Monografias del Semin. Matem. Garcia de Galdeano. 26: 483-490, (2003).

Some results obtained in the study of fault detection from

scattered data.

M. C. Parra!, M. C. Lépez de Silanes?

Dpto. Matemaética Aplicada, Universidad de Zaragoza

2

Leparra@unizar.es, ?mcruz@unizar.es

Abstract

The purpose of this paper is to establish a characterization of jump discontinu-
ities for bivariate functions when they are not explicitly known and only the values
at a limited number of points are available.
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1 Introduction

The approximation of faulted explicit surfaces has received increasing attention in the last
few years, due to its application in oil exploration, medical imaging, Geology, Geophysics
and other sciences.

Let S be an explicit surface of the form z3 = f(x,25), where f is a real function
defined over a bounded open subset Q C IR?, and such that f is discontinuous on each
point of an unknown subset F contained in the closure of €2. The first step in the
process of approximation of f is to localize the subset F. For this step, in [3] and [4],
an algorithm is given, which is derived from a characterization of jump discontinuities.
This characterization uses a ‘‘continuous’ functional which assumes that f is explicitly
known. In practice, this functional needs to be discretized because only a finite subset of
scattered data points is available. In this paper, we give a new characterization directly
expressed in terms of the discretized functional.

This paper is organized as follows. We recall, in Section 2, some notations and pre-
liminaries. Section 3 is devoted to the study of jump discontinuities. In Subsection 3.1
we present some hypotheses and previous results and, finally, in Subsection 3.2, we prove

the characterization of the discontinuities.
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2 Notations and preliminaries

Let A be a subset of IR?. We denote by A, A and ju(A), respectively, the closure, the
boundary and the (Lebesgue) measure of A. We write P;(A) for the space formed by
the restrictions to A of all polynomial functions of degree < 1, with respect to the set of
variables, defined over IR%.

Let w be an open subset of IR*. For any nonempty ordered finite set 7 C w which
contains at least three non—aligned points and for any function f : T — IR, we denote by
17 f the discrete least—squares projection of f in Pj(w), i.e. the unique element of P;(w)

such that

(@) = rf(@)* = min S (f(x) - pla))”

For any two functions u,v : T' — IR, we write

oy = MY u(@)o(z) =Y ulx) Y o),

zeT zeT zeT

M being the cardinal of T. Likewise, we write AL = uT I —(ul )2, Tt can be shown that

T

2125 > 0, where we have indentified

T contains three non—aligned points if and only if A
x;, with the mapping x = (z1,22) — x;, i = 1,2. For any f : T — IR and any bounded,
closed, rectangle K C IR* such that T C K, let Jr be the functional introduced by

Arcangéli and Manzanilla [1], as follows:

Jol(f) = @ /K IV (I f) | dr,

where || . || denotes the Euclidean norm in IR?. It is readily seen that [T f can be expressed

by Ilp f(z1,22) = agT + oz{Txl + angg , and that

Jr(f) = <0‘{T>2 + <Q£T>2 , (1)

Where T T T T T T T T
O[f _ M:Eg:ﬂz/‘bxlf - /’L"Elxglu“ng O{f _ luwlxll’[/mgf - M:Elxgl’[’zlf (2)
17T — Z&T‘ ) 2T — Z&T '

172 122

By an open subset with a Lipschitz—continuous boundary we shall understand a bounded,
connected, nonempty, open subset of IR* with a Lipschitz-continuous boundary in the J.
Necas [2] sense. Finally, we recall that, if w is bounded and f is a Lipschitz—continuous
function on w, there exists a unique continuous extension of f to w, which we shall denote

with the same letter f.

Remark 1 The definition of Jr(f) is analogous to the definition of Jx(f) in [4] by using

the continuous least-squares projection instead of the discrete least-squares projection.
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3 Jump discontinuities characterization

3.1 Hypotheses and previous results

Suppose we are given

e a nonempty, bounded, open rectangle 2 C IR* and a point ¢ = (¢, ¢3) € €,

e a function f: Q — IR,

e an ordered finite set 7' = {2? = (29,,2%,),i=1,..., M } C Q such that AT . >0,

o for any j = 1,2, a real sequence (7j,)nen, such that rjp =1 and

Vne IN*, rj, > 1, (3)
hlil Pj, = 400, (4)

n

where, for any n € IN, P}, = Hrﬁ. Let (T},)nen be the sequence defined by
i=0
To=1T,

Ty ={a} = (af,a5) |2} = va(a] ), 27" €Toa }n 2 1,

where, for any n € IV, v, denotes the mapping from € into IR?, defined by

Tr1 — C To — C
On (1, T2)= <c1+ L1+ 22 2>. (6)
Tn Ton

From (3) it follows that, for any n € IN, T, C .

Proposition 1 Under hypothesis (3), we have, for any n € IN, that AT~ > 0.

r1T2

PrOOF. From (5) and (6), it follows that

0 _ 0 _
Vne N, Vi=1,... M 2" = (e + G o Ta— @) (7)
}ﬁn }En
then, for any j,k = 1,2, Mfka = ufjxk/(ﬂnPkn), and therefore, for any n € IN, we have
1
——— AT > 0. From which, we obtain the result. O

2 2 T1T2
}Hn}én

Proposition 1 implies that the coefficients aan of Iy, f, 7 = 1,2, can be obtained as in

(2). Then, we can write, for any n € IN and for j = 1,2,

adp, = Ppnady, 8)

where g, : Q@ — IR is the function defined, for any (x1,25) € Q, by

T —c Ty —cC
Then, by (7),
VneIN,Vi=1,...,M, g, (29) = f(z). (10)
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Now, taking into account (2), (8) can be written, for j = 1,2, by
P

Vn € IN, Oé,{Tn = ATJ Xjn, (11)
T1T9
where
Then, we obtain from (1) that
Vn € N, Jp,(f) = (o1z,)* + (ed,)*. (13)

We suppose now that there exists a positive constant Cj, such that

1 }an
VnelN, — < — < (. 14
" (70 Afén 0 ( )

Theorem 2 Let K C Q be a bounded rectangle, with sides parallel to the coordinate azes
and such that T U {c} C K. Suppose that f|x is a Lipschitz—continuous function with
Lipschitz constant L and (T, )new is a sequence as in (5). Suppose that hypotheses (3) and
(14) hold. Then, there exists a constant C > 0 such that, for anyn € IN, Jp, (f) < CL?.

PRrROOF. From T U {c} C K, we derive, for all n € IN, that T,, C K. For simplicity, we
shall write f and g, instead of f|x and g,|k, respectively, for any n € IN. From (9) and
the continuity of f, it follows that

M
1 0
n € IV, 3d, € Hr, gu(du) = 77 ;gnm), (15)
where Hr is the convex hull of T, and obviously
i=1,..., M, ||2) — < — . 1
Vi=1,...,M, |2} — d,| < max [z — | (16)

On the other hand, for any n € IN and any 7 = 1,2, we have

M M M
= MY (o) = 3 e a7
=1 =1

=1

Now, using (15) and (12), we obtain, for any n € IN, and any j = 1,2, that

X = M3 (e = ) () = () K€ (L2AG) (19

Since f is Lipschitz—continuous with constant L, from (9) it follows that g, is also
Lipschitz—continuous on K, with constant L, = L/ min{ P, , P, }. Then, from (16) and
(18), for any n € IN and any j = 1,2, we have

M

ML .

Xl < 5= ma o =yl 3 |5 — iz, s B € {120\ {5}
o i=1
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Now, by (11) and (14), it follows that

MLC =
0 .
ofr,| < A7 max ||z — ]| D e = Hmtia] s k€ {123\ {5}
ziT2 i=1
To complete the proof it is sufficient to take (13) into account. O

Let w, w1, ws be three open subsets of 2 with a Lipschitz—continuous boundary such that

w1 mu)2:®,
01U, =, (19)
¢ € dwy N Owy .

We suppose now that 1" C @ verifies

Tio=TNw; #0,i=1,2, (20)
TN 8w1ﬂ8w2:@, (21)
le,o 7é bT2,0 ) (22>

where by, o denotes the barycentre of T;g, for i = 1,2, and that the sequence (7},)nen

given as in (5) verifies
Vne N*, i =1,2, T, , = v,(Ti 1) Cw;. (23)
Let F be an open (with induced topology) connected nonempty subset of w N dwy.

Theorem 3 Let ¢ € F and let (T,,)nev be the sequence defined by (5). Suppose that
hypotheses (3), (4), (20)—(23) hold. Assume that f is such that fi = flo, and fo = f|.,
are Lipschitz—continuous, f is continuous on w \.T and presents a jump discontinuity on
every point of F, so that, for any v € F, fi(x) # fo(x). Then, the sequence (Jg,(f))nen

18 divergent.

PROOF. It can be assumed, without loss of generality, that 7' is such that Ty = {z? |
i=1,...,N} and Tog={2? |i=N+1,..., M}, with N € INN (0, M). Then, from (7),
(9), (4) and (23), and taking into account that, for j = 1,2, f; is Lipschitz—continuous on

w; , which is an open set with a Lipschitz—continuous boundary, we derive that

Vi=1,...,N, lim g, (7) = file),
Vi=N+1...M, lir+n gn () = folc).

On the other hand, writing in (12) j = 1 and k = 2, we have

Xin— 1T (Méx%gm?)—(iw%) (igm)) )

=1

i (W3t - () (Seh)).

i=1

(25)
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Separating the terms in which g, is evaluated in points of T} from those in which g, is

evaluated in Ty, taking limits and using (24), it follows that

lim Xln =
n—-+4oo
M
MZQJrQ(Mfl ZI11+Mf2 Z xlz Nfl Zwlz M N)fQ()Zx(l)z)_
i=N+1 i=1
M M
(215100 Z CRSTICI SRCRSTIED S RRIEAL) Y]
i=N+1 i=1 i=1
Then,
Jim X = 0= NN (70 - 50)) (e i) @0)
where, for j = 1,2,
| X M
0
J'_NZ N Zxﬂ (27)
i—1 i=N+1
Analogously, we obtain
Jin Yo = 1= NN (70 - 50)) (k& e ). @)

Let us prove, arguing by contradiction, that lim (X3, , Xs,) # (0,0). So, suppose that

n—+o0o
lim X, = lim X,,=0. (29)
n—-+00 n—-+00

Obviously (M — N) N # 0 and, taking into account that ¢ € F, we derive that f(c) —
fa(c) # 0. Then, by (26), (28) and (29), we deduce that (&;,&;) is the solution of the

homogeneous system
:ugs;azg - NZ:I To fl _ 0
- :ugl T2 :ugl T1 52 0

whose coefficient matrix is regular and, in consequence, & = & = 0. Then, by (27), it
follows that

(¥ 2304 - (55 2 Aty 3 )

1=1 i=N+1 i=N+1

in contradiction with (22). Therefore, (29) is not true and then, taking into account (8),

(11) and (13), the theorem follows. O

Theorem 4 Suppose that hypothesis (14) and the conditions in Theorem 3 with ¢ €
Owy \ F hold. Then, the sequence (Jr,(f))nen is bounded.
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Proor. We shall prove that the sequence (a{Tn)HE n is bounded. For any n € IV, taking
into account that fi(c) = fa(c) and (10), it follows that (25) can be written

Xi= M Z (= 70) = s 08 =7 ) ) — ()

b0 S (Mo ) o~ ) (a0) — )

i=N+1

where, for j = 1,2, x = Zx /M. Then, since f; is Lipschitz—continuous on w; with

constant L;, for j = 1,2, we have

[ Xin| < MLy Z | Mgy (0 = TY) — by, (0 = T)| 27 — cl]
i=1

M
£ MLy Y [l (= ) — i, (08— 7] a7 — el
i=N+1

and, using (7), we deduce that

bl

LM &
[Xin| < 2 D |phey @ = 7)) =yl (23, — )| |2 — ¢
noi=1

where P, = min{ Py, Ps,} and L = max{Ly, Ly}. Now, from (11), using (14), it follows

3C > 0, Vn € IN,

a{Tn‘ <(CL.

Analogously, (ang)ne n~ is bounded. The result is then a consequence of (13). O

3.2 The main result

Suppose, for simplicity, that Q = (a;,b1) x (ag, by) C IR* with u(Q2) > 0.

For i = 1,2, let k; € IN, such that ky + ko # 0, for j = 1,..., k;, let R’ C (as,b;)
be a nonempty open interval, and let g} : R? — IR be a piecewise-monotone, Lipschitz-
continuous function such that F} C Q, where F} = {(z1,¢}(z1)) | 1 € R}}, if i = 1, and
Fi = {(g)(x2),2) | z2 € R’}, for i = 2. Assume that, for any (i1, j1) # (i2,J2), with
(i, 1) € {1,2} x {1,..., R}, for I = 1,2, Fj! N F;> = () is verified. Then we shall write
F = sz_l,.l,.,k F}and Q' =Q \ F.

Obviously, for any x € F, there exists a unique pair (7, j) with x € ]—"J’ . Then, for any

x € F, there exists a nonempty, open ball B* C €, of centre z, such that the curve ]—";
passes through z and separates B into two connected regions, BY y B?, which have not
any point of F in their interior.

Let f : Q@ — IR. We shall write f € Lx(Q) if, for any open subset w C €’
with a Lipschitz—continuous boundary, f|, is Lipschitz—continuous and, for any = € F,
lim f(z) # lim f(2), where B y BY are the regions associated with the ball B*.

z€B%

il z€EBT

489



From now on, for any ¢ € (), we suppose that an open ball B¢ C (), of centre c, is
fixed such that there exists a curve v = 7, which passes through ¢ and separates B¢ into

two open sets with Lipschitz—continuous boundary, B y B¢, and also that FNBeCr.

Theorem 5 Suppose that f € Lr(Q2). Let ¢ € Q and (T,,)new be a sequence associated
with ¢ as in Theorem 8, writing in (20) and (23), B¢, BS and B instead of w, wy and
wa, respectively. Suppose that hypothesis (14) holds. Then, the sequence (Jr,(f))new s
divergent if and only if c € F.

PRrROOF. (i) For any c € Q it follows that, writing B¢, B and B¢ instead of w, wy and
wy, Tespectively, (19) is verified, where now Ow; N dwy = 7 N B¢. On the other hand, since
f € Ly(Q), it follows that the functions f pe and f
F N B¢=10, then f|g. is also Lipschitz—continuous.

pe are Lipschitz—continuous and, if

(ii) If ¢ € F, from point (i), we can apply Theorem 3 which implies that the sequence
(J1,(f))nen is divergent. Conversely, suppose that (Jr,(f))nen is divergent. We shall
prove, arguing by contradiction, that ¢ € F. In fact, if c¢€F, obviously ¢ € v\ F. Then,
it 7N B¢ # 0, Theorem 4 proves that (Jr,(f))new is bounded and this leads to the
contradiction of the divergence of this sequence. Hence, F N B = () and f|pe is Lipschitz—
continuous. In this case, it is readily seen that there exists a closed rectangle, K C B¢,
which contains the point ¢ and, from (7), it is deduced that there exists ny € IV such
that, for any n € IN, n > ng, 1,, C K .

Now, taking into account that f|x is Lipschitz—continuous and applying Theorem
2, we deduce that (Jz,(f))nen is bounded in contradiction with the divergence of this

sequence. As a consequence, we deduce that ¢ € F, ending the proof. O

Acknowledgments This work has been partially supported by DGICYT (Project 14D,
BFM2000-1058).

References

[1] R. Arcangéli and R. Manzanilla, personal communication, 1991.

2] J. Necas, Les méthodes directes en théorie des équations elliptiques, Masson, Paris,
1967.

[3] M.C. Parra, Sobre deteccion de discontinuidades y aproximacion de funciones no re-

gulares, Ph.D. Thesis, Universidad de Zaragoza, Spain, 1999.

[4] M.C. Parra, M.C. Lépez de Silanes and J.J. Torrens, Vertical fault detection from
scattered data, J. Comput. and Appl. Math. 73 (1996) 225-239.

490



