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OPTIMALITY CONDITIONS FOR THE
LINEAR FRACTIONAL/QUADRATIC
BILEVEL PROBLEM

Herminia I. Calvete and Carmen Galé

Abstract. Bilevel programs are optimization problems which have a subset of their vari-
ables constrained to be an optimal solution of another problem parameterized by the re-
maining variables. They have been applied to decentralized planning problems involving
a decision process with a hierarchical structure.

This paper considers the linear fractional/quadratic bilevel programming (LFQBP)
problem, in which the first level objective function is linear fractional, the second level
objective function is quadratic and the common constraint region is a polyhedron. For this
problem, optimality conditions are derived based on Karush-Kuhn-Tucker conditions and
duality theory.
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81. Introduction

Bilevel programming involves two optimization problems where the constraint region of the
first level problem is implicitly determined by another optimization problem. In terms of mod-
eling, bilevel problems are programs which have a subset of their variables constrained to be
an optimal solution of another problem parameterized by the remaining variables. The second
level decision maker optimizes his objective function under the given parameters from the first
level decision maker. This one, in return, with complete information on the possible reactions
of the second level decision maker, selects the parameters so as to optimize his own objective
function.
Bilevel problems can be formulated as:

min T1,T
(o oV fi(z1, 22) 0
where x5 € arg min fo(xy,v)

veS(r1)

where z; € R™ and x5 € R™ are the variables controlled by the first level and the second level
decision maker, respectively; fi, fo : R" — R, n = ny + ny; S C R™ defines the common
constraint region and S () = {zy € R™ : (x1,25) € S}.
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Let S; be the projection of S onto R™'. For each x; € Sy, the second level decision maker
solves the problem (2)

min fg(l’l,[lfg)

s.t. (2)
o € S(11)

The feasible region of the first level decision maker, called inducible region IR, is implicitly
defined by the second level optimization problem

IR = {(21,23) : x1 €Sy, € M(21)}

where M (x;) denotes the set of optimal solutions to (2). We assume that S is not empty and
that for all decisions taken by the first level decision maker, the second level decision maker
has some room to respond, i.e. M (xz1) # 0.

The bilevel programming problem (1) is a nonconvex optimization problem that has re-
ceived increasing attention in the literature (see [2, 10, 11, 14, 17] and references therein). One
of its main features is that, unlike general mathematical problems, the bilevel problem may
not possess a solution even when f; and f, are continuous and S is compact. In particular,
difficulties may arise when M (x;) is not single-valued for all permissible z;. Different ap-
proaches have been proposed in the literature to make sure that the bilevel problem is well
posed. The most common one is to assume that, for each value of the first level variables x,
there is a unique solution to the second level problem, that is, the set M (x,) is a singleton for
all z; € 51 [2, 3, 4,10, 17].

In this paper the linear fractional/quadratic bilevel programming (LFQBP) problem is con-
sidered in which the first level objective function is linear fractional, the second level objective
function is quadratic and the common constraint region S is a polyhedron.

Fractional programming and quadratic programming when there exists only one level of
decision have received remarkable attention in the literature [1, 12, 16]. It is worth mentioning
that objective functions which are ratios frequently appear, for instance, when an efficiency
measure of a system is to be optimized or when approaching a stochastic programming prob-
lem. On the other hand, quadratic problems arise directly in such applications as least-squares
regression with bounds or linear constraints, robust data fitting, or portfolio optimization. They
also arise as subproblems in optimization algorithms for nonlinear programming and in stochas-
tic optimization. Fractional bilevel problems have been considered in [5, 6, 7, 8, 9]. Quadratic
bilevel problems have been addressed in [13, 15, 18, 19, 20].

In this paper, following the approach taken in [9, 20], we use Karush-Kuhn-Tucker opti-
mality conditions to rewrite the bilevel problem as a single level problem and derive optimality
conditions for the LFQBP problem by applying duality theory. These results extend optimal-
ity conditions developed in [20] for the linear/quadratic bilevel programming problem. The
paper is organized as follows. In Section 2 the LFQBP problem is formulated and some pre-
liminary properties are obtained. Section 3 provides the main theoretical results on optimality
conditions. Finally, Section 4 concludes the paper with final conclusions and future work.
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82. Problem formulation

Using the common notation in bilevel programming, the LFQBP problem can be written as

follows: N n
. C11T C1o9 [0
min nel toeee where z, solves
dy171 + digze + 3

min Co1X1 -+ CooX9o + (l‘l, $2)tQ(l’1, 1‘2)

S.t.
Ay + Asxs < b

where c11, o1 and dy; are nq-Vectors; cis, cao and d;, are ny-vectors; . and (5 are scalars; A; is
an m x ny matrix; A, is an m x ny matrix; b is an m-vector and @ is an (n; + ng) X (ny + n2)

symmetric matrix with
(@ @ )
0= ( Q: O

where ()1, (> and Q3 are matrices of conformal dimensions.

We assume that the polyhedron S = {(x1, z3) : Az + Asxe < b} is non-empty and
bounded. In addition, it is also assumed that dy1x1 + diaxs + 5 > 0, V(z1,22) € S. If this s
not so, it suffices to consider the linear fractional objective function as —(cy121 + ciox2 + )/ —
(dy121 + digze + B).

For each value of z; € S, the second level decision maker solves the following quadratic
programming problem:

min Co1T1 + C29T9 + (ml, IQ)tQ(Z‘l, .Z‘Q)

S.t.
Aoy < b— Ayxy

Bearing in mind that co;x1 + 2} Q321 is a constant term, this problem is equivalent to:

(P,,) : min (¢ + 224Q%) e + 25Q1 25

s.t. 3)
Aoy < b— A1y

We assume that (), is positively definite so as there will be a unique optimal solution to
the second level problem. That is to say, M (z;) is a singleton for all x; € S; and the LFQBP
problem is well posed.

As a consequence, the LFQBP problem is equivalent to the following bilevel problem,
which will be considered in the sequel:

€111 + C12T2 + @

min where z5 solves
dixy + digxe +

min (e + 221Q%)xe + 25Q1 22 4)

S.t.
Ay + Asxs < b
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Remark 1. Notice that, for any fixed (x1, z3) € IR, z5 is an optimal solution to (P,,). Hence,
by applying Karush-Kuhn-Tucker necessary and sufficient conditions, there exists w € R™
such that (xy, =5, w) satisfies

Ay + Aswy < b )
w'(Aywy + Ay — b) =0 (6)
2Qo11 + 2Q 179 + Abw = —cby (7
w >0 (8)

Similarly, if (x, zo, w) satisfies (5)-(8) then (z1,z2) € IR.

83. Optimality conditions for the LFQBP problem

Theorem 1. (z7,x3) is an optimal solution to the LFQBP problem if and only if there exists
w* € R™ such that («}, x5, w*) is an optimal solution to the following one level nonlinear
programming problem

C11T1 + C1222 + @

NLP) : min  F(xq,29) =
( ) (z1,22,w) ( ! 2) dir1 + dipxs + 8
st. (5) — (8).

Proof. Let (x7,x3) an optimal solution to the LFQBP problem. Taking into account remark 1,
since (z7,z3) € IR, there exists w* € R™ such that (7, 25, w*) satisfies (5)-(8), that is to say
it is a feasible solution to the problem (N LP).

If (27, x3, w*) was not an optimal solution to (N LP), there would exist (&, T2, w) satisfy-
ing (5)-(8), thus (24, Z2) € IR, such that

Clljl + 61252‘2 + CHJ]T + 6121‘; +
di121 + dioe + 5 dyzy + dyozs +

This, together with the fact that (2, Z2) € IR, contradicts the optimality of (x7, x3). There-
fore, (27, 3, w*) solves the problem (N LP).

Conversely, let (x7, x5, w*) be an optimal solution to the problem (N L P). Since (z7, x5, w*)
satisfies conditions (5)-(8), we conclude that (23, z3) € IR. On the other hand, for any fixed
(x1,22) € IR, there exists w € R™ such that (z;,x2,w) is a feasible solution to the prob-
lem (NLP). Moreover, since (z7, x5, w*) is an optimal solution to the problem (N LP) then
F(z3,23) < F(xq,x2). Therefore, (z71, z%) solves the LFQBP problem. O

The problem (N LP) can be reformulated as

min min F(xy,z 9
w>0  (x1,z2)ES[w] ( ! 2) ()

where S[w] = {(x1, x9) € R™*"2 : (2, x5) satisfies (5) — (7)}. By convention, when S[w] =
0, we define min{ F(xy, x5) : (21, 15) € S[w]} = oc.



Optimality conditions for the LFQBP problem 289

For a given w > 0, since w'(Ayz1 + Aszs — b) < 0, the inner problem in (9) can be written

as:
. €171 + C12%2 + @
P, : min F(zi,20) =
(F) (x1,22) (®1,22) di171 + digze + 3
s.t.
Ay + Az < b
wtAyzq + wtAsxy > whh
2Q211 + 2Q 15 = —chy — Ajw
Since w is fixed, this is a linear fractional programming problem whose dual problem is:
(Dy) : max G(uq, ug, us, ug) = Uy
(u1,u2,u3,u4)
s.t.
(uow — uy)' Ay + 2u5Q2 4 ugdyy = 1 (10)
(ugw — u1)" Ag + 2u5Q1 + ugdiz = 12 (11)
—(ugw — uy)'b + uf(chy + Abw) + s = a (12)
U1 Z 0, (%) 2 0 (13)

where u; € R™, uy € R, uz € R™ and uy € R.
For a given w > 0, let

S{w} = {(u1,ug, ug, ug) € R™"2 1 (uy, ug, us, uy) satisfies (10) — (13)}.

By convention, if S{w} = 0 we define max{G(u1, uz, u3, us) : (u1,us,us,us) € S{w}} =
Q0.
Let (DP) be the following min-max problem:
min ma G(uq,us, us, 14
'w%() (ul,ug,ug,ui()GS{w} ( L2 T8 U4) ( )
Theorem 2. If (21, 25, w) and (uy, U, U3, U4, w) are feasible solutions to the problems (N L P)
and (D P), respectively, then

R c11Zy + Cial2 +
uy < - -
di1Z1 + diaZe + 3
Proof. Since (1, U9, U3, u4) € S{W}, Uy, us, u3, 4y and w satisfy the corresponding constraints

(10)-(13). Post-multiplying (10) by 1, (11) by z, and then adding them together with (12), we
get

(g — 11)* (A3 + Aoy — b) + 05(2Q221 + 2Q1 22 + by + ALtd)
+y(d11Z1 + dias + ) = c11d1 + c1222 +

Since (z1,22) € S[w], taking into account the corresponding constraints (6) and (7), the
above equality can be rewritten as

— 0t (A1) + Aoy — b) + Gy (d11 21 + dioZe + ) = 1121 + Crads +
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Since di121 + diaZo + 3 > 0, a1 > 0and A1 21 + Ao — b < 0, it is derived that

N c11Z1 + Cia2 +
uy < A -
di12y + diaZy + 3
and the proof is completed. O

Remark 2. Notice that for a given w > 0, if S[w] # 0 then the problem (P,) is a linear
fractional programming problem on a nonempty and bounded polyhedron, so it reaches an
optimal solution and so its dual problem (D,,). Bearing in mind primal-dual relationships,
their optimal objective values are equal, i.e.,

min  F(z,29) = max G(uq, ug, ug, uy)
(z1,22)€S|wW] (u1,u2,uz,uqs)€S{w}

Moreover, if S[w] = 0, by convention

min = F(zy,29) = max G(uy,ug, uz,ug) = 00
(z1,22)€S W] (u1,u2,uz,uqs)eS{w}
Hence,
min min  F(z1,22) = min max G (uy, ug, us, uy) (15)
w20 (z1,72)€S[W] w20 (u1,u2,u3,us)€S{w}

In other words, the optimal objective values of the problems (N LP) and (D P) are equal.

Theorem 3. Let (z7, x5, w*) and (uj, us, v}, u;, w*) be feasible solutions to the problems
(NLP) and (DP), respectively. Then they are respectively optimal if and only if

cllxz+012x3*+a _ uz (16)
dy1x] + digas + 8

and, for all (z1,z5) € IR,
(usw* — u}) (Aywy + Agzo — b) + ui (2Q0m1 + 2Q 9 + by + ALw*) >0 a7

Proof. If (z3, x5, w*) and (uf, ul, u}, uj, w*) are optimal solutions to the problems (VL P) and
(DP), respectively, then (16) holds as a consequence of remark 2.

On the other hand, let (21, z5) € IR. Bearing in mind remark 1, there exists w € R™ such
that (x1, z2, w) is a feasible solution to the problem (N LP).

Since (uj, us, ui, ui, w*) is a feasible solution to the problem (D P), post-multiplying the
corresponding constraints (10) by =1, (11) by x5 and then adding them together with (12) we
get

(ubw* — u3) (Ayzy + Aswy — b) + ul (2Q221 + 2Q1 22 + by + Abw*)
+U1(d11$1 + dlgl'g + 5) = C11X1 + C12%2 + «

Taking into account that dy;x1 + diaz2 + 5 # 0 and the fact that («7, x5, w*) is an optimal
solution to the problem (N LP), we can write
u; + L
U dyxy + digas + 3

{(u§w* —uf) (Arzy + Agzo — b) + ui (2Q221 + 2Q12 + chy + Agw*)}

c1171 + c12w2 + c11] + clews +a o
> = Uy
di1z1 + digzo + B dy1z] + digas + 3




Optimality conditions for the LFQBP problem 291

Since dy1x1 + diswe + 3 > 0, we conclude that
(ubw* — u}) (Aywy + Agzy — b) + ui (2Qo11 + 2Q 39 + by + ALw*) >0

which proves (17).

Conversely, let (x;, 22, w) be a feasible solution to the problem (N LP). As a consequence
of remark 1, (xz1,z2) € IR. Since (uf,ud, ul, uj, w*) is a feasible solution to the problem
(DP), in the same way as we have done previously, post-multiplying the corresponding con-
straints (10) by z, (11) by 2z, and then adding them together with (12) we get

C1121 + C12T9 + « B u*+
dy17y + 61i12$2 + 7 4
(ubw* — up) (Aywy + Agzo — b) + u3 (2Qow1 + 2Q 0 + by + Agw*)}

dy121 + digxe + 8

By applying conditions (16) and (17) and bearing in mind that dyyx1 + doxo + 5 > 0, we
get
C11%1 + C19%2 + & CHZL’T + Clgl’; + o
diury +digre + 8~ dpxi + dpxs + 0

and so we conclude that (x7, z%, w*) is an optimal solution to the problem (N LP).
Finally, since (27, 3, w*) solves the problem (NN L P), taking into account remark 2,
from (16) directly follows that (u}, uj, u}, u}, w*) is an optimal solution to the problem (D P).
]

Theorem 4. (z7,2%) € S isan optimal solution to the LFQBP problemif and only if there exist
w* € R™ul € R™, vy € Ryul € R™ and u; € R satisfying w* > 0, uj > 0, u3 > 0, such
that

w* Ay} + Agxly — b) =0 (18)
2Q7; 4 2Q 75 + Ayw* = —chy (19)
(usw* — ul) Ay + 2us'Qq + uidiy = ¢y (20)
(uhw* — u) Ay + 2ulQy + uldiy = c1 (21)
—(upw” —u)'d + uz' (chy + Apw”) + ujf = a (22)
ui(Ayx} + Agzy — b) =0 (23)
V(zq,x9) € IR

(ubw* — up) (Ayzy + Agze — b) + ui (2Qom1 + 2Q 29 + chy + ASw™) >0 (24)

Proof. If (x3,«3%) is an optimal solution to the LFQBP problem, by Theorem 1, there exists
w* € R™, w* > 0, such that (=7, 3, w*) is an optimal solution to the problem (N LP). Hence,
it is clear that (18) and (19) are satisfied.

Since (x7, z3) is an optimal solution to (P, ), then there exist u} € R™, uj € R, uj € R
and u; € R such that uj > 0, w3 > 0 and (u},us,u}, u}) is an optimal solution to (D).
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Hence, it is clear that (20), (21) and (22) are satisfied. In addition, their optimal objective
values are equal, i.e.,

cnxy + c1a7s + « .

= 25

dyxy + digxs + 3 i ()

Moreover, post-multiplying (20) by x7, (21) by =3 and then adding them together with (22),
while applying (18) and (19), we get

—u’l‘t(Ale + AQ.T; — b) + UZ(dHI){ + dul’; + ﬁ) = CHSL’){ + C12ZE; + o

Taking into account (25), we conclude that u}*(A; 23 + Asxs — b) = 0, which proves (23).

Finally, since (uj,u}, u%, u}, w*) is a feasible solution to the problem (D P) which satis-
fies (25) and (7, x5, w*) is an optimal solution to the problem (N LP), by applying remark 2
we conclude that (], uj, ul, u}, w*) is an optimal solution to the problem (D P). As a result of
Theorem 3, (24) is satisfied.

Conversely, let (x7,z3) € S. As a consequence of (18) and (19), (z7, 3, w*) is a feasible
solution to the problem (N LP). Similarly, since (20), (21) and (22) hold (uf, ul, u}, uj, w*) is
a feasible solution to the problem (D P).

Moreover, post-multiplying (20) by x7, (21) by 2 and then adding them together with (22),
while applying (18), (19) and (23), we get

wy(dnx] + digzy + 0) = ezl + c2xy +

From this condition and (24), as a consequence of Theorem 3, we conclude that (z7, 3, w*)
and
(uj, ud, uj, uj,w*) are optimal solutions to the (NLP) and (DP) problems, respectively .
Hence, from Theorem 1 we get that (x73, z3) is an optimal solution to the LFQBP problem. [

84. Conclusions

We have introduced necessary and sufficient optimality conditions for a particular class of
bilevel programming problems. The main concepts involved were Karush-Kuhn-Tucker condi-
tions and duality relationships.

Our future work includes the use of these conditions to develop an algorithm which solves
the LFQBP problem by solving only linear fractional programming problems.
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