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MODIFIED LEVY MEASURES OF
HINDE-DEMETRIO PROCESSES

Célestin C. Kokonendji and Mohamed Khoudar

Abstract. The Hinde-Demétrio processes, recently introduced to extend the negative bi-
nomial ones, are particular cases of Poisson stopped-sum processes. Probability mass
and characteristic functions are not commonly usable. However, they are useful overdis-
persed models and admit simple variance functioasmP. We show that, for alp > 2,

the modified Lévy measurgs of these stochastic processes still belong in the negative
binomial family with variance functiom+ m?, wherex—2[p(dx) — p({0})do(dx)] are

their associated Lévy measures.
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81. Introduction and result

The Hinde-Demétrio proces®, = {Xpt ;t > 0}, p > 1, is the Poisson stopped-sum (or
compound Poisson) process

N
Xpt = _inpJ where E(2pi) = zx
i=

for0<q< 1,4 ={N;t>0}is the standard Poisson process with intengity 0, inde-

pendent oflp;,i=1,2,... (sizes of jumps), and
.. abz a@+1)bb+1)Z
2Fl(aabyc;z)—l+?i+wi+

is the Gaussian hypergeometric function (cf. [2]). Kokonertlpl. [4] have shown that the
distribution ofX, belongs to the family of probability measures

For = F(115) = { exp(0x) 5 (dx) | /Rexp(ex)u;“(dx); 0coCR},

called natural exponential family (NEF) generated;t;;&t (i.e. At-th power of convolution
of up). Thus, the characteristical variance function of the NisF= F (up) is simply

Ve, (m) =m+mP, me (0,c). (1)
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As particular cases we have the negative binomial lawpfer2 and the strict arcsine law for
p= 3 (cf. [5]). For more details on NEFs and their variance functions, the reader can consult
for instance the Chapter 54 of the book [7].

The Hinde-Demétrio process, as particular case of the Lévy processes (cf. [1, 9, 10]),
can be defined in terms of its Lévy measure of type 0 (terms to be precised below) or in
terms of its modified Lévy measupesuch that2[p (dx) — p({0})&(dx)] is the associated
Lévy measure. Using the theorem below (due to authors [6] and that can be extended to
multidimensional situation), we see that

. -1 -
Vo, (M) = P =(m—1)(m—1+p) @)
on Mg, = (1,), whereGp = G(pp) is the NEF generated by the modified Lévy measure
p = p(up) of up. Hence, the NEFS,, is of the negative binomial family for app > 1.

Theorem 1. Let F = F(u) be the NEF generated hy with variance function ¥ on M.
Assume that the modified Lévy measure p(u) of u generates the NEF & G(p). Then,
the variance functionyof G is such that for all n& Mg

Ve o VE (M) = Ve (m)VE (m). ©))

Moreover, if V(M) ~mP, p> 2, as m— o (the Tweedie class at infinity [3]), ther{m) ~
m asm= VE (m) — oo (the Morris class at infinity [8]).

Let us precise now some definition about Lévy measure of a Lévy protess{X ;t >
0} = 2, governed by an infinitely divisible lay, which is a probability measure whosth
roots (in the convolution sense) exist for any positive integer

At first, we recall that a Lévy proces$), is a cadlag stochastic process with stationary
and independent increments axigl= 0. More frequently, the behaviour of a Lévy process
2 = Z, is provided by the well-known Lévy-Khintchine characterization: a probability
measureu on R is infinitely divisible if and only if there exisy, o € R and a positive finite
measurev onR \ {0} satisfying

/R\{O} min (1,x%) v(dx) < oo (4)

such that the Fourier transform pfis of the form

2p2

/Reiexu(dx) :exp{iye— 629 +/]R\{0} {eiex—l—ier(x)} v(dx)}, (5)

wheret is some fixed bounded continuous function®such that 7(x) — x) /x? is bounded

asx — 0 (e.g.7(x) = x/(1+x?) or 7(x) = sinx). In this case the triplety, 52, v) is unique,

and the measure = v(u) satisfying (4) is called théévy measuref yu. From (5), the

first characteristiy is connected to the drift of the proceds,, whereass? is the infinites-

imal variance of the Brownian motion part &, andv determines the probabilistic char-
acter of the jumps ofZ,,. For example, a compound Poisson process is a Lévy process
Z with y= 0 = 0 andv a finite measure. When is not a finite measureZ” is not a
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compound Poisson process; & has infinitely many jumps in every finite time interval
of strictly positive length. Consequently, one may define infinitely divisible distributions in
terms of their Lévy measure. Recall here that the Lévy measurer(u) is classified from

(4) in three types as follows: ¥ is bounded then it is said to be of type 0. fis un-
bounded angp, ;o Min(1, ) v(dx) < « it is said to be of type 1. Itis said to be of type 2 if
Jr\ oy Min(1, [x]) v(dx) diverges.

§2. Concluding remarks

The fact that the modified Lévy measure of any Hinde-Demétrio process still remains in the
negative binomial family (2) would be difficult to obtain through the Lévy-Khintchine charac-
terization (5). The compound Poisson process is completely characterized by the knowledge
of the (modified) Lévy measure. In particular, the result (2) provides a new characterization
of the Hinde-Demétrio processes.

Finally, observing that fop € {2,3,...}, the Hinde-Demétrio processes can be used for
modelling overdispersed count data; e.g. the number of claims reported to an insurance
company during a period of time [4]. One practical question that we can ask is the following.
What is meaning (for overdispersed count data) that all Hinde-Demétrio processes admit the
same negative binomial family as for their modified Lévy measures?
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