωR1,ε and ωR2,ε are half-balls and let (see Figure 1)

Σ+
R,ε B [R1 + ε,R2 − ε] × {2d}, ΓR,ε B ∂ΩR,ε − Σ−R,ε ,

Σ−R,ε B [R1 + ε,R2 − ε] × {2d − 2ε}, Γε B (∂ωR1,ε ∪ ∂ωR2,ε) ∩ ∂ΩR,ε .

We now consider the following Schrödinger equation
Hγz B −i∂tz(s, u, t) − ∂s(cγ(s, u)∂sz(s, u, t)) − ∂2

uz(s, u, t) + Vγ(s, u)z(s, u, t) = 0,
(s, u, t) ∈ ΩR,ε × (0,T ),
z(s, u, t) = l(x, y, t), (s, u) ∈ ∂ΩR,ε , t ∈ (0,T ),
z(s, u, 0) = z0(s, u), (s, u) ∈ ΩR,ε .

(3)
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Our problem can be stated as follows: Is it possible to determine the curvature γ from the
measurement of ∂ν(∂tz) on Σ+

R,ε?
Let z, depending on ε (resp. z̃, depending on ε too) be a solution of (3) associated with

(γ, l, z0) (resp. (̃γ, l, z0)). We assume that z0 is a real-valued function and that (γ − γ̃)(s) , 0
and (γ′ − γ̃′)(s) , 0 for all s ∈ [R1,R2]. Our main result is

‖γ − γ̃‖2L2(ΩR,ε )
≤ C‖∂ν(∂tz − ∂t̃z)‖2L2(Σ+

R,ε×(−T,T )) + Cε,

where C is a positive constant which depends on d,T and where the above norms are weighted
Sobolev norms.

This paper gives a quantum mechanics application of an inverse problem and we use for
that the important tool of Carleman estimates. Indeed, the method of Carleman inequalities
has been introduced in the field of inverse problems by Bukhgeim and Klibanov [2, 3, 11,
12, 13, 14] and constitutes a very efficient tool to derive observability estimates. Note also
that even if the spectral properties of curved quantum guides have been intensively studied for
several years (see [7, 8, 9] e.g.), up to our knowledge there are few results for inverse problems
associated with curved quantum guide (see [4]). The main difficulty here is to recover the
curvature γ via two coefficients cγ and Vγ. Few results have already been obtained for the
simultaneous identification of two coefficients with one observation and these two coefficients
were not linked up (see [6]). This is not the case here where the coefficients cγ and Vγ both
depend on γ. Another difficulty when we work with Carleman estimates is the existence of
the weight function β̃ (see Assumption 2). And usually this imposes restrictive conditions for
the diffusion coefficient i.e. in our case for cγ and therefore for γ. This is why, due to these
two difficulties which come from our model (a curved guide with an asymptotically straight
curvature γ), we work in the subdomain ΩR,ε instead of the whole strip Ω1 and we get an
additional term Cε in the right hand side of our main result (which was not the case in [5,6]).
This paper is organized as follows: Section 2 is devoted to the Carleman inequality adapted
to our problem. In Section 3 we state and prove our main result.

§2. Carleman inequality

In this section we obtain a Carleman estimate for a function q equal to zero on ∂ΩR,ε×(−T,T )
and solution of the Schrödinger equation Hγq ∈ L2(ΩR,ε × (−T,T )). We prove a Carleman
estimate for q with a single observation acting on ΓR,ε × (−T,T ) in the right-hand side of
the estimate. Note that this estimate is quite similar to the one obtained in [1] or [5] but the
computations are different. Indeed the weight function β̃ does not satisfy the same pseudo-
convexity assumptions (see Assumption 2(iii)). This is the main difference compared to [5]
and this is due to the particular form of the operator Hγ where the diffusion coefficient cγ
only appears in the derivatives respect to s.

We use the following notations

c B cγ, ∇cβ B

(√
c∂sβ
∂uβ

)
and νc B

(√
c∂sν
∂uν

)
,

where ν denotes the unit outward normal to ∂ΩR,ε and we proceed as in [1] or [5]. Let
β̃ := β̃(s, u) be a positive function such that there exists positive constants β0 and Cpc which
satisfy:
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Assumption 2.
(i) β̃ ∈ C4(ΩR,ε), and β̃(s, u) ≥ 0 for all (s, u) ∈ ΩR,ε .

(ii) |∇cβ̃| ≥ β0 > 0 in ΩR,ε , and ∇cβ̃ · νc ≤ 0 in Σ−R,ε .

(iii) 2 Re D2
c β̃(ξ, ξ) − 1

c∇cc · ∇cβ̃|ξ1|
2 + 2|∇cβ̃ · ξ|

2 ≥ Cpc|ξ|
2 for all ξ = (ξ1, ξ2) ∈ C, where

D2
c β̃ =

 ∂s(c∂sβ̃)
√

c ∂2
suβ̃

1
√

c ∂u(c∂sβ̃) ∂2
uβ̃

 . (4)

This assumption imposes restrictive conditions for the choice of the coefficient c B cγ
and thus for the curvature γ in connection with the function β̃ as in [5, 6]. Note that there
exists functions satisfying such conditions. Indeed if we assume that β̃(s, u) B β1(s) + β2(u),
these conditions can be written in the following form:

A B 2∂s(c∂sβ1) − c∂sc∂sβ1 − ∂uc∂uβ2 + 2c(∂sβ1)2 ≥ cst > 0 and 2AC − B2 ≥ cst > 0,

with B B (1/
√

c)∂uc∂sβ1 + 2
√

c∂sβ1∂uβ2 and C B ∂2
uβ2 + (∂uβ2)2. For example if β̃(s, u) =

es + eu, these two last conditions become

A = (1 − uγ(s))−3[(2 − c(s, u))2uγ′(s)es − 2γ(s)eu] + 2c(s, u)(es + e2s)

and

2AC − B2 = 4c(s, u)
[
(2 − c(s, u))uγ′(s)(1 − uγ(s))−1es(eu + e2u)

− γ(s)(1 − uγ(s))−1eu(eu + e2u) + eseu(1 + es + eu)

− γ(s)(1 − uγ(s))−1e2s(γ(s)(1 − uγ(s))−1 + 2eu)
]
.

We have A ≥ cst > 0 and 2AC − B2 ≥ cst > 0 for any curvature γ in

{γ ∈ C1(R), γ′ ≥ 0, γ ≤ 0, (1 − 2d‖γ‖∞)−2 < 2, γ(s) > −2e2d−2ε(1 − 2d‖γ‖∞) ∀s ∈ [R1,R2]}.

Similar restrictive conditions upon the function c in connection with the function β̃ have also
been highlighted for the hyperbolic case in [13, 14].

Then we define β = β̃ + K with K = m‖β̃‖L∞(ΩR,ε ) and m > 1. For λ > 0 we define on
ΩR,ε × (−T,T ) the functions φ and η by

φ(s, u, t) =
eλβ(s,u)

(T − t)(T + t)
and η(s, u, t) =

e2λK − eλβ(s,u)

(T − t)(T + t)
. (5)

For S > 0 we set ψ = e−S ηq and Mψ B e−S ηHγq. Following [1], we write Mψ − Vγψ =

M1ψ + M2ψ, with

M1ψ B −i∂tψ − ∆cψ − S 2λ2φ2ψ|∇cβ|
2, (6)

M2ψ B −iS ∂tηψ + 2Sλφ∇cβ · ∇cψ + Sλ2φψ|∇cβ|
2 + Sλφψ∆cβ, (7)

where

∇cβ B

(√
c∂sβ
∂uβ

)
, ∆cβ B ∂s(c∂sβ) + ∂2

uβ, ∇cβ · ∇cψ = c∂sβ∂sψ + ∂uβ∂uψ.

Then the following result holds:
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Theorem 3. Let Hγ, M, M1, M2 be the operators defined as above. Assume that Assump-
tions 1 and 2 are satisfied. Then, there exist Λ0 > 0, S 0 > 0 and a positive constant C
depending on T such that, for any λ > Λ0 and any S > S 0,

Sλ
∫

ΩR,ε×(−T,T )
φ|∇q|2e−2S η + S 3λ4

∫
ΩR,ε×(−T,T )

φ3|q|2e−2S η +

∫
ΩR,ε×(−T,T )

|M1(e−S ηq)|2

+

∫
ΩR,ε×(−T,T )

|M2(e−S ηq)|2 ≤ C
∫

ΩR,ε×(−T,T )
|Hγq|2e−2S η + CSλ

∫
ΓR,ε×(−T,T )

φ|∂νq|2e−2S η

for all q satisfying Hγq ∈ L2(ΩR,ε × (−T,T )), q ∈ L2(−T,T ; H1
0(ΩR,ε)), ∂νq = ∇q · ν, and

∂νq ∈ L2(−T,T ; L2(ΓR,ε)).

Proof. We proceed as in [1], [5] or [6]. We have:∫
ΩR,ε×(−T,T )

|Mψ − Vγψ|
2 =

∫
ΩR,ε×(−T,T )

(|M1ψ|
2 + |M2ψ|

2) + 2 Re
∫

ΩR,ε×(−T,T )
M1ψM2ψ. (8)

Multiplying each term of M1ψ by each term of M2ψ (see (6) and (7)), we will calculate under
the following form:

Re
∫

ΩR,ε×(−T,T )
M1ψM2ψ = I11 + I12 + I13 + I21 + I22 + I23 + I31 + I32 + I33. (9)

We denote by Q B ΩR,ε × (−T,T ). We obtain by integrating by parts:

I11 = Re
∫

Q
(−i∂tψ)(−iS ∂tηψ) = −

S
2

∫
Q
∂2

t η |ψ|
2. (10)

Since I12 = Re
∫

Q(−i∂tψ)2Sλφ∇cβ ·∇cψ = Sλ Im
∫

Q φ∂tψ∇cβ ·∇cψ−Sλ Im
∫

Q φ∂tψ∇cβ ·∇cψ,
integrating by parts in time for the first term and in space for the second term, we get

I12 = Sλ2 Im
∫

Q
φ∂tψψ|∇cβ|

2 + Sλ Im
∫

Q
φ∂tψψ∆cβ − Sλ Im

∫
Q
∂tφψ∇cβ · ∇cψ. (11)

Moreover, I13 = Re
∫

Q(−i∂tψ)[Sλ2φψ|∇cβ|
2 + Sλφψ∆cβ] becomes

I13 = −Sλ Im
∫

Q
φ∂tψψ∆cβ − Sλ2 Im

∫
Q
φ∂tψψ|∇cβ|

2 (12)

and integrating by parts in space we have

I21 = Re
∫

Q
(−∆cψ)(−iS ∂tηψ) = −Sλ Im

∫
Q
∂tφψ∇cβ · ∇cψ. (13)

So from (11)–(13) note that I12 + I13 + I21 = −2Sλ Im
∫

Q ∂tφψ∇cβ · ∇cψ. Furthermore, I22 =

Re
∫

Q(−∆cψ)2Sλφ∇cβ · ∇cψ. By integrating by parts twice in space we obtain that

I22 = 2Sλ2
∫

Q
φ|∇cβ · ∇cψ|

2 + 2SλRe
∫

Q
φD2

cβ(∇cψ,∇cψ)
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− Sλ
∫

Q
φ

1
c
∇cc · ∇cβ|

√
c∂sψ|

2 − Sλ
∫
∂ΩR×(−T,T )

φ∇cβ · νc|∇cψ|
2 (14)

− Sλ2
∫

Q
φ|∇cβ|

2|∇cψ|
2 − Sλ

∫
Q
φ∆cβ|∇cψ|

2,

with D2
cβ defined by (4). We have also I23 = Re

∫
Q(−∆cψ)[Sλ2φψ|∇cβ|

2 + Sλφψ∆cβ] and, by
integrations by parts twice in space, we obtain:

I23 = Sλ
∫

Q
φ|∇cψ|

2∆cβ − Sλ3
∫

Q
|ψ|2φ|∇cβ|

2∆cβ − Sλ2
∫

Q
|ψ|2φ∇cβ · ∇c(∆cβ)

−
Sλ2

2

∫
Q
|ψ|2φ∆c(|∇cβ|

2) −
Sλ2

2

∫
Q
|ψ|2φ(∆cβ)2 −

Sλ
2

∫
Q
|ψ|2φ∆c(∆cβ) (15)

−
Sλ4

2

∫
Q
|ψ|2φ|∇cβ|

4 − Sλ3
∫

Q
|ψ|2φ∇cβ · ∇c(|∇cβ|

2) + Sλ2
∫

Q
φ|∇cβ|

2|∇cψ|
2.

And we obviously have

I31 = Re
∫

Q
(−S 2λ2φ2ψ|∇cβ|

2)(−iS ∂tηψ) = 0. (16)

Moreover

I32 = Re
∫

Q
(−S 2λ2φ2ψ|∇cβ|

2)2Sλφ∇cβ · ∇cψ

= S 3λ3
∫

Q
φ3|ψ|2(∇cβ · ∇c(|∇cβ|

2) + |∇cβ|
2∆cβ) + 3S 3λ4

∫
Q
φ3|∇cβ|

4|ψ|2,

(17)

I33 = Re
∫

Q
(−S 2λ2φ2ψ|∇cβ|

2)[Sλ2φψ|∇cβ|
2 + Sλφψ∆cβ]

= −S 3λ3
∫

Q
φ3|ψ|2|∇cβ|

2∆cβ − S 3λ4
∫

Q
φ3|∇cβ|

4|ψ|2.

(18)

Therefore, from (10) to (18), (9) becomes

Re
∫

Q
M1ψM2ψ = −

S
2

∫
Q
∂2

t η|ψ|
2 − Sλ

∫
Q
φ

1
c
∇cc · ∇cβ|

√
c∂sψ|

2

− 2Sλ Im
∫

Q
∂tφψ∇cβ · ∇cψ + 2Sλ2

∫
Q
φ|∇cβ · ∇cψ|

2

+ 2SλRe
∫

Q
φD2

cβ(∇cψ,∇cψ) − Sλ
∫
∂ΩR,ε×(−T,T )

φ|∇cψ|
2∇cβ · νc

− Sλ3
∫

Q
φ|ψ|2|∇cβ|

2∆cβ − Sλ2
∫

Q
φ|ψ|2∇cβ · ∇c(∆cβ) (19)

−
Sλ2

2

∫
Q
φ|ψ|2(∆cβ)2 − Sλ3

∫
Q
φ|ψ|2∇cβ · ∇c(|∇cβ|

2)

−
Sλ2

2

∫
Q
φ|ψ|2∆c(|∇cβ|

2) −
Sλ
2

∫
Q
φ|ψ|2∆c(∆cβ)
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−
Sλ4

2

∫
Q
φ|ψ|2|∇cβ|

4 + 2S 3λ4
∫

Q
φ3|ψ|2|∇cβ|

4

+ S 3λ3
∫

Q
φ3|ψ|2∇cβ · ∇c(|∇cβ|

2). (20)

Now, if we call by X the terms in (19) which are neglectable with respect to the quatities
Sλ2

∫
Q φ|∇cβ · ∇cψ|

2 or S 3λ4
∫

Q φ
3|ψ|2|∇cβ|

4, we get:

X = −
S
2

∫
Q
∂2

t η|ψ|
2 − 2Sλ Im

∫
Q
∂tφψ∇cβ · ∇cψ − Sλ3

∫
Q
φ|ψ|2|∇cβ|

2∆cβ

− Sλ2
∫

Q
φ|ψ|2∇cβ · ∇c(∆cβ) −

Sλ2

2

∫
Q
φ|ψ|2(∆cβ)2 −

Sλ
2

∫
Q
φ|ψ|2∆c(∆cβ)

−
Sλ4

2

∫
Q
φ|ψ|2|∇cβ|

4 − Sλ3
∫

Q
φ|ψ|2∇cβ · ∇c(|∇cβ|

2) −
Sλ2

2

∫
Q
φ|ψ|2∆c(|∇cβ|

2)

+ S 3λ3
∫

Q
φ3|ψ|2∇cβ · ∇c(|∇cβ|

2).

So (19) becomes

Re
∫

Q
M1ψM2ψ = X + 2Sλ2

∫
Q
φ|∇cβ · ∇cψ|

2 + 2SλRe
∫

Q
φD2

cβ(∇cψ,∇cψ)

− Sλ
∫

Q
φ

1
c
∇cc · ∇cβ|

√
c∂sψ|

2 − Sλ
∫
∂ΩR,ε×(−T,T )

φ|∇cψ|
2∇cβ · νc

+ 2S 3λ4
∫

Q
φ3|ψ|2|∇cβ|

4

and there exists a positive constant k such that

|X| ≤ kSλ4
∫

Q
φ|ψ|2 + kS 3λ3

∫
Q
φ3|ψ|2 + kSλ

∫
Q
φ|∇cβ · ∇cψ|

2. (21)

Moreover, from (8), (21) and Assumption 2, we get∫
Q

[|M1ψ|
2 + |M2ψ|

2] + 4Sλ2
∫

Q
φ|∇cβ · ∇cψ|

2 − 2Sλ
∫

Q
φ

1
c
∇cc · ∇cβ|

√
c∂sψ|

2

+ 4SλRe
∫

Q
φD2

cβ(∇cψ,∇cψ) + 4S 3λ4β4
0

∫
Q
φ3|ψ|2 (22)

≤ Csλ
∫
∂ΩR,ε×(−T,T )

φ|∇cψ|
2∇cβ · νc + CSλ4

∫
Q
φ|ψ|2 + CS 3λ3

∫
Q
φ3|ψ|2

+ CSλ
∫

Q
φ|∇cβ · ∇cψ|

2 + C
∫

Q
|Mψ|2 + C

∫
Q

V2
γ |ψ|

2.

Since Vγ is bounded on ΩR,ε and since φ is a positive continuous function there exists a
positive constant depending upon T such that Vγ ≤ cst φ3. Choosing such S and λ sufficiently
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large, we deduce that there exists a positive constant C1 such that (22) becomes∫
Q

[|M1ψ|
2 + |M2ψ|

2] + Sλ2
∫

Q
φ|∇cβ · ∇cψ|

2

+ SλRe
∫

Q
φD2

cβ(∇cψ,∇cψ) + S 3λ4
∫

Q
φ3|ψ|2 − Sλ

∫
Q
φ

1
c
∇cc · ∇cβ|

√
c∂sψ|

2

≤ C1Sλ
∫

ΓR,ε×(−T,T )
φ|∇cψ|

2∇cβ · νc + C1

∫
Q
|Mψ|2.

Finally, we come back to q = eS ηψ. And this concludes the proof. �

§3. Inverse problem

First, using an idea developed in [10], we prove the following lemma:

Lemma 4. Let z0 be a real function in C2(ΩR,ε) and define the following first order differential
operator P0g B ∂sz0∂sg. Let η0 be a real function in C2(ΩR,ε). Assume that for all (s, u) ∈
ΩR,ε , (∂sz0∂sη0)2 ≥ cst > 0. Then there exists a positive constant C such that for S sufficiently
large

S 2
∫

ΩR,ε

e−2S η0 |g|2 ≤ C
∫

ΩR,ε

|P0g|
2e−2S η0 + CS

∫
Γε

e−2S η0 |g|2|∂sη0νs|

for any g ∈ H1(ΩR,ε).

Proof. Let g ∈ H1(ΩR,ε). Define w = e−S η0g and Q0w B e−S η0 P0(eS η0w). If we set q0 =

∂sz0∂sη0, then we get Q0w = S q0w + P0w. Therefore we have:∫
ΩR,ε

|Q0w|
2 =

∫
ΩR,ε

|P0g|
2e−2S η0 = S 2

∫
ΩR,ε

q2
0|w|

2 +

∫
ΩR,ε

|P0w|
2 + 2S Re

∫
ΩR,ε

q0wP0w

≥ S 2
∫

ΩR,ε

q2
0|w|

2 + S
∫

ΩR,ε

q0∂sz0∂s(|w|2)

and so, integrating by parts, since νs = 0 on Σ+
R,ε ∪ Σ−R,ε , we get

∫
ΩR,ε

|P0g|
2e−2S η0

≥ S 2
∫

ΩR,ε

q2
0e−2S η0 |g|2 + S (−

∫
ΩR,ε

∂s(q0∂sz0)e−2S η0 |g|2 +

∫
Γε

e−2S η0 |g|2q0∂sz0νs).

Since ∂s(q0∂sz0) is a bounded function in ΩR,ε and q0∂sz0νs = (∂sz0)2∂sη0νs, we can
conclude. �

Then, we consider γ and γ̃ two functions satisfying Assumption 1.
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Let z be a solution of
−i∂tz(s, u, t) − ∂s(cγ(s, u)∂sz(s, u, t)) − ∂2

uz(s, u, t) + Vγ(s, u)z(s, u, t) = 0,
(s, u, t) ∈ ΩR,ε × (0,T ),
z(s, u, t) = l(s, u, t), (s, u) ∈ ∂ΩR,ε , t ∈ (0,T ),
z(s, u, 0) = z0(s, u), (s, u) ∈ ΩR,ε ,

(23)

and let z̃ be a solution of
−i∂t̃z(s, u, t) − ∂x(cγ̃(s, u)∂s̃z(s, u, t)) − ∂2

ũz(s, u, t) + Vγ̃(s, u)̃z(s, u, t) = 0,
(s, u, t) ∈ ΩR,ε × (0,T ),
z̃(s, u, t) = l(s, u, t), (s, u) ∈ ∂ΩR,ε , t ∈ (0,T ),
z̃(s, u, 0) = z0(s, u), (s, u) ∈ ΩR,ε .

(24)

Let ΛN B { f ∈ C1([R1,R2]), | f ′(s)| ≤ N | f (s)| and | f (s| ≤ N for all s ∈ [R1,R2]} with N a
positive real given. We obtain the following theorem:

Theorem 5. Let γ and γ̃ be functions both satisfying Assumption 1 and such that (γ− γ̃)(s) ,
0 and (γ′ − γ̃′)(s) , 0 for all s ∈ [R1,R2]. Assume that β is a function which satisfies
Assumption 2 w.r.t. cγ with cγ defined by (2). Assume also that

(i) z0 is a real function such that z0 ∈ C2(ΩR,ε).

(ii) For all (s, u) ∈ ΩR,ε , (∂sz0(s, u)∂sη(s, u, 0))2 ≥ cst > 0 (where η is defined by (5)).

(iii) ∂t̃z ∈ L∞(ΩR,ε × (0,T )), ∂s(∂t̃z) ∈ L∞(ΩR,ε × (0,T )), ∂2
s(∂t̃z) ∈ L∞(ΩR,ε × (0,T )),

∂ν(∂t(z− z̃)) ∈ L∞(Γε×(0,T )) and the L∞-norm of each of these functions is less than N.

(iv) γ − γ̃ ∈ ΛN and γ′ − γ̃′ ∈ ΛN .

Then there exists a positive constant C, depending upon N, T , ‖β‖L∞ , ‖∂sβ‖L∞ such that, for
S and λ sufficiently large, we have:∫

L2(ΩR,ε )
e−2S η0 |γ(s) − γ̃(s)|2 dsdu ≤ C

∫
Σ+

R,ε×(−T,T )
φe−2S η|∂ν(∂t(z − z̃))|2 + Cε. (25)

Note that ∂sz0∂sη B −λ∂sz0
(
eλβ/T 2) ∂sβ satisfies the above hypothesis (ii) for any func-

tion z0 such that ∂sz0 is a continuous and non null function in ΩR,ε (by assuming also that
∂sβ is a non null function in ΩR,ε , which is true for β(s, u) = es + eu for example). Note that
since γ − γ̃ is assumed satisfying (γ − γ̃)(s) , 0 and (γ′ − γ̃′)(s) , 0 for all s ∈ [R1,R2], then
γ′−γ̃′

γ−γ̃
and γ′′−γ̃′′

γ′−γ̃′
are bounded functions in [R1,R2] and therefore the previous hypothesis iv)

is verified for some N. Note also that the above hypothesis (iii) is satisfied for any function
z̃ ∈ C3(ΩR,ε × (0,T )).

Proof. Now, recall that z (resp. z̃) is a solution of (23) (resp. (24)). If we set w = z − z̃, v =

∂tw, g = cγ − cγ̃ and h = Vγ − Vγ̃, we get
−i∂tw − ∂s(cγ∂sw) − ∂2

uw + Vγw = ∂s(g∂s̃z) − h̃z in ΩR,ε × (0,T ),
w = 0 on ∂ΩR,ε × (0,T ),
w(s, u, 0) = 0, (s, u) ∈ ΩR,ε ,
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−i∂tv − ∂s(cγ∂sv) − ∂2

uv + Vγv = ∂s(g∂s(∂t̃z)) − h∂t̃z in ΩR,ε × (0,T ),
v = 0 on ∂ΩR,ε × (0,T ),
v(s, u, 0) = i(∂s(g(s, u)∂sz0(s, u)) − hz0(s, u)), (s, u) ∈ ΩR,ε .

As in [1] or [5], we extend the function v on ΩR,ε×(−T,T ) by the formula v(s, u, t) = v(s, u,−t)
for every (s, u, t) ∈ ΩR,ε × (−T, 0). Note that this extension is available if the initial data is a
real valued function. Note also that this extension satisfies the previous Carleman estimate.
We set ψ = e−S ηv with η defined by (5). We recall that M1ψ = −i∂tψ − ∆cψ − S 2λ2φ2ψ|∇cβ|

2

with c = cγ.
In a first step, we define I B Im

∫
ΩR,ε×(−T,0) M1ψψ. Then by integrations by parts, we

obtain: I = (−1/2)
∫

ΩR,ε
|ψ(s, u, 0)|2ds du. If we denote by η0(s, u) B η(s, u, 0) and by

φ0(s, u) B φ(s, u, 0), recalling that ψ = e−S ηv = e−S η∂tw, we get:

I = −
1
2

∫
ΩR,ε

e−2S η0(s,u)|∂tw(s, u, 0)|2 ds du. (26)

Moreover, we have:

|I| ≤ S −3/4λ−1
(∫

Q
|M1ψ|

2
)1/2

S 3/4λ

(∫
Q
|ψ|2

)1/2

≤
S −3/2λ−2

2

(∫
Q
|M1(e−S ηv)|2 + S 3λ4

∫
Q

e−2S η|v|2
)
.

Since Hγv = ∂s(g∂s(∂t̃z)) − h∂t̃z, applying the Carleman inequality, we get:

|I| ≤ CS −3/2λ−2
∫

Q
e−2S η|∂s(g∂s(∂t̃z)) − h∂t̃z|2 + CS −1/2λ−1

∫
ΓR,ε×(−T,T )

φe−2S η|∂νv|
2,

with C a positive constant. Since ∂t̃z ∈ L∞(ΩR,ε×(0,T )), ∂s(∂t̃z) ∈ L∞(ΩR,ε×(0,T )), ∂2
s(∂t̃z) ∈

L∞(ΩR,ε × (0,T )) and e−2S η(s,u,t) ≤ e−2S η(s,u,0) we have:

|I| ≤ CS −3/2λ−2
∫

Q
e−2S η0 [|∂sg|

2 + |g|2 + |h|2] + CS −1/2λ−1
∫

ΓR,ε×(−T,T )
φe−2S η|∂νv|

2, (27)

with C a positive constant depending on T . Moreover, from −i∂tw(s, u, 0) = ∂s(g∂sz0)−hz0 =

∂sg∂sz0 +g∂2
sz0−hz0, applying the Lemma 2 for the function g = cγ−cγ̃ and P0g = ∂sz0∂sg =

−i∂tw(s, u, 0) − g∂2
sz0 + hz0, we obtain:

S 2
∫

ΩR,ε

e−2S η0 |g|2 ≤ C
∫

ΩR,ε

| − i∂tw(s, u, 0) − g∂2
sz0 + hz0|

2e−2S η0 + CS
∫

Γε

e−2S η0 |g|2|∂sη0νs|.

And so

S 2
∫

ΩR,ε

e−2S η0 |g|2 ≤ C
∫

ΩR,ε

[|∂tw(s, u, 0)|2 + |g|2 + |h|2]e−2S η0 + CSλ
∫

Γε

e−2S η0 |g|2|∂sβφ0νs|.

(28)
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From (26)–(28) we get:

S 2
∫

ΩR,ε

e−2S η0 |g|2 ≤ CS −3/2λ−2
∫

ΩR,ε

[|∂sg|
2 + |g|2 + |h|2]e−2S η0 +CSλ

∫
Γε

e−2S η0 |g|2|∂sβφ0νs|

+ CS −1/2λ−1
∫

ΓR,ε×(−T,T )
φe−2S η|∂νv|

2 + C
∫

ΩR,ε

[|g|2 + |h|2]e−2S η0 . (29)

Finally note that

0 < cst|γ − γ̃| ≤ |g| ≤ cst|γ − γ̃|, |∂sg| ≤ cst[|γ − γ̃| + |γ′ − γ̃′|],

|h| ≤ cst[|γ − γ̃| + |γ′ − γ̃′| + |γ′′ − γ̃′′|]. (30)

Combining (29) and (30) we can conclude for S sufficiently large. �

Remark 1. Such result (25) can be generalized on the whole space Ω1 (
∫

Ω1
e−2S η0 |γ − γ̃|2 ≤

C
∫

Σ+
R×(−T,T ) φe−2S η|∂ν(∂t(z − z̃))|2) under the condition that there exists a function β̃ which

satisfies Assumption 2 on the whole Ω1.
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