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CONSISTENCY OF A CLASS OF RK
METHODS
FOR INDEX-2 DAES

Inmaculada Higueras and Teo Roldan

Abstract. When index 2 semi-explicit differential algebraic equations (DAES) are solved
with a Runge-Kutta method (A, b), a standard assumption is the regularity of the matrix
coefficient .A. However, Runge-Kutta methods with singular matrix coefficient .4 can also
be used for index 2 DAEs if the matrix A has a special structure. In this case, the standard
consistency analysis is not longer valid. In this paper we give conditions to ensure a certain
order of consistency.
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81. Introduction

We consider semi-explicit index-2 differential algebraic systems of the form

v =12 ylxo) =wo
{ 0 =g(y) 2(xz0) = 20 1)

where f : Rl x R™ — R and g : R — R™ are sufficiently smooth functions, and the matrix
gy f~ is invertible in a neighborhood of the solution of (1).

If we consider an s-stage Runge-Kutta method (.4, b) to solve (1), a standard assumption is
the regularity of the matrix .A. Nevertheless we can also use methods with singular matrices of
the form

0 0 0
c a izl (2)
by b

where a € R*~tand Aisan (s — 1) x (s — 1) regular matrix [9]. On the method (A, b) we
assume that conditions C'(1) and B(1) hold, i.e.
a+Ae=¢c (3)
by +ble=1 (4)
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where e = (1,...,1)" € R*~'. Moreover, in order to have R(co) bounded, with R(z) the
stability function of the method, we impose
b1 - l_)tA_ICL =0. (5)

In this way, (3)-(5) imply
VA le=1. (6)

For these methods, the first internal stages are Y, = v,,, Z1 = z,, and the rest of the stages
are given by the non-linear system

Yn+l = €e® UYn + ha® f(ym Zn) + h("‘i ® [l)f(?nJrlv Zn+1) 5 (7)

0 = g(Yn—H)v (8)

where Y, = (Y4,...,Y)) € RICD, f(V1, Zon) = (f(Ya, o). f(Ys, Z0)') €
R“s=1 and in an analogous way for Z,,,, and g(Y,,11) . The symbol ® denotes the Kronecker
product. As the matrix A is regular, system (7)-(8) can be solved for Y,,,; and Z,, ..

Once these values have been computed, with condition (5), we obtain
Ynt1 = Ro(00)yn + (0" AT @ 1) Vi1
where Ry(o0) = 1 — btA~1e, and similarly we can compute
Zny1 = Ro(00)z, + (WA @ 1) Zpy1 -

If the method is stiffly accurate, i.e. ay; = b;,i = 1,..., s, we simply obtain

Yn+1 = Y/vn+1,s Zn+l = ZnJrl,s .
Observe that in this case the numerical solution satisfies g(y,+1) = 0. If the method is not
stiffly accurate, the numerical solution must be projected onto the constraint g(y) = 0 (see [1],
[9]). Examples of methods of the form (2) are Lobatto 111A methods and the ESDIRK methods
considered for example in [4], [11], [2] and [10].

Runge-Kutta methods with singular matrix coefficient A of the form (2) have been studied
in [9]. In [9, Theorem 5.1] local errors for stiffly accurate methods are given in terms of the
simplifying conditions B(p), C'(¢) and D(r). More precisely, B(p), C(q) and D(r) ensure
that the local errors are Sy, (z9) = J(h™n{P2aa+r+1}+1) for the differential component, and
dzn(xg) = ¥(h?) for the algebraic one. The following example shows that this order bound is
not sharp.

Example 1. We consider the family of four stage stiffly accurate methods satisfying B(3) and
C(2) [4],

0 0 0
2\ A A
GesA — 42 — 2 C3ly
- A 0
@ A\ A\ 9)
1 12’&2)\2 + 6U3)\ — Us 6)\162 + us 6)\2 —6A+1 A\
12¢3A 12 u, 3esuy
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with

U1263—2)\, UQZ].—Cg, U3:363—2.
We choose \ ~ 0.43586652 to get R(oco) = 0. For this value of A and any c3;, Theorem 5.1
in [9] states that dy;, (o) = Y(h*), and §z;,(x¢) = Y(h?), and thus Theorem 5.2 in [9] ensures
order of convergence 3 for the differential component y and order 2 for the algebraic component
zZ.

We have considered the problem

vy = iy s’
Yy = yiys —3ys 2’ te(L,2]
0 = yya—1

and we have tested this method with two values of c3, namely c3 = 0.75 and ¢3 = 1.153799789.
In Table I we show the observed orders for the differential variable y and the algebraic one z.

cs = 0.75 cg = 1.153799789

Y z Y z
h =0.01 296 2.19 2.97 2.96
h =10.005 | 298 211 2.98 2.98
h =0.0025 || 3.00 2.06 3.00 2.99

Table I. Observed orders

We see that for ¢c3 = 0.75 the order is as stated in Theorem 5.2 in [9], but for ¢3 =
1.153799789 the order for the algebraic variable z is higher. O

In this paper we explore the order of consistency for Runge-Kutta methods of the form
(2) and give sharp order conditions in terms of the rooted trees. We also ensure certain order
of consistency with the help of some special simplifying assumptions. The rest of the paper
is organized as follows. In Section 2, we review some results on Runge-Kutta methods with
regular matrix coefficient 4. These results are extended in Section 3 for Runge-Kutta methods
with matrix coefficient of the form (2).

82. Review on RK methods with regular matrix coefficient A

In this section we briefly review some results for RK methods (A, b) with A regular [6, VII.4
and VIL5]. In [6, VII.4] estimations of the local error are given in terms of the simplifying
conditions B(p) and C(q) whereas in [6, VI1.5] they are given in terms of rooted trees. It is
well known that the order of obtained from the simplifying assumptions is not optimal, and
usually the observed order of convergence is greater than the predicted one. This is not the case
when rooted trees theory is used. The drawback of the rooted trees theory is its complexity
when high orders are desired.
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For index-2 DAEs the D A2-series theory is used. We denote by DAT2 = DAT2, U
DAT?2, the set of rooted trees with two type of vertex, meagre and fat. The expression

[t1,...,tu, u1, ..., u,l], denotes the tree which is obtained by joining the roots of ¢1,...,¢,,u;
, ..., u, toameagre vertex whereas [¢y,...,t,]. denotes the tree obtained by joining the roots
of ¢;,...,t, to a fat vertex, provided that ¢; # [u], if x = 1. The letter 7 denotes the tree

consisting of a single meagre vertex. The order of a tree t € DAT2, denoted by p(¢), is the
difference between the number of meagre and fat vertices of that tree. Finally, given two vec-
tors u, v € R*, uev denotes the product component by component. For further details, see [5],
[6].

The internal stages of the Runge-Kutta method [5, Theorem 5.7] can be written as as D A2-
series in terms of the coefficients ®,(¢) and ®,(u) which are defined by

(I)y(@y): €, (I)Z((DZ) =€, (I)y(T) =c,
Qy(t) = p(t) A[Py(t1)e. .. oDy (ty)ePo(ur)e. .. oPo(w,)], if t=[t1,...,ty,u1, .., u]y € DAT2,,
1

d,(u) = ATHD (t1)e . o®y(t,)],  if u=[t1,.. ., L), € DAT2,.

p(u) +1

We remark that these coefficients ®,(¢) and ®,(u) are related to the coefficients ¢, (t) and
¢-(u) defined in [S] by @, (t) = 7(t) A¢y(t), P=(u) = y(u) d=(u).

We introduce the notation dy;,(x) = y1 —y(x + h) and 6z, (x) = 2, — z(x + h) for the local
error for the variable y and =z respectively, and P(zo) = I — (f.(9,f-) " 9y) (Y0, 20). We have
the following result.

Theorem 1. [6, VII, Theorem 5.8]
1. Thelocal error satisfies dy;, (o) = I(hP), P(zo)dyn(xo) = I(hPT) if
VA'®,(t)=1  Vte DAT2,,1<p(t)<p-1 (10)
and those of order p(t) = p which are not of the form [u], withu € DAT?2,.
2. Thelocal error satisfies §z, (z9) = V(h") if

VA'®, (u)=1  Yue€ DAT2,,1<p(u) <r—1 (11)

To apply the above result, the complete set of trees up to a given order must be constructed.
As the number of trees increases considerably with the order, handling the set of trees for
high orders is quite cumbersome. That is why in some cases it is preferred to get the order of
consistency with the help of simplifying conditions, in spite of the fact that the order bounds
obtained are not sharp.

Theorem 2. Consider a Runge-Kutta method with coefficients (A, b) with A regular. Then

1. [6, VII, Theorem 5.10] If the method is tiffly accurate, then the conditions B(p), C(q),
D(n) withp < 2gandp < g+ n + 1 imply that the y-component of the local error
satisfies dyy, (7o) = V(hP™!). Moreover if f islinear in z, then the assumption p < 2q
canberelaxedtop < 2¢ + 1.
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2. Conditions B(p) and C'(¢) withp > ¢, imply that 0z;,(z¢) = Y(h?).

Proof. Part 2. It can be checked that C'(q) implies that for any tree u € DAT, with p(u) <
q— 1, we get ®.(u) = ¢*™. Hence, using condition B(p), with p > ¢, we obtain (11) for
r=gq. [

Although Theorem 2 is extremely useful for methods with high stage order ¢, it gives poor
results for methods with low stage order. For example, with C'(2) and B(3) we can only ensure
Syn(wo) = 9(h*) and 21, (z¢) = Y(h?). Theorem 2 can be improved if another set of conditions
is considered [3],

Ai(s): VANF =1 k=1,....s
As(s): bAe =1 A2
VAR =k k=1,...,¢.

The following result was proved in [7].

Theorem 3. [7] If the coefficients of the Runge-Kutta method satisfy B(p), C(q), D(n) and
Ai(s),withg < p < min{2¢,q+2},p < g+n+1,andp < s+ 1, then 6,y(zo) = V(hP)
and P(xo)dyn (o) = 9(hP*1). Moreover if f islinear in z, then the assumption p < 2¢ can be
relaxedtop < 2¢g + 1.

I the coefficients of a Runge-Kutta method satisfy B(q), C'(¢) and Ay(g+1), then 6z, (x) =
I(haTh).

Thus conditions B(2) and C'(2) together with A,(3) ensure 6z, (zo) = 9(h?).
83. Results for RK methods with singular coefficient matrix A

As it has been pointed out previously, the above results require the matrix A to be regular. A
simple way to transfer them to methods of the form (2) is to embed the method (2) into

- . (12)

If ¢ # 0, the coefficient matrix is regular and we can apply the above results. As the internal
stages Y, ., Z, . for this numerical method converge to (y,_1,Y,) and (z,,—1, Z,,) respectively
when ¢ tends to zero, the results can be transferred to the method (2).
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3.1. Extension of Theorem 1

In order to apply Theorem 1, we simply have to ensure that &, ., @, . are bounded when ¢ tends
to zero. Recall that the matrix .A-!, which contains the term 1/¢, is involved in the definition of
these functions. In [8] it was proved that for the s-method, the functions ®, . and @, . satisfy

P (t)—(ﬁ(gp(t)) ) Vt € DAT2, p(t) > 1
U o) =

where the functions ¢, (t) : DAT2, — R* ' and ¢,(u) : DAT2, — R*! are defined recur-

sively for the coefficients -
A

ol

as

y):'A_lév ¢z(@z):«4_15, ¢y(7):57

Yy (t) = p(t) Ay (t1)s ... oy (t)oths(ur)e .. oths(wy)], i t = [t1,. . ty,urye . u]y € DAT2,,
1

Y. (u) = ) 11 A7y (t1)e . oohy(t,)],  if w=[t1,...,tu], € DAT2, .

In particular, for the order one trees it holds

o(7) = (fbm ) ,

1
(I)ze 1,1 = -1 ’ (I)ZE 12) = . '

with u; ; = [7, 7], and u; » = [[7],].. Next we extend Theorem 1.

[\

Theorem 4. Consider a Runge-Kutta method of the form (2). Assume that condition (5) holds.
Then

1. Thelocal error for the differential component dy;, () satisfies oy, (xo) = V(h?),
P(20)d0yn (o) = I(hPT1) if

VA Y, (t)=1  Vte DAT2,,1<p(t) <p—1 (13)
and those trees of order p which are not of the form [u], withuw € DAT?2,.
2. Thelocal error ¢z, (z() for the algebraic component satisfies 4z, (xg) = J(h") if

VA M, (u) =1  Yu€ DAT2.,1<p(u) <r—1. (14)

Proof. We simply have apply Theorem 1 to the e-method, and take the limit as ¢ tends to zero.
A simple computation gives

btA\;l(I)*@(t) _ Btﬂ—1¢* (t) + ﬁ(gmin{p(t)—l,l}) .
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Hence, if p(t) > 2, when ¢ tends to zero we obtain (13) and (14). It remains to prove conditions
(13) and (14) for the order one trees. There is one tree in D AT, with p(t) = 1, namely t = 7.
In this case,

VA'®, (1) =b, — b A ta+ b A, (7).
Thus, using condition (5), we obtain (13). In D AT, there are two trees with p(u) = 1, namely
g = |7, 7], and uy o = [[7],].. We compute

1 - 1 - - -
btAg_lcbz,e(ul,l) = 5 (bl — btA_16L> — 5 £ bt.A_2CL + btA_lsz(ULl) N
btAglq)Z’E (ULQ) = bl — [_)t./zlil(l -+ Z_)t./zlilwz (ULQ) .

In this way, using condition (5), when ¢ tends to zero we obtain (14). O

In Table 11 we give the order conditions for the trees in D AT, with 1 < p(¢) < 3, and those
of order 4 which are not of the form [u],, with uw € DAT,. For the trees with p(t) = 2,3, we
show the conditions associated to trees of the form [u],, with w € DAT,. In Table I1l we give
the trees in DAT, with 1 < p(t) < 2.

p(t) Conditions

1 A le=1

3 | p(Areee)=2 b (A1) =4
bet =1 b A=

[u, || P ATTE =1 bt A (cedc) =1

4 B (A le2ec?) =1 bt 2

b (AceA71e?) =1 b (AT SBeA ) =3
VA(A T Eee) =14 BPA(AT@R) =1
vt =1 b (cede) =%

1
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Table 11. Order conditions for ¢t € DAT,

p(u) Conditions
1 ||[vtAte=1 bA2e2 =2
2 ||ve=1 VAT E =1
BPA L (ceAdr) =2 BA(AR) =4
b A2 = b' A2 (ceAc) =3

Table I11. Order conditions for w € DAT,

Example 2. We consider again the method (9). For any c3, the conditions for p(¢) < 3 in
Table I and p(u) = 1 in Table Il are satisfied. It can be checked that for c¢5 = 1.153799789 all
the conditions in Table Il for p(u) = 2 are also satisfied. However, for ¢; = 0.75, conditions
b’ A2 =3and b A% (. Ac) = 2 in Table Il are not fulfilled. O

3.2. Extension of Theorem 2

Observe that in general, the simplifying conditions are not transferred from the original method
(2) to the e-method. For example, the e-method only satisfies C'(1) with independence of the
C'(q) condition satisfied by (2). This fact is not a drawback because as we will take the limit
when ¢ tends to zero, it is enough to consider the simplifying assumptions in the limit case. In
[8] the simplifying assumptions for the e-method were defined as

B.(p) : lim(btcfl—l):(], k=1,....p
e—0 /{;
&
C.(q) : 1i1%(¢4€cf_1—f):0, k=1,...,q
1
D.(r) : 1i1% ((b-cf_l)t.,él6 % v — (b-cg)t}) =0, k=1,...,r.

It can be proved [8, Proposition 6] that the method (2) satisfies B(p), C(q), D(r) if and only if
the e-method satisfies B.(p), C-(q), D.(r) respectively. Thus we can use for the e-method the
same simplifying conditions as for the method (2).

Applying Theorem 2 to the e-method and taking the limit when ¢ tends to zero, we obtain
the following result.

Theorem 5. Consider a Runge-Kutta method of the form (2).

1. Ifb; = ay, i = 1,...,s, then the conditions B(p), C(q), D(n) withp < 2¢ and p <
q + n + 1 imply that the y-component of the local error satisfies dy;,(zg) = 9(hPTL).
Moreover if f islinear in z, then the assumption p < 2¢ can berelaxedtop < 2¢q + 1.
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2. Conditions B(p) and C'(¢) withp > ¢, imply that 0z;,(z¢) = Y(h?).

Observe that this is precisely Theorem 5.1 in [9].

3.3. Extension of Theorem 3

Conditions A;(s) and A,(s") make no sense if the coefficient matrix A is singular, but they can
be imposed to the s-method and take the limit when ¢ tends to zero. We give the following
definition.

Definition 1. We will say that the RK method (2) satisfies the condition A, () if s is the greatest
integer such that B o
Ai(s): VA =1 k=1,...,s

holds. We will say that the RK method (2) satisfies the condition A,(s’) if s’ is the greatest
integer such that

Ay(s): DA e = b A 2a + bPA%E k=1

holds.
This definition is justified by the following result whose proof is straightforward.

Proposition 6. If A, .(s) and A, .(s") denote respectively the conditions

A (s): lim (bt.»élglcgc — 1) =0, k=1,...,s

e—0
Ay (5): lirr(l) (VAZle—b'A%c.) =0 k=1
lim (0" A%E — k) =0, k=2,...,¢
e—0
for the e-method (12), then
1. The method (2) satisfies A4, (s) if and only if the e-method satisfies A; . (s).
2. The method (2) satisfies Ay (s') if and only if the e-method satisfies A, . (s').

Applying now Theorem 3 to the e-method and taking the limit when ¢ tends to zero, we
obtain the following result.

Theorem 7. Consider a Runge-Kutta method of the form (2). If the conditions B(p), C(q),
D(n)and A, (s) hold, withg < p < min{2q, ¢+2},p < g+n+1andp < s+1. Then Sy, (o) =
I(hP) and P(z)dyn(zo) = 9(hPT). Moreover if f islinear in z, then the assumption p < 2¢
can berelaxedtop < 2¢ + 1.

If the coefficients of a Runge-Kutta method of the form (2) satisfy B(q), C(¢) and Ay(q+1),
then 5Zh($0) = ﬁ(hq—i—l).



188 Inmaculada Higueras and Teo Roldédn

Example 3. We consider again the method (9). For any c3, the method satisfies B(3), C'(2),
Ay (c0) and Ay (2). Therefore for any c3 we get 5y, (x) = J(h3), P(xo)dyn(zo) = 9(h*) and
§zn(z0) = 9(h?). Condition A,(3) gives us the value c; = 1.153799789, and hence for this
value 6z (zo) = 9(h?). O
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