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THE OSEEN EQUATIONS IN R™ AND
WEIGHTED SOBOLEV SPACES

Cheérif Amrouche and Ulrich Razafison

Abstract. In this paper, we study the nonhomogeneous Oseen equations in R™. We prove
an existence and unigueness result in weighted Sobolev spaces. As the main tool, we prove
an existence and uniqueness theorem of a scalar model of those equations.
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81. Introduction

Let €' be an open bounded set of R™ and Q = R™ \ Q. In €, the Navier-Stokes equations
describe the flow of a viscous and incompressible fluid past the obstacle . The problem
consists in looking for a velocity field u and a pressure function 7 satisfying the following
equations

—vAuU4+uVu+Vr=finQ
divu=0inQ
U= ug on o2
lim u(x) = Uy, When |X| — oc.

(1)

In System (1), v is the viscosity of the fluid, u, is the boundary value, f is the external forces
acting on the fluid and u is a constant vector that, after a change of coordinate, we may assume
U, = her, with h > 0 and e, is the first vector of the canonical basis of R™. Linearizing (1)
around the constant vector u,., we lead to the Oseen system (see [15]):

aur kM v —fing
a:El

divu=0in¢ (2)
U = Ug on of2
limu(x) = 0, when |x| — oo,
where & > 0. One of the first work devoted to System (2) is due to Finn [10] where the case

n = 3 is considered and where the existence of solutions is based on the Galerkin’s method.
In [11], Galdi investigated (2) by setting the problem in homogeneous Sobolev spaces. The
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Lizorkin’s Multiplier Theorem is then used to prove existence results. In [8] Farwig studied
(2), with Q c RR3, in anisotropically weighted L? spaces, where the weight function ng(x) =
(1+|x|)*(1+|x| — 21 )" reflects the decay properties of the Oseen fundamental solution (O, P)
which is defined by

0 0 1
O;;(x) = (%’A - 09:1-89:]-) ®(x), Pi(x) = ~or (m) ; 3)
where Kx—e1)/2 t
1 )/ e
d(x) = ik /O ; dt. 4)
Indeed, we can notice that O has the following decay properties:
_ _ 9?0O(x) _ 00(x) _
_ 1 _ 3/2 _ 2 _ 2
O() = O(EL (X)), YOM) = O(35(0). 755 = OGr5(0), =50 = = O(n=5().

To solve (2), Farwig used convolutions with the fundamental solution and the results he ob-
tained on the scalar model

ou
—vAu+k— = f1inQ
vAu + Ozt fin )

u = ug on o).

For the particular case 2 = R3, we studied in [6], System (2) in anisotropically weighted L?
spaces, 1 < p < oo, with the help of the results obtained on the scalar model in [4] and the
study of convolutions with the fundamental solution done in [13]. The aim of this paper is to
consider the following nonhomogeneous Oseen problem: given a vector field f and a function
g, we look for a solution (u, ) satisfying

ou
AU+ — +Vr=finR"
oz, T (6)

divu=g inR"

We supposed, without loss of generality, v = £ = 1. We set the problem in weighted Sobolev
spaces with the radial weight function n§(x) = (1 + |x|)® and we proceed as in [6]. More
precisely, we first prove an existence result for the scalar model (5) when 2 = R™ which was
announced in [3]. This will be done in Section 3. Then in Section 4, the result will be used
to prove the existence of a solution of System (6). In Section 2, we introduce the weighted
Sobolev spaces and some of their basic properties that we use in the sequel.

§2. Notations and functional framework

2.1. Notations

In this paper, n > 3 is an integer, p is a real number in the interval |1, +oo[. The dual exponent
of p denoted p’ is defined by the relation 1/p+1/p’ = 1. In the sequel, for any space B of scalar-
value distributions, B denotes B", and F will denote the vector field F = (F, Fs, ..., F,). A
point in R™ is denoted by x = (1, x9, ..., z,,) and its distance to the origine by

r=|x|= (x% +xa4 .+ xi)l/Z.
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We denote by [£] the integer part of k. For any j € Z, IP; stands for the space of polynomials
of degree lower than j and ]PjA the harmonic polynomials of IP;. If j is a negative integer, we
set by convention IP; = {0}. We recall that D’'(R") is the well-known space of distributions
and S’(R™) is the space of tempered distributions. Given a Banach space B, with dual space B’
and a closed subspace X of B, we denote by B’ L X the subspace of B’ orthogonal to X, i.e,

B1lX=X'={feB WweX,<fv>=0}=(B/X).

Finally, as usual, C' > 0 denotes a generic constant the value for which may change from line
to line.

2.2. Functional framework

We shall now introduce the weighted Sobolev spaces which will be the functional framework.
Let p be the weight function p = 1 + . For m € Nand a € R we define

1 it “tad{l, .. m)
k:k(m7n>p7a): P

m—" o if E+Oz€{1,...,m}
p p

and we define the following weighted space
WnP(R") = {u € D'(R"); VA € N,
0 <A <k, po P (In(1+ )0 u € LP(R™),
k+1< |\ <m, p ™R e LP(R)},

which is a Banach space equipped with its natural norm given by

[[ullwz»@ny =
1/p
D2 ot M o) Pl + D 0Ol
0<|A <k E+1<|A\<m
We define the seminorm
1/p

|ulyymr @y = Z Hp"‘@’\uHLp R™)
[Al=m

Let us give an example of such space. Let m = 1, a = 0, then the space W, *(R") is defined
as follow:

WyP(R") = {u € D'(R"), p~tu € LP(R"),Vu € LP(R™)}, ifp #n,

Wy"(R") = {u € D'(R"), (In(1+p))~'p~'u e L*(R"), Vu € L*(R")}.
The logarithmic weight function introduced in the definition of the space W ?(R™) only ap-

pears for the values of m,p,a such that n/p + « € {1,...,m} and, for such values, it al-
lows to obtain Hardy-type inequalities (see below). A detailed study of the space W P(R™)
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can be found in [1, 12, 14]. We recall some of its properties. All the local properties of
Wr-P(R™) coincide with those the classical Sobolev space W?(R™). The space D(R") is
dense in W™?(IR™). Thus the dual space, denoted by, W "% (R") is a space of distributions.

—Q

Ifn/p+a ¢ {1,..,m}, we have the following algebraic and topological inclusions
WmP(R™) ¢ WMP(RY) € .o WP (R™). @)
For any A € N, the mapping
u € WmP(R™) — 0*u € Wm—Rhe(rn) (8)
is continuous. Forany A € N™ and v € R, we have
()| < Cp Y, 9)
which implies that, if n/p + « ¢ {1, ..., m}, the mapping
u € WP (R™) — plu € W (R™) (10)

Is an isomorphism.
Let j be an integer, then IP; is included in W72*?(R™) with

j:{m—ﬁ—a] if ~+a¢z
4 p (12)
. n :
j=m—-—1———« otherwise.

p

The Hardy-type inequalities are one of the main properties of the space W?(R") (see [1]).
Indeed, let m > 1 and o € R. Then there exists a constant C' = C'(m, p, a, n) such that

Vu € WP (R™), Aiergl |u + A[wmr@ny < Clulwmrgny, (12)

J

where 5/ = min(j,0) and j is the highest degree of polynomials contained in W -P(R").

Inequality (12) also allows to have some isomorphism results on the gradient and the divergence

operators. For instance, denote H, = {v € L”(R"), div v = 0}, then the following operator
div : LP(R™)/H, — W, ""(R") LIPy_p/p (13)

is an isomorphism.
Another consequence of Inequality (12) is the following property (see [1]): Let m > 1 be an
integer and let u € D’'(R™) be such that

VAEN" : |\ =m, 9*uec LP(R").
Then, there exists a polynomial @ € TP, 1, depending on « such that u + @ € W,""(R") and

1 m, n < m, n
ueﬂDl[Ir}lf,n/p] lut@Q +M||Wo PR = C|U|WO (R?)) (14)
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Let us now introduce the anisotropically weighted space

—~ 0
o) = {o e Wi, g < wi e |
8:1:1
which is a Banach space for the following norm
T o
Vllor1.p n U p(Rn .
VVO1 (R™) r Lr®e) al’z LP(R") 81’1 -1, P (Rn)

]’Dis norm, which is equivalent to the natural one, allows to prove the density of D(R™) in
W, (R™). This property is proved in [5]. Note that if p = n, then the weight function p in the
definition of the norm is replaced by pIn(1 + p).

83. The scalar Oseen equation in R"

We consider the scalar model of the Oseen equations: given f, we look for a function u satis-
fying

At 2 finme (15)
6$1

In this section, we shall solve (15) in weighted Sobolev spaces. Let us first recall an existence
result of Equation (15) when f € LP(R™). The result states that, in this case, the scalar Oseen
equatlon (15) has a solution u € L (R™) such that 5 “j e LP(R"), 4,j = 1,...,n and

;0%
8—3“ € L?(R™) also satisfying
0%u
axiﬁxj LP(R™) 81’1

A proof of this result can be found in [9, 11]. It uses Fourier transform and the multiplier
theorem of Lizorkin. We also recall that if u € S’(R") satisfies

ou
—A — =0
u+8x1 ,

then w is a polynomial (see [4, 9]). We shall now Iook for a solution which belongs to W&”’(R”).
Note that in this case, from (8), we have —Au + c Wy Lp (R™). Moreover, for any A €

I/VO1 7' (R™), due to the density of D(R") in WO1 4 (R”), we can easily prove that

< Au+a >\> AN oA

_ <Uu,— —_— - —1.p/ .
Dy Wy g @ =S Dy~ WarEmx W (&)

ou

< Cllfllewn-
LP(R™)

Thus, we have the following theorem:
Theorem 1. Assumethat f € Wo_l’p(R”) and satisfies the compatibility condition

VA e IP[1—n/p’]u < f A > —1 P(R)x Wl,p’(Rn): 0. (16)

Then the scalar Oseen equation (15) has a solution u € Wol’p (R™), unique up to a polynomial
of IP[;_,,/p), also satisfying

/\E]Pi[rllfn/p] -t AHW&”’(R") - CHfHWo_l’p(R")' (17)
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Proof. From the uniqueness result, one can easily see that if u € Wol’p (R™) satisfies (15) with
f =0, then u is a polynomial of IP;_,, ;. Let us prove existence. Since f € Wo_l’p(R”) and
satisfies (16), from (13), there exists F € L”(R™) such that div F = f and

IFller@eny < Cllfllw o @nys

where the constant C' > 0 does not depend on F. Now, using the existence result given above,
forany i =1,...,n, there exists v; € L} (R™) such that, for j,k=1,....n

loc

9%v; ov;
: LP(R"™ d— € LP(R"
0z 0y, € L7(R") an O, € L7 (R"),
solution of 5
/IJ,
—Av; L= F.
v; + 0z,

Moreover, for any i = 1, ..., n, we have the estimate

As -Zvi ¢ [p(R™), from (14), there exists a polynomial ¢; € IP; such that v; +¢; € W2P(R™)

Ox; B?ck .
also satisfying

021;1»
ijaxk

87)1‘
axl

< O||Fil|zr@ny < CHfHWO_l’p(]R")‘

LP(R™) ‘ LP(R™)

82111'
8:chc9xk

NE]Pl[I;fn/p] ”U”L T MHWOQYP(RTL) S ¢ ‘

<Clflwrony — (18)
LP(R™)

Now, setting v = div (v + q), it follows from (8) that, u € W, ”(R") and satisfies (15). From
(8) and (18), we get the estimate

inf Ju+ )‘HW(}W(RH) < CHfHW(;LP(Rn) (19)

[1—n/p]

Finally, since Au € Wy '"(R"), from differential equation, we deduce 2~ € W, ""(R™),
which in turn gives u € W(}”’(R”). From (15) and (19), we obtain (17). H

Note that, the particular case p = 2 and n = 3 of the previous theorem is proved in [2]. The
case 1 < p < ooandn = 3is proved in [4] in a slightly different way.

84. The Oseen problem in R”

In this section, we consider the nonhomogeneous Oseen problem: given a vector field f and a
function g, we look for a solution (u, 7) satisfying

ou
AU+ —+Vr=finR"
Ton TV ! (20)

divu=ginR".
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We recall that if f € LP?(R™) and g € WlP(R") System (20) has a solution (u, 7) € Lt (R")x

LY (R™) such that afaux € LP(R"),i,j = 1,...,n, 3% € L(R") and Vrr € LP(R") with the
estimate
0u H ou
oy + | V7lluoeny < C ([ [lLogn) + [lgllwren)) -
‘ 8$28$] LP(R") 81)1 LP(R")

As for the scalar case, the proof of this existence result is based on the Fourier transform and
the multiplier theorem of Lizorkin (see [9, 11]). We also recall that if (u, 7) € 8’ (R™) x §'(R™)
satsifies (20) with f = g = 0, then u and = are polynomials. The proof of this uniqueness result
can be found in [6, 9]. We introduce the space

A .
A&={Owﬂﬂme&jAA+%wwmzade:@.
1

We shall now look for a solution (u, 7) of (20) belonging to Wé*’(R”) x LP(R™). To reach
this goal, we shall use Theorem 1. For the existence of the pressure 7, we need a result on the
Laplace operator: The following mapping

A LP(R™) — Wy P(R™) LIy, (21)
is an isomorphism (see [1] for the proof).
Theorem 2. Letf €¢ W, "?(R"), g € LP(R™) N W, "*(R™) satisfy

VA € IP[l_n/pq, <f,A> 0 (22)

W, LP (R x WL (Rr) T
and

VA e ]P[l—n/p’}; <g,A> = 0. (23)

Wy V(R0 x WP’ (RR)

Then the Oseen system (20) has a solution (u,7) € Wé’p(R”) x LP(R™), unique up to an
element of A;_,,,), also satisfying

sl Nlygony & Imlzoteny < C (IFlhwyogaoy + 19l + gl e ) -
(24)

Proof. Let us first notice that if (u, 7) € Wé’p(R") x LP(R™) and satisfies (20) with f = g = 0,
then (u,7) € N}1_,/ Which proves the unigueness. Let us now prove existence. Let f €
W, " (R") satisfies (22) and g € LP(R™) N W, “*(R") satisfies (23). Then, from (8), we get
div f+Ag— 22 ¢ W, *”(R"). Note that the polynomials of IPj,_, ,, are at most polynomials
of degree Iess than one. Then, from (22) and (23), for any i € IPj,_,,;, We have

dg
a ’ :u > —2 p(R")XW2 .0’ (Rn)

o
By W PR xW R T

<divitAg— 22

=—<ftVu> +<g,— =0.

WO_ 1,p (Rn) X Wé N (Rn
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It follows that div f + Ag — 24 € W, *"(R") LIPjo_, ;). Thanks to the isomorphism of the
Laplace operator (21), there exists a unique function = € LP(R™), such that

Aw:dinJrAg—aa—g (25)
4o

also satisfying

Jg

oy

”7T||LP(R") <C <||din ||W0*2vP(Rn) + ||A9||W0*2’P(Rn) + ‘ )
W, 2P (R7) (26)

< C (I lhwg ey + I9llzoen) + gl o) -

Next, we deduce that f — V€ W, '?(R%). Moreover, recalling that the polynomials of
P, are at most constants and from (22), we see that

VA€ ]P[l—n/p’]7 < f— Vﬂ', A > =0.

W, L2 (R x WP (R)
Using Theorem 1, there exists a vector field u € WP (R™) satisfying

—Au+@ =f— V.
0;1:1

with the estimate

AeIFi’I[En/p] lu + )\Hwéﬁp(Rn) <C (Hf HWJLP(Rn) + HVWHWJW(R”)>

21)
< O (Iflhwy ey + ollsee) + ol togen) -

From (26) and (27), we easily obtain (24). Let us now prove divf = ¢. From (25), we can
observe that

: 2 .
—A(divu —g) + 8—371(d|v u—g)=0.

Thanks to the uniqueness result of the scalar Oseen equation (15), we deduce that divu — g is
a polynomial. But, we have divu — g € LP(R™) which implies that div u — ¢ is a polynomial
of LP(R™). Thus div u — g = 0 which ends the proof. W

This result is proved in [6] for the particular case n = 3.
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