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Abstract

In this paper we state a general Korovkin-type result for the study of the al-
most convergence of general shape preserving approximation processes. We use
the well-known notion of almost convergence introduced by Lorentz in 1948. Some
applications are also shown.
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1 Introduction

The classical results of Korovkin [3] and the subsequent quantitative versions of Shisha and
Mond [7], [8] on the convergence of a sequence of positive linear operators were formulated
in [2] and [5] replacing the usual convergence by almost convergence. We recall here this
notion that was introduced in 1948 by Lorentz [4]. As usual we denote by R* the set
of all real-valued functions on a set X, and by C'(X) the subset of the continuous ones.
Let H, be a sequence of linear operators defined on C(X). Given f € C(X), we define
H,f := H,(f) to be almost convergent to g in C'(X), uniformly in X, (H,f 2% g),

provided
1 2

Z H,f(x), p,veN

J—
converges to g(z) as p — oo, uniformly in v and uniformly in X. Pointwise almost
convergence can be defined in an obvious way.

On the other hand, in [6] it was stated a Korovkin-type result on the convergence of
sequences of operators that possess shape preserving properties much more general than
positivity.

Our aim with this paper is to present qualitative results on almost convergence for

these conservative approximation processes that we have just mentioned and that we detail
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in the next section together with the main result of this work. The rest of the sections
are devoted to present applications of this result to the space of k-times differentiable
functions defined on a compact subinterval of R and to the space Cy, of all real-valued

continuous 27 periodic functions on R.

2 A general Korovkin-type result on almost conver-

gence

In [6] it was presented an extension of the classical Korovkin theorem when non positive
operators are considered. In this section we extend this theorem for the case of almost
convergence.

Let m € N, let X be a compact subset of R™, let B € R¥, let A be a subspace of
C(X) such that A C B, and let L : B — R* be a linear operator such that L(A) C C(X).

Theorem 1 Let P = {f € B : Lf > 0} and let C be a cone of A (i.e. if a« > 0 and
f.g e C, then af, f +g € C). Assume that:

(v.1) there exists u € A such that Lu(x) =1 Vox € X.

(v.2) there exist a;, g; € C(X), 1 =1,2,...,m, such that for all z € X, the functions

= iai(Z)g

belong to C, Lp,(x) > 0 for all x € X and the equality is satisfied if and only if

z=ux.
(v.3) for each f € A, there exists a = a(f) > 0 such that if B > «, then f+ [y, € C.

Let K, : A — B be a sequence of linear operators such that

(k1) K.(PNC)C P,

(k.2) L(K,g) X5 Lg;, i=1,...,m

Then for all f € A,
LK, f) %S Lf.

Proof We organize the proof by several steps in a similar way as it is done in [1, Theorem
1.3]. For g € A, p,v € N, we use the notation t)g(z) := %ZZ?;H K,g(x).

1. Tt is verified that L(K,¢.)(z) 250, Vz € X
Indeed, applying the definition of almost convergence,

v+p
LK, p.)(2) 25 0 <= L(tye. == Z L(Knp.)(z) — 0,

n v+1
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as p — oo, uniformly in v, so it suffices to observe that

v+p 1 v+p m
- Z L(K,p.)(z) = Z <Zaz K,9i) (2 ))

pn v+1 pn v+1

m v+p m
:; ( Z L ngz ) I ai(z)ng( ) sz( )_07

P.=0t i=1
where we have used hypotheses (v.2) and (k.2).
2. L(tyu) is bounded on X,

In order to prove this assertion, let 21, zo € X (21 # 22) and define ¢* = ¢,, +¢,,. (From
(v.2), it is obvious that Ly*(z) > 0, Vo € X. As X is a Haussdorf space, then there exist
01,02 > 0, such that B(z1,01) N B(22,02) = 0. Let g, po be the minimum values of ¢,
Y ¢z, in X — B(z1,61) and X — B(z9, d2) respectively, both necessarily positive. Defining
v =min{3p1, 5412}, one has that for all z € X

Lu(z) =1 < p~ ' Ly*(z).
Hence pu~'¢* —u € P. Moreover, according to hypothesis (v.3), for a sufficiently small
value of 3, with 8 < u, we obtain S~ '¢*—u € C. Thus, 8~ 1p*—u € PNC. Applying (k.1),
it is obtained that L(K, (3~ '¢* —u)) > 0 and directly 37" L(t5¢*) > L(tyu). Using (k.2),
as p — 00, B L(tpp*) = B L(tpps,) + B L(typ=,) — B L, + 67 L., = 871 Ly,
uniformly in v. Thus, L(tu) is bounded by a convergent and continuous function defined
on a compact set. Therefore, L(tyu) is bounded.

3. Let f, € A, y € X, be a family of functions for which Lf,(z) is a continuous
function of (z,y) € X x X and Lf,(y) =0, ¥y € X. Then L(K,f,)(y) % 0 uniformly
iny e X.

This assertion is proved as follows: let D = {(y,y)/y € X} in X x X and let y € X, then
it is verified that for all € > 0 there exists a neighborhood V,, of the point (y,y) such that
|Lfy(x)] <€ V(z,y) €V,. Let V=UyexV, and let F its complement in X x X which is

clearly compact. Thus we can consider

m = min(Ly)epL(gpy)(x), M = maX(x,y)eFLfy($)7

and write |Lf,(z)| < € + 2Ly, (z) for all z,y € X. From (v.3), for a sufficiently large
(3, it is verified that eu + ﬁ%gpy + f, € PN C. Applying the hypothesis (k.1), we obtain

M
eK,u+ —K,p, = K, f, € P. Thus,
m

—eL(Kyu)(y) — 6~ L( Knipy)(y) < LUK fy)(y) < eL(Knu)(y )+ﬁ L(Kngpy)(y),

and directly
—eL(tyu)(y) — ﬁ%L(tZSOy)(y) < L(ty fy)(y) < eL(tyu)(y) + f— L(t“%)(y)
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Therefore

L £,)0)] < eLltgu) ) + 0 Lite,) ()
JFrom the steps 1 and 2 of this proof, there exists Uy € R, upper bound of L(t;u), and
po € N, such that for all p > p,

Lt f) ()| < eUo+ € = e(Uo + 1),

for all v € N and for all y € X.
4. Now we are in a position to prove the theorem. Given f € A, we define the family
Lf(y
f = - HW
Le*(y)
The functions Lf,(z) are continuous in z and y with Lf,(y) =0, Vy € X and satisty the

", Yy € X.

conditions of claim 3 above. Then we can assure that, for p — oo,

L)) = LH0) — 110 Lty )5) —

uniformly in v and uniformly in y. Now the proof is over just observing that L(t,¢*)(y) —

Le*(y) uniformly in v and y.

3 Applications to C*([0,1])

Now we state two results for sequences of operators defined on C*([0,1]). We omit the
proofs since they are analogous to the ones of parallel results for the usual convergence
that can be found in [6]. We shall denote e;(x) = 7.
Let 0 = {0;}i>0 be a sequence with o; € {—1,0,1}. Let h,k € Ny := NU {0} with
0 < h < k and 0,04 # 0. We define the following cones in C*([0, 1]):
Chilo) ={f € C*([0,1)): o;D'f >0, h<i < k}.

Let I'={i: h<i<k, 0;#0, ;41 =0, 0,0i190 # —1}. I T' =0, then we call Cj, x(0) a
cone of type I, and if I # (), then we call Cj, x(o) a cone of type I1.

We denote ol = {Ulm}izo with o7 = 0 for i # j and a][-j] =0;.

Corollary 1 Let Cy,x(0) be a cone of type I or I1. Let K, : C*([0,1]) — C*([0,1]) be a
sequence of linear operators.
If K,(Chi(o)) C C’h,k(a[k]) and Dk(Knej) a.c Dkej for every j = h, ...,k + 2, then

DMK, f) =% DFf Yf € CH([0,1)).
Corollary 2 Let Cy, (o) be a cone of type II and let r € T. Let K, : C*([0,1]) —

C*([0,1]) be a sequence of linear operators.
If K, (Chi(0)) C Chiloly and D" (Kpe;) &% Dre; for every j = h,h+1, ...k, then

D' (K. f) =5 D' f Vf € C¥([0,1]).
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4 Applications in Cjy;

In [2, Theorem 5] it is shown a Korovkin-type condition for the almost convergence of

positive operators defined on Cy,. It is stated as follows:

Theorem 2 Let K, be a sequence of positive linear operators defined on Co,. The se-
quence K, (1) is almost convergent to v, uniformly on [0,2x], for each ¥ € Car, if and
only if K,(eo), Kn(sin(+)) and K,(cos(-)) are almost convergent respectively to eq, sin(-)

and cos(+), uniformly on [0, 27].

Now we present a generalization of this result considering operators non necessarily
positive.

For i € Ny U {400} we define the linear operators L; : Cy, — Cy, as follows: let
¢ € Oy and let a;, b; be the Fourier coefficients associated to ¢, then Lop(z) = % and
for i # 0,
ag
2
Let h, k, m be integers with 0 < h < k < m. Let us consider the following cones in Co,:

+ 3 ag cos(kxz) + by sin(kz).

k=1

Lip(z) =

CoF = {¢p e Cop: Lip > 0,h <i <k}

Corollary 3 Let P, = {¢p € Cor : Ly > 0}. Let K, : Cor — Caor be a sequence of
linear operators.
If K,(CyF N P,) € P and Ly (Ky) 25 Loap for all ¢ € {eq,sin(i-), cos(i-) : i =
1,2,...,k+ 1}, then

Ln(Kpd) £S5 Lo Yo € Cay.

Proof We apply Theorem 1 with A = B = Cs,, L = L,,, C = Ch*  where we

27

consider Cy, = C(X), being X identified with the compact set S = {z € R*/|z| = 1}.
The condition (v.1) is trivially verified by u = ey € Coy.

Let z € X, we define ¢,(x) :1+%+%+...+

z) — gcosd(x —z) — - — (kil)!

Fourier expansion with no null coefficients till order (k + 1) < m, then for all z € X,

_1 1
(k+1)! 2!

cos®V(z — 2) Vo € X. As the function ¢, admits a

— cos(x — z) — 2 cos?(z —

L. (x) = p.(x) > 0, and the equality is satisfied if and only if + = 2. Moreover, if
h >0, then Li(p.(2)) = 14 5 + 3 + -+ - + 7y — cos(x — 2) — 5 cos?(x — 2) — 5; cos®(z —

(F+1)!
Z)— e — %cosi(;c —2)>0,Ve e X, Vie {hh+1, .., k} sop, € C,Qlf}c, and if h = 0,
1 1 1
then Lop,(z) =1+ o 3 +- 1) > 0 trivially. Hence, (v.2) is verified.

Now we show that condition (v.3) is also satisfied. Given ¢ € Cy,, fori =h,h+1,... k,
let m; = min{(L;¢)(x), z € X}. Now if we consider § = maxp<;<i{(k+1)!|m;| +1}, then
fori=h,h+1,..k

Li(Be: + ¢)(x) = B(Lip:) () + (Lig)(x) = [mi|(k + 1) (Lipz)(x) + (Lispz ) (x) 4 mi
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and therefore Sy, + ¢ € (JQ;F .

1 1
> i Y] 127>0,
—|m|+(k;+1)!+m (k+1)!

*. The rest of the conditions are verified obviously. 0

Remark 2 Theorem 2 appears considering m = co and k = 0.
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