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Abstract

We obtain a result concerning the anti-maximum principle for weak solutions

U= (u,v) € IRN of the following cooperative elliptic system:

Au(z) :
(9) 3 Au x):

(=A +q(|z]))u(z) = Mu(z) + bo(z) + f(x)
(=A +q(|z])v(z) = cu(z) + Mv(z) + g(x)

u(z) — 0, v(xz)—0, as|z]— +oc.

Here A = —A + ¢(z) in L?(IR?) is the Schrédinger operator. We assume that the
potential g(x) = q(]z|), is strictly positive, locally bounded, and has superquadratic
growth as |z| — oo; b, ¢ are strictly positive constants. We show that there exists a
simple eigenvalue A; of (S) with positive eigenfunction ®;. Then we prove an anti-
maximum principle in the following form: Let f, g € L?(IR?) be positive functions
which are “sufficiently smooth” perturbations of a radially symmetric function, then
there exists 0 = 0(f,g,b,¢) > 0 such that for A € (A1, A; + 0) the weak solution U
satisfies U = (u,v) < —C®; where C = C(f,g,\) is a positive constant.
Keywords: Schrodinger operator, maximum principle, anti-maximum principle.
AMS Classification: 35-P.D.E-

Schrédinger equation in IRY

We first recall recent results obtained for the scalar case in [1, 2].

We recall the Schrédinger equation in IRY;

Au=(-A+qQu=> u+f in RN, feL*(R") (1)

The potential ¢ is assumed to be continuous in IR satisfying ¢ € L} (ZRN), g>C>0

loc

and ¢(xr) — oo when |r| — oco. A is a real parameter.
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1.1 Maximum principle: ¢;—positivity

Hypothesis 1.1 The potential q: IR, — IR is locally essentially bounded, q(r) > const >
0 for r >0, and there exists a constant ¢y > 0 such that

1
42

a1 Q(r) < q(r) for Ry <r < 0. (2)

where Q(r) is a function of r = |x|, Ry < r < oo, for some Ry > 0:

Q(r) >0, Q is locally absolutely continuous, )
3

Q'(r) >0, and f;j Q(r)y~V%dr < .
Theorem 1.2 [2] Let the hypothesis 1.1 be satisfied. Assume that u € D(A), Au— u =
feL*(IR*), A€ IR, and f > 0 a.c. in IR* with f > 0 in some set of positive Lebesgue
measure. Then, for every A € (—oo, A1), there exists a constant ¢ > 0 (depending upon f

and \) such that

u>cp in IR (4)

1.2 Anti-maximum principle: p;—negativity

We get an anti-maximum principle for systems (S) involving some potentials with a
superquadratic growth at infinity. Here we study 2 x 2 systems; analogous results can be
obtained for the case of N equations- see [3].

We define X2 the space of Lebesgue measurable functions f: IR* — IR having the

following properties:
of
00
and there is a constant C' > 0 such that

10.0)] + (ﬂ%w)

for almost every r > 0 and 0 € [—7, 7.

(r,8) € L*(—m,7) forall »>0

9 1/2
cw) < Cpy(r) (5)

Theorem 1.3 Let hypothesis 1.1 be satisfied. Assume that u € D(A) satisfies (1), f >
0, f &€ X%2. then there exists a positive number & (depending upon f) such that, for
every XA € (A1, Ay +0), we have

u< —cp; in IR% (6)
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2 Results

2.1 Estimate of the constant

Theorem 2.1 Let the hypothesis (6) be satisfied [3]. Assume that u € D(A), Au— I =
feL*)IR*), A€ IR, and f > 0 a.c. in IR* with f > 0 in some set of positive Lebesgue
measure. If f € X2, then there exists a positive number § = §(f) > 0 and C(f,\) > 0
such that, for every A € (A, \1 +0), on a :

u < _C(f, )\)@1 m ZR2

§ = min(d;, C.a) (7)
and
C(f,A) = (A=) =T)a (8)
Where;

= Spl(A=XN)"1!

04_/ fer;

+oo
= (207 + [|flx2)(2¢) " Q)™ + M(Ry) 2C; M(R1)RY /2 + | fllx12);

Ry

M(R;) = max (,01(8);
0<s<r<Ri @1(r)

2.2 Anti-maximum Principle for a linear cooperative

system 2 x 2

We decouple systems (5)

<<64 j)—(o\/%\/o%)>PU:>\PU+PF 9)
Where U = Cf) F= <£) and P = (1/12/2 _1/12/;7),7: /b >0

Theorem 2.2 Assume that b > 0, ¢ > 0 (a strictly cooperative system) and 0 < f,
g € L*(IR?) with f and g € X“2. Then

There exists an eingenvalue A1 with a positive eigenfunction ®1 defined by

A1:A1—\/E>0
Ve
(I)1:< c )@1
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and there exists a constant 6 = §(f, g,b,c) > 0 such that, for every A € (A1, A1 +9), the

weak solution PU = (4, 0) to (9) satisfies

_(0#£F>0 _(u<0
rr=(emn) == (20)

The weak solution U = (u,v) to (S) satisfies

[

Where C = C(f,g,A) > 0.
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