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Abstract. In this work we present a new numerical method to solve the linear Fredholm
integral equation of the second kind which is based on the use of Schauder bases and the
geometric series theorem.
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81. Preliminaries

The aim of this work is to show a new numerical method to approximate the solution of the
linear Fredholm integral equation of the second kind

() — / ke, y)uly) dy = f(z), (a<z<b),

where k : [a,b] X [a,b] — Rand f : [a,b] — R are continuous functionsand A € R \ {0}.
We propose a method which makes use of the classical Schauder basis for a suitable Banach
space and the geometric series theorem. It provides us a sequence of continuous functions
which approximates the solution of the equation.

Let us denote C([a, b]) (respectively C([a, b]?)) for the Banach space of all continuous and
real-valued functions defined on [a, b] (respectively [a, b] x [a, b]), endowed with its usual sup
norm || - || (respectively its usual sup norm || - || ). We shall also write C" ([a, b]) (respectively
C([a, b]?)) for the space of all functions of C"* class on [a, b] (respectively [a, b] x [a, b]).

Let (X,] - ||) be a Banach space. We will use the notation £(X) for the Banach space
of all the continuous linear operators from X to X with the usual operator norm, i.e., given
T € L(X),

IT[| = sup [[Tx].

weX,[lal|<1

Let us consider the linear integral operator

K : C([a,b]) — C([a,b])
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defined by
Kutw) = [ kgt dy, (e Cllat]), ase <),
Then we can write the Iinear(;:redholm integral equation of the second kind as
(M- K)u=f.

To assure that there exists a unique solution of this integral equation, we make use of the
geometric series theorem (see [1]): let X be a Banach space, L € £(X) and assume that
||L|| < 1. Then I — L is a bijection on X, its inverse is a bounded linear operator and

(I-L) "= i L.

Consequently, let us write the integral equation in the following equivalent way:

where % F
L==—,g=1%.
PN

So if we assume (for the rest of this work) that || L|| < 1, i.e.,

b
1K1 = mas, [ k()] dy < 1A,

then the integral equation has a unique solution which is given by
u=(I-L)'g=> L.
n=0

Therefore, if we consider the sequence {u,, },>; of partial sums of this series, whose general
termis u,, = Y ,_, L*g, then the solution  is the limit of that sequence. However, for n > 1,
the expression of L"g is

1 b n) b
L'g(t,) = V/ / k(ti,ta)k(ta, ts) - - k(tn, tny1)g(tnsr) dtngr -+ - dta, (41 € [a, b)),

which is quite difficult to obtain explicitly. To solve this problem we proceed as follows: we
equivalently write the sequence {u,,} as

Uy =4g

1 b
Up =g+ Lun—l = g() + X/ k('ay)un—l(y) dy7 n>1

(1)

The integrand in the expression of w,, is a function in C'([a, b]?). This function can be written
as an infinite series using an appropriate Schauder basis for that Banach space. After that, we
consider an approximation of w,, truncating the previous series.
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To this end, let us recall (see [3]) that a Schauder basis in a Banach space X is a sequence
{sn}n>1 In X satisfying that for all z € X there exists a unique sequence {a,},>1 of scalars

such that
Tr = Z ApSp-
n>1

For such a basis and for each positive integer k, the k' biorthogonal functional s} associated
to {,, }n>1 is the continuous linear functional from X to R that provides us the k' coefficient

of the series, i.e.,
sy, (Z ansn> = ay

n>1

and the k' natural projection Py associated to {s, },>; is the continuous linear operator from
X to X that gives us the k'" partial sum of the series, i.e.,

k
P, <Z ansn> = Z AnSn-
n=1

n>1

Now let {¢; : @ > 1} be a dense subset of distinct points in [a, b], with ¢; = a and ¢, = b.
Then the classical Schauder basis {b, },>1 for C([a, b]) associated with such points is given in
the following way:

bi(t)=1, Vté€]a,b]

and for j > 2, b, is the function from [a, b] to R whose graph is the polygonal passing through
the points (¢1,0), ... (t;-1,0), (¢;,1).

Finally, the classical Schauder basis { B, },,.>1 for the Banach space C([a, b]?) is given by
the following expression (see [2] and [4]):

Bn(xv y) = bﬂ(n) ("L‘)bm(n)(y)’ (l’,y € [CL, b]),

where 7 = (7, 2) : N — N x N is the bijective mapping defined by

(\/ﬁ’ \/5)7 if [ﬂ = \/ﬁ
7(n) == (n— Vo, [Vo]+1), if 0<n—[/n]*<[V/n
(Vnl+1,n=[va? = [va]), if [Vn] <n—[yn]?

being [z] = max{k € Z : k <z}, (x € R).
If we define

O(z,y) == k(z,y)v(y), (z,y€[a,b],ve C([a,b])),
then

O(z,y) = Y Bi(®)By(z.y)- (2)

Therefore, the image of a continuous function v under the integral operator L is easily obtained
(using (2), the uniform convergence of the previous series and the linearity of the integral) as
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follows:

— %i (B;(@)bﬁ(n)(x) /ab bry(n) () dy) :

In the following, { P, },>1 will denote the sequence of natural projections associated to the
basis { B, }n>1.

The next result, consequence of some elementary properties of the basis { B, },>; and the
mean value theorem, estimates the difference of a function and its »** natural projection.

Proposition 1. Let ¢ € C'([a, b]?) and

M = max{Hg—i

el

Suppose that M # 0 (otherwise the statement is trivially satisfied). Givene > 0, {t;};>1 @
dense subset of distinct pointsin [a,b], for all n > 2, wenote A, :={a =2; < 29 < ... <
Tn_1 < x, = b} thepoints{ti, ..., t,} ordered in an increasing way and assume that

(e = wim1) <
DX i T i) S e
then

o = Pr2(9)]|oc < €.

82. Numerical method

The geometric series theorem provides us the sequence {u,, },,~1 Which converges uniformly on
[a, b] to the solution u of the linear Fredholm integral equation of the second kind. In the next
theorem we present an approximation of the function w,,, using for that purpose the sequence
of natural projections { P, },,>1.
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Theorem 2. Letk € C([a,b)?), g € C([a,b]), A € R\ {0} and the corresponding Fredholmin-
tegral operator L. Letusconsider m € N, ny,...,n,, € Nandfori =1,..., m weinductively
define the functions

_ 1 [ 3
(@) = 9(e) + 5 [ Palb@ )il dy, (@€ [o.b)
where iy = g. Forall i = 1,...,m, let¢; > 0 and assume that

H(g + Lﬂi,l) — ﬁz”oo < &;.

Then

= e < gl S50,
T T

where u isthe solution of the Fredholm integral equation.
Proof. Using the triangular inequality, we obtain
[t = i loo < [l =t loo + l[ttm — thn |- (3)

On the one hand,

lu—unlloo =12 Lg=2 g =| > Pg| < > Ll <
Jj=0 j=0 o j>m+1 0o Jzm+l
(4)
j>m+1 j>m+1
And on the other hand,
[tm = Umlloo < [tm — (g + Litm—1) oo + [I(g + Liim—1) = Ul <
< ||g + Lum—l —9— Lam—l”oo +em =
= [[L(tm—1 = tm—1)lloc + &m <
< Humfl - amleoo + Em-
If we recurrently repeat the previous process, we have that
[t — G [|oo < Zgi- (5)
=1
Now, substituting the upper bounds (4) and (5) in (3), we conclude the proof. ]

Finally, with the next proposition we pretend to complete the previous theorem in order to
determine which natural numbers n4, . . ., n,, must be taken.



126 M. Domingo Montesinos, A.I. Garralda Guillem and M. Ruiz Galdn

Proposition 3. Let usconsider k£ € C'([a, b]?), g € C'([a,b]), A € R\ {0} and the functions
{1y, }n>1 defined in Theorem 2. We assume that for p € N, M,, # 0, where

ok B N
a_yH \|upluoo+uknoouup1|roo}.

ok .
My = ma {25 e

Givene, > 0, fixn, > 2and supposethat A, = {a =z, < zy < ... < 1y, < Ty, = b}
satisfies that

o _slA
i:rg?.i.ﬁp(% Tin1) < 4My(b—a)
Then
||(9 + Lﬁp—l) - apHoo < Ep-
Proof. Since
O(k(z,y)t,—1(y ok N
W81 @D ) = O, iy )
ne Ok (z, y)iiy1 (4)) Ok
T, Y )Up—1\Y ~ ~/
) 0, ) = 5 0 0) g2 (0) + bl )T ),
fhen Ok, )iy (), O(, )ity 1 (1)
,y)p1 (Y 2, y)lp-1(y
o { PRy SRSl b < i,

Now, applying Proposition 1 for = € [a, b], we obtain

i i 1 _ i
0+ Lige ) = ) = |5 [ (6 0)a(5) = P () (0) ]| <
b—a _ - b—a |Al
< . D) = . . < =&y
< T K )31 () = Poy (@ s (Dlloe. < 25 520 50 = 5
Finally, since x is arbitrary in [a, b],
(g + Litp—1) — tp|loc < &p,
as required. O

83. Numerical example

In this section we approximate the solution of the integral equation

su(e) = [ ety dy = fla), ©0<w<) (6)

using our method and compare our results with those one given by the classical collocation
method (see [1]).
First of all, we note that this integral equation has a unique solution because of

IK||=e—1<5=])
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Let us consider the functions
uM(z) = e “cosz, uP(z)=+x, (0<z<1)
as exact solutions of the equation (6) and obtain f(x) accordingly. For i = 1,2, we denote

(1) — D) — 4@ (.
EY = max [u () — ()]
where uff)(:p) is the approximation of the exact solution «(") () given by the collocation method
and {x;}"*} are the nodes of this method.
To compare these results with those one obtained by our method, we proceed as follows: in the
definition of the classical Schauder basis for C'([0, 1]) we consider the dense subset

113 3 2k 1
0,1, —. — — ... . — — ...
{ ) 7274747 72k72k7 b 2k ) }
Fixed k, the set i
113 1 3 28 —1
0,1, — — — ... — — ..., —
{ ) 7274747 72k.7 2k7 ) 2k }

coincides with the nodes of the collocation method for n = 2%, and the cardinal of this set is
n + 1. We take the values ny, ..., n,, in Theorem2asn, = ... = n,, = n+ 1. We also denote
aS;;,(;c) for the approximation, obtained by our numerical method, of the exact solution u(?(z).
The natural number p specifies the number of iterations for each fixed n. For each iteration we
denote

F(f) = max ‘u(i)(xj) —a® (z;)] -

The results we have obtained when programming both methods are presented in the following
tables:

n p EY Fip
n=8 [ p=9 [327Tx10°1[255x 10"
n=16 | p=10|8.18 x 1075 | 6.36 x 10~°
n=232|p=11|204x10° | 1.58 x 10~°

n P E,(LQ) F,gg
n = p=71275x10"%|2.09 x 1073
n=16|p=819.65x10"*| 7.62 x 107*
n=32p=9|340x10"* | 2.76 x 107*
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