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ASYMPTOTIC EXPANSIONS
OF THE APPELL'S FUNCTION

José Luis Lopez and Maria Esther Garcia

Abstract. The second Appell's hypergeometric functiéa(a,b,b’,c,c’;x,y) is con-
sidered for large values of its variabbeandy. An integral representation & is obtained

in the form of a double integral. This integral is a two-dimensional generalization of the
typical one-dimensional integral to which the analytic continuation method of asymptotic
expansions of integrals may be applied. We show that the analytic continuation method
can also be applied to this kind of two-dimensional integrals. Then, we derive an asymp-
totic expansion of»(a,b,b’,c,c’;x,y) in decreasing powers ofandy. Coefficients of

the expansion are given in terms of the hypergeometric fungfien As numerical ex-
periments show, the approximation is considerable accurate.
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§1. Introduction
The Appell's functiong, R, F3 andF, are generalizations of the Gauss hypergeometric
function,Fy [7, p. 224]:
o (@)k(b)k «

Fi(a,b,c;x) = X",
D=2 T on

where(a)n is the Pochhammer symb@), = a(a+1)...(a+n—1). In particular, the second
Appell's functionF; is defined by means of the double series [14, p. 789]:

F(a b, b,c,d;xy) = ZO ‘2;“* i n)ln XY X+ Y < 1. 1)

Appell’s functions have physical applications in several problems of Quantum Mechan-
ics. For example, they appear in the computation of transition matrices in atomic and molec-
ular physics, such as the transitions that involve Coulombic continuum states [6] or ion-atom
collisions [5]. They are also representations of the generalized Slater’s and Marvin’s integrals
[16] and the solution of certain ordinary differential equations and partial differential equa-
tions [17]. In fact, there is an extensive mathematical literature devoted to the study of these
functions: Sharma has obtained generating functions of the Appell’'s functions [15]. Some
integral representations féf andF, have been derived by Manocha [11] and Mittal [12].
The Laplace transforms of these functions have been obtained in [8]. Some reduction for-
mulas for special values of the variables and contiguous relations for Appell’s functions have
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been investigated by Buschman [1, 2]. Carlson has investigated quadratic transformations of
Appell’'s functions [4] and their role on multiple averages [3]. Definition (1) is only valid

for |x| + |y] < 1 and in many of the practical applications cited above it is necessary to con-
sider this function for large values of its variables. Convergent and asymptotic expansions of
F1(a,b,c,d;x,y) for large values ok and/ory have been obtained in [9] by using the distri-
butional approach introduced by Wong [18]. The purpose of this paper is: (i) to defioe

large values ok andy and (i) to obtain an asymptotic expansionffa,b,b'c,c’;x,y) for

large values of the variablesandy and any (fixed) value o, b, b'c, ¢’ using a new technique:

the method of analytic continuation introduced in [10]. We face the challenge of obtaining
easy algorithms to compute the coefficients of these expansions.

§2. Analytic continuation of F, in the variablesx and y

2.1. First step

The first step is to find an expression f&rvalid for |x| + |y| > 1, in particular wherx and
y are large. It is given by the following representatiorFefin the form of a double integral
taken from [13], withx,y € C no real positives;—b > 0,¢ —b' > 0,b > 0 andb/ > 0:

rer()
(O (c—b)I () (¢ —b)

Fz(a,b,b/,C,C/;X7y) = r |2(a.,b,b/,C,C/;X7y),

with
1 1 , ,
lo(a,b,bl,c,c;x,y) E/ ds/ At 11— 9 P 11— )" YL (1—sx—ty) 2
0 0
We perform the following change of variables in this integral:

s—s/|x|=Xs,  t—t/ly=yt, with X =1/]x] and y =1/y|,

which means that' and/ory’ are small whenx and/ory are large respectively. We use polar
coordinatest = r cosf , s=rsin6 and we defing =y /x'. Then,

lp = yX /(;72[ sin° 1 (ycosd)? 1F (¥, 6)do, 2)
where
F(%,e)z/:he(x’r)fe(r)dr, fo(r) = (L—rsin6e® —r cosaeh) 2
and

he(r) = r®*~1(1—rsinB)° (1~ rycoss)® " ~1y(o1)(r sinB)x(o.1) (17 cos).

In these formulasy o 1)(r) represents the characteristic function of the intef@al) and o
and B the arguments of the respective complex numbeaady: x = |x|¢* andy = |y|€¥.
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The integral (2) is a two-dimensional generalization of the typical one-dimensional integral
to which the analytic continuation method of asymptotic expansions of integrals [10] may be
applied. In this paper we extend this method to double integrals and apply.iffio this end

we need the following expansions &f(r) andhg(r):

he(r)=mfAk<e)r”b+b“1+hm<r), (3)
K=o
with ;
1+b O)j oo (LD =i K=
Z) sing) B (ycoso)
andhm(r) = @(r™eH =1y whenr — 0*,
n-1
=" Bu(6)r ¥+ fa(r), (4)
=)
with a
Bk(e) = (a)k(_l)

k! (sin6e® + cospeh)atk

andfq(r) = ¢(r—") whenr — o. On the other handhy (r) = ¢(r—N) whenr — o for any
natural numbeN as large as we wish anfg(r) = ¢(1) whenr — O*.

2.2. Second step

The second step is to check that in the form given in (2), satisfies the conditions of the
method [10]: Condition 1: +b—b' <1< a+ . Condition 2: 0< aand 1-b—b' < co.

The first condition holds becauber b’ > 0 and the second inequality is trivial. The second
condition only restricts the parameteto positive values because the second inequality holds
for any realb andb'.

2.3. Third step

The third step consist of applying the method [10] wiaenb — b’ is not an integer number.
From [10, Theorem 1] we have

n—-1
F(X,0) = Z}Bk(e)m[he;l—k—a}%kﬁ*l
. (5)
m—1 0
+S A(O)M[fgik-+b+ b’]%k—l+b+b’+/0 fa(F)Pm(XT) dr
k=0

wherem = n+ [a+ 1—b—b] and the symboM|g; Z| denotes the Mellin transform of a
functiong € Lioc(0,0): M[g;Z = [ g(r)r?1dr when it exists or its analytic continuation as
a function ofz. The above formula is an asymptotic expansiofr@f, 6) for smallx’ as it



148 José Luis Lopez and Maria Esther Garcia

is proved in [10]. The integrdb (and therefore the Appell functio®) is the 6 integral of
F(X,0) (see (2)). Therefore,

= yx’/7 sin6®(ycosp)?
0

n-1
X LZOB"(G)M[heil—k—a]x’”a1 .

- Z)Ak M [ fo; k+ b+ b|xk-1+b+0 +/ fn(r hm(x’r)dr]

that is,
n-1 R m-1 ,
X) =3 B4 5 AXPT LRy (X), (7)
K=0 K=0
where
kay/ B(6)M[hg;1—k—a]sin6®1(ycoss)” ~1de,
A= y/ A(8)M[fg;k+b+b]sine> *(ycoso)?~1de, (8)
and

=X /jsinebfl(ycose)blflde / fa(r)hm(Xr)dr
Jo Jo
The two first integrals above may be calculated in terms of the hypergeometric fugi€tion

ék (*1)a(a)k |:( é(a*ﬁ>)a+k r(d*bl)r(C*b)r(b)r(b,*a*k) Ul

~ kigaark For(—a+c—k) ©
oppt T(D)T(c=b)T(~at+b+b —K(@a—b+Kk)
(e ) F—atb+c—K(atk) Uz
and
f K (At+b—o) (1D =) YT (@RI
A2, J (k= )1 (~ )bk (gor)iv 10
M@a—b-b Ikt —)rb+j)
where

Up =3sF(bat+kl+a—c +kcl+a—b +k—y@h)
Up =3k (b, 1+b —d,~a+b+b —kl-at+b —k-a+b +c—k—ye*P),
Us =3F((b+)/2,(b+j+1)/2,0;(1—k—b +j)/2,1+(j —k—b)/2; -2 P-2).
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We wonder if the integration in the variabeperformed in (6) doesn’t spoil the asymptotic
expansion ofF (X, 0) for X — 0 given in (5). More precisely, we wonder if (7) is a true
asymptotic expansion df for smallx’ and if it is useful in practice. In order to answer the
first question we have to show that the remairijgK’) is of the orded(X"™?) whenx' — 0.

83. Bounds for the remainder

The four step of our analysis consist of finding bounds for the remaiRglef) and show
thatR,(X) = 0(X"*2) whenx' — 0. After the change of variablesx — r) we have

Ra(X) = y/f sin@b’l(ycose)b"lde/ow fn(%)hm(r)dr.

Using the Laurent formula for the Taylor remaindg(r) in the expansion (4) of (r) we
obtain
|X/|n+a

r ~ ~ n+a
fol(¢ )| = Colmra = IR0 < Coolx 7,

whereC, is a positive constant independentxaf
Mn = /7 sineb‘l(ycose)b/‘lde/ r="3hp(r)|dr
0 0

andhp(r) = hg(r) — YT A(6)r*- 148" Then, the job will be done when we prove that
M < co. To show this, we take & € (0,1) and write

My < /jsinebfl(ycose)blflde
0
W / ~ ® / ~
> [/O b+b —1—n7a‘hm(r)|dr+/ b+b —1—n—a‘h(r)|dr (11)
JW

m—1 ) ,
+ Z |Ak(9)‘/ rkfl+b+b andr:|7
k=0 w

with h(r) = r:=2-Yhy(r). The constankl, above is given by the sum of three terms (one for
every one of the three terms inside the braces). We will find bounds for each one of them.

1) The singularities oﬁ(r)~are away fromO,w). Then, using the Cauchy formula for the
derivative ofh, we find |hm(r)| < Cm(w)r™ with C(w) < o and independent of There-
fore,

Wm+b+b’7a7n

m+b+b —a—n’

/().Wrb+b’*1*”*a|ﬁm(r)|dr < Cm(W) (12)
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2) Using Cartesian variables we find that

/ r=adr /? sin° 1 (ycos0)? (1 —rsing)° P 1(1— yrcosp)® Y1
Jw JO
X X(0,1)(rsing)x 1) (yrcoso)de
= /j sing® 1 (ycose? 1) do (13)
0

min{1/sin6,1/(ycos6)} ,
x/ ra"(1—rsing)° 11— yrcosp)® P 1dr
w

= Cp(w).
The constan€m(w) < « because —b > 0 andc’ — b’ > 0.

3) The integrals in third term inside the braces of (11) are given by

“ k 1+b+b' —a—n WI<+b+bLa—n
r- i 14
/W k+b+b—a—n (14)

Bounds (12), (13) and (14) show that

My < /? sin6®1(ycoso)? 1de
0
Wm+b+b/—a—n Wk+b+b/—afn
X [Cm(w) k+b+b —a—n

+Ch(w) < o0

m+b+b —a—n +kZOAk(6)

and therR,(x') = 0(xX"*2) whenx — 0. We have shown that the asymptotic expansion for
I, given above is a true asymptotic expansiofrofvhenx’ — 0. To resume, we have shown
that, for fixeda, b, ¢, b/, ¢ andy, withc—b>0,c — b > 0,a>0,b> 0,b’ > 0, the variables
x,y € C\R" andy = |x|/|yl:

rerE)/roro) et B« A

rc—h)r(c—"n) kgo |x[k+a + kZO |X|kb+D +Ra(0) |, (15)

Fa(a,b,b,c,c;xy) =

with B, andAy given in (9) and (10) respectively. The remainder t&tx) verifiesRn(X) =

O(x ") whenx — . The numerical experiments detailed in Tables 1 and 2 show the
accuracy of expansion (15). The relative error decreases whady increase. It decreases
also whem, the number of terms of the expansion, increases up to a critical value.
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x—y I o exp Relative error
n=1 n=2 n=1 n=2

-10 0.0191841 0.0453056 0.00530564 1.361622385 0.723435553
—100 0.00108557 0.00143269 0.00103269 0.319758283 0.048711736
—1000 | 0.0000414835 | 0.0000453056 | 0.0000413056 | 0.092135427 0.004288452(Q
—-10—- 0.00844655- 0.0103091- 0.0103091- 1.03883 0.45129
10i 0.01078211 0.0248882 0.00488824
—100— | 0.000317933- | 0.00032600% | 0.00032600% | 0.26079 0.0330481
100i 0.000608233 0.00078703% | 0.00058703%
—1000— | 0.0000102809- | 0.000010309% | 0.000010309% | 0.0767366 | 0.00299639
1000i 0.0000229581 | 0.0000248882 | 0.0000228882

Table 1: Parameter values=3/2,b=b'=1,c=c =3.
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