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VERY WEAK SOLUTIONS OF STOKES
PROBLEM IN EXTERIOR DOMAIN

Chérif Amrouche and Mohamed Meslameni

Abstract. The existence and the uniqueness of very weak solutions of Stokes system are
well known in the classical Sobolev spaces W™ () when Q is bounded (see [3]). When
Q is an exterior domain, a similar approach would fail (in particular because Poincare’s
inequalities do not hold in such domains). Therefore, a specific functional framework
based on density arguments is necessary to do this work.
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§1. Introduction

Let Q' be a bounded connected open domain in R* with boundary Q' = T of class C"!
representing an obstacle and let Q its complement, i.e. Q = R?\ Q. In this work, we are
interested in the existence and the uniqueness of very weak solution concerning the Stokes
problem in exterior domain:

-Au+Vg=f and V-u=hin Q, u=g onTl, S)

where u denote the velocity and ¢ the pressure and both are unknown, f the external forces,
h the compressibility condition and g the boundary condition for the velocity, the three func-
tions being known. This problem is well done in 2005 by R. Farwig [4], with data f = div F,
h and g satisfying

1 1 1
Foe L'(Q), he L'(Q), g€ W PP, 3 < p < oo, 3t5=>
p

r
yielding % <r<3.
In this paper, we are interested in the following data:
f=divFy+Vfi, heL(Q) and ge W 'P/(),
with 3 Lo |
FoeL'(Q), i e W,"P(Q), = <p<co, and =+—=-,
2 3 p r
or
Foe W(Q), i e WP(Q) and he W/ (Q),
with
3 1 1 1
s<p<oo,p#3 and <+ —=-.
2 3 p r
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§2. Basic concepts on Sobolev spaces

Let x = (x1, X, x3) be a typical point in R* and let r = |x| = (x]+x3 +x3)'/? denote its distance
to the origin. We define the weight function p(x) = 1 + r. Foreach p e Rand 1 < p < oo,
the conjugate exponent p’ is given by the relation 1/p + 1/p” = 1. Then, for any nonnegative
integers m and real numbers p > 1 and «, setting

-1, if§+a¢{1,...,m},

k=k(m,p,a) = .
(m, p, @) {m—%—a, 1f%+0/€{1,...,m},

we define the following space:

Wo P (Q) = {u € D'(Q);
YAeN: 0 <A <k, p® M (In(1 + p)) 'D% € LP(Q);
VAeN?: k+1< |1 <mp®"" MDY e LP(Q)).

It is a reflexive Banach space equipped with its natural norm:

Nl g =( D7l Han(l + o)) DUl

0<|A|<k
1/p
a—m+|A| A, 1P
+ > D unm)) :
k+1<|A|<m

We note that the logarithmic weight only appears if p = 3 or p = 3/2 and all the local
properties of W&’p (Q) (respectively, Woz’p (Q)) coincide with those of the corresponding clas-

sical Sobolev space W'P(Q) (respectively, W2P(Q)). Form = 1 or m = 2 we set W("f P(Q) as
the adherence of D(Q) for the norm || - ||y»» (o). Then, the dual space of WP (Q), denoting
by W' (Q), is a space of distributions. When Q = R3, we have W.7(R?) = VOV;’[)(R3).

If Q is a Lipschitz exterior domain, then for @ = 0 we have

W, (@) = {ve W)@, v=0 on 80,

and P
W (@) = {v e W2P(Q), v = a—z =0 on aQ},

where dv/0n is the normal derivate of v.
The spaces W};p Q) or Wﬁ’p (€2) sometimes contain some polynomial functions. We have
form=1orm=2:

j=m-QG/p+a)l, if3/p+a¢Z,

P, cW'(Q) with {’ .
Jj=-3/p+a), otherwise,

where [s] denotes the integer part of the real number s and P; is the space of polynomials of
degree less then j.
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We recall the following Sobolev embeddings for @ = 0 or @ = 1
L.p 0,p* _ 3]7
W, (Q) — W, (Q) where px = 3=, and 1<p<3.
-p
Consequently, by duality, we have

W(_);f(Q) — W:(l’p '(Q) where ¢q =

)4 ,
d > 3/2.
3+p ane-p /
On the other hand, if 3/p + «a ¢ {1, 2}, we have the following continuous embedding:

Wl (Q) = WP (Q) = Wl (Q).

a-1

§3. Preliminary results
In the sequel, we need to introduce the following spaces:
Do(Q)=(peDQ);: V-9=0) and DD ={pecDQ);V-¢=0}

Then, we show some density results that are essential for the proofs below. We begin by
introducing the space

o 1,1 o 1,
XL, ={peW, @:V-peW @)

Thank’s to Poincaré-type inequality (see [2]), we can equipped this space with the following

norm:
”v”X?p(Q) = Z

1<i,j<3

61),'
— +]||V-
an ”

v| | Lp .
W@ e

Lemma 1. Let Q be a Lipschitz open set in R® and suppose that 0 < 1/p — 1/r < 1/3. We
have the following properties:
i) The space D(Q) is dense in X}vp(Q) and, for all q € W:}’p(Q) and ¢ € Xi,’p,(Q), we
have
(Vg, ¢>[X/]".p’(9)],XX:',p’ @ =~ (q,V- ¢>W::,1J(Q)X‘)"V1,p/(g) .

ii) If in addition p # 3 and r # 3, then the space D(Q) is dense in X(,)yp(Q) and, for all
q¢ Walyp(Q) and ¢ € X(,)/,p/ (Q), we have

(Vg, ¢>[X§,.p,(g)]’><x‘j,vp, @ = (¢q.V- so)Wg"”(Q)xWé"’/(Q) .

Proof. The density of D(Q) in Xf,p(Q) relies on an adequate truncation procedure and reg-
ularization. The truncation function that we shall use has been defined by: ¢ € D(R?) such
that 0 < ¢(7) < 1 for any ¢ € R?, and

oo [ i<t
=0, it 2
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Now, letv € X¢

np

(Q) and v be the extension by 0 of v to R3, then we have v € Xf,p(R3). We
begin to apply the cut off functions ¢y, defined on R? for any k € N*, by ¢x(x) = @(x/k).
Set vy = ¢v. It is easy to prove that vy — v in Xf,p(R3) when k — oco. Now, we start the
regularization of our sequence v. In a first step we consider that {’ is strictly star-shaped
with respect to one of its points which is taken to the origin. Under this assumption, we set
U 9(x) = v(0x) for any real number 6 > 1 and x € R3. Then Uiy € Xf’p(R3) and supp vy is
compact in Q. Moreover

. _ . £ 3
limvgy = vy in Xr’p(R ).
6—1

Consequently, for any real number € > 0 small enough, the restriction of p. * vy ¢ to Q belongs
to D(Q) and
lim lim lim p, * vy g =7 in X},(RY),

e—00-1k—>

where p. is a mollifier. Consequently, () is dense in qup(Q). In the case where Q' is only
a Lipschitz open set in R3, we have to recover Q' by a finite number of star open sets and
partitions of unity. Clearly, it suffices to apply the above argument to each of these sets to
derive the desired result on the entire domain. O

Remark 1. Observe that for f € (X! (Q)) with £ = 1 or £ = 0, there exist Fo = (fij)i<i j<3 €
W(};/(Q) and fi € W:;’p/(Q) such that:

f=V-Fo+Vfi. (1)

Moreover,
||f||[x{1)(Q)]/ = maX{ ||ﬁj||w§;/(g) =i j<3, ”fl”Wj,‘*"'(Q) }

Conversely, if f satisfies (1), then f € (Xf)p(Q))'.

Giving a meaning to the trace of a very weak solution of the Stokes problem is not trivial:
remember that we are not in the classical variational framework. In this way, we need to
introduce some spaces. First, we consider the space:

Yy () = {4 € W27 (@), ylr = 0,(V - )l = 0.

The following lemma gives another characterization to the space Y/ () very useful in the
Green’s formula defined in Corolllary 4.

Lemma 2. We have the identity

: 9
Y o) = {‘/’ e W;” (@, ¢l =0, a%/: nlp = 0} 2)

and the range space of the normal derivative yy : Yy () — WYPP () is

Z,(T)={zeW/rr[); z-n=0}.
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Proof. Letu € W?’p l () such thatu = 0 onI'. Then divu = (0u/0n) - n on I and the identity
(2) holds. Moreover, it is clear that Im(y;) C Z,(I'). Conversely, let u € Z,(I'). As Q' is
bounded, we can fix once for all a ball Bg,, centered at the origin and with radius Ry, such
that Q' C Bg,. Thus we have the existance of u € Wz”’/(QRO) such thatu = 0, Ou/on = u
on I' U 0Bg, (Qr, = QN Bg,). The function u can be extended by zero outside Bg, and
owing to its boundary conditions on dBg,, the extended function, still denoted by u, belongs

to W?”’ ’(Q), for any ¢ since its support is bounded. Since yg-n = 0onTI’, we haveu € Y, »(Q2)
and p € Im(yy). O

Secondly, we shall use the space:
T!(Q) = {v e W(Q); Ave X, (]},
equipped with the norm:
ellz: @) = lellyeriq) + 1Al @ -
We also introduce the following space:
H, (div,Q) = {o € W, (Q); V-ve W) Q).

This space is equipped with the graph norm. The following lemma proves that the tan-
gential trace of functionsv € T' f [,(Q) belong to the dual space of Z ('), wich is

(Zp(@) = {ue W PPI); u-n=0}.

Observe that we can decompose v into its tangential and normal parts, thatis: v = v, + (v- n)n.
The proof of the following lemma is similar to the case of bounded domain (see [3]).

Lemma 3. Suppose that 3/2 < p < o and 1/p +1/3 = 1/r. Then the space D(ﬁ) is dense
in Tgp(Q). If in addition p # 3, we have D(Q) is dense in Ti’p(Q).

Corollary 4. Let3/2 < p < ooand 1/p+1/3 = 1/r. Then the mapping y. : v — v.|r on the
space D(Q) can be extended by continuity to a linear and continuous mapping, still denoted
by y., from TQP(Q) into W= YPP(D), and we have the Green formula: for any v € T(,{p(Q) and
l/’ € Yp',O(Q)y

oy

Av, " = v-A dx—<v,—> .
Ao, ¥, @rxx’, @ fQ Y G e et

If in addition p + 3, we have for any v € T}’p(Q) and y € Yy 1(Q),

o
Av, | oyl = v-A dx—<v,—> .
Ao P)x, @rxx, @ fg Y 17 1) ST,
The following lemma gives a precise sense to the normal trace of functions v € H ; (div, )
and the proof is very classical.

Lemma 5. Let Q be a Lipschitz open set in R®. Suppose that0 < 1/r—1/p <1/3and £=0
ort=1. Then
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i) The space D(Q) is dense in H ; Adiv, Q).

ii) The mapping y, : v — v - nlr on the space D(Q) can be extended by continuity to a
linear and continuous mapping, still denoted by y,, from H;’[,(div, Q) into W™1PP(T).
If in addition 1/r—1/p = 1/3 and 3/2 < p < co, we have the following Green formula:
foranyv € H, ,(div,Q) and ¢ € Wll’_’} (Q),

f v- VQO dx + f QOV -vdx = <v 1 (A §0>W—]/p,p(r)xwl/p,p’(r) .
Q Q

§4. Very weak solutions in L”(Q) x W, "(Q)

In this section, we prove the existence and the uniqueness of very weak solutions to the
Stokes problem via an argument of duality. We begin by specifying the meaning of very
weak variational formulation.

Let
felX) (@], heL'(Q) and geW'PP(), (3)
with 3 L1
“<p<oo and —+==- (A1)
2 p 3 r

yielding 1 < r < 3.

Definition 1 (Very weak solution for the Stokes problem). Suppose that (A)) is satisfied and
let f, h and g verifying (3). We say that (u, q) € L”(Q) x W Lp (QY) is a very weak solution of

(S) if the following equalities hold: For any ¢ € Yy ¢(Q2) and 7 € Wé’p/ Q),

dp
- fg u-Apdx =0 @y ooy @ = 0o = (0052 ) @)

f u-Vodx = — f hrdx + <g *n, 7T>w—l/p,17(r)><wl/1’~ﬁ’(]“) > (5)
Q Q

where the dualities on  and I" are defined by
Coda =0 @, @0 o = Dy paie ) -
Note thatif 3/2 < p <ocoand 1/p + 1/3 = 1/r, we have:
W,” (@) > L7(Q) and ¥, 0(Q) = X0 (),

which means that all the brackets and integrals have a sense.

Proposition 6. Under the assumptions of Definition I, the following two statements are
equivalent:

i) (w,q) € LP(Q) x W, L (Q) is a very weak solution of (S),
ii) (u,q) satisfies the system (S) in the sense of distributions.
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Proof. i) = ii) Let (u,q) € L"(Q) x W, Lp (Q) a very weak solution of (S), then if we take
@ € D(Q) and m € D(Q) we can deduce by (4) and (5) that

—-Au+Vg=fin Q and V-u=h in Q,
and thatu € T(,),p(Q). Now letp € Y, o(Q)) C X?,,p, (), then we have
<_Au’ ¢>Q = <_Vq + f’ ¢>Q .

As (Ay) is satisfied, it follows from Corollary 4 that

o
—A - _ A
(—Au, p)q fgu pdx + <u,, 6n>r

and since 1/r — 1/p = 1/3, it follows from Lemma 1 ii) that

V€. 90 = =@V Oyt )

Thus we have

Op
- [ upre (1 ) =0T O+ S0

and we can deduce that for any ¢ € Y, o(Q2)

dp\ _ 6so>
<uT’ on >r h <gT’ on 1"'

Now let u € W'/PP(T), then we have (u; — g,.p) = (ur — g, pt, ). It is clear that y, €
Z (), thus it follows from Lemma 2 that there exists ¢ € Y, o(Q) such that dp/on = u,
on T. Then from this we can deduce that u, = g, in W~'/7P(T'). From the equation V - u = h,

we deduce thatu € H ;’1 (div, Q), then it follows from Lemma 5 ii), that for any « € W(l)’p ’(Q),

Uu-nmpr=(g- nmr.

Consequently u - n =g - nin W-'/7P(T') and finally u = g on T".
ii)=1) We suppose that (u, ¢) satisfies the system (S) in the sense of distributions. Then for
any p € Y, o(Q) — X?,’p,(Q) we have

(=Au, @)g ={f -V q.9)q .

Using Corollary 4 and Lemma 1 ii) we prove (4).
Now from the equation V - u = h, we can deduce that for any 7 € W(;’p (9))

fﬂV-udxthﬂdx,
Q Q

this integral has a sense because we have WS”’ '(Q) < L”(Q). Using Lemma 5 ii) we de-
duce (5).
O
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Before stating the theorem of the existense and the uniqueness of the very weak solution
for Stokes problem, we need to introduce the following null spaces for @ € {-1,0, 1} and
ke{0,1,2}:

Ne?(@) = { (. 7) € WeP(Q) x Wy ""(Q); T(u,7) = (0,0) in Q and ulr =0},
with
T(u,7) = (~Au + V7, div u).
If p ¢ {3/2,3}, we can prove that N;7(Q) = N, ”(Q) = N*7(Q). Note thatif u € W'(Q)
and —-Au+Vr=0in Qwithr € W:ll "?(Q), then the tangential component u. of u belongs

L

to W™ V/PP([') and if dive = 0in Q, then u - n € W #(I'). That means that u = 0 on I makes
sense.

Theorem 7. Let Q be an exterior domain with C"! boundary and let p and r satisfy (A,) and
let f, h and g satisfying (3). Then the Stokes problem (S) has exactly one solution u € LP(Q)
and q € Wal”’(Q) if and only if for any (v, 1) € Ng’p (Q):

(f.v) =<h,m) +<g,(nl = Vo) - m)r = 0.
Moreover, there exists a constant C > 0 depending only on p and Q such that:
llellr ) + gl ) < CAF I, @y + Wl @) + lgllw-1rry -
Proof. Tt remains to consider the equivalent problem: Find (u, g) € L(Q) X Wal"” () such

that forany w € ¥y o(Q) and 7 € Wé’p ’ () it holds:

ow
fg (D040 =0,V - Wy ) = 0= (0 %>r +g-mmr— fg hrdx.
Let T be a linear form defined by:
T: LY (@) x W, (Q) — R
ow
(F,0) — (f,w)q - <g,, a_> + g - f hrdx,
nir Q
with (w, ) € W(z)"’ / Q) x Wé’p l (Q) is a solution of the following Stokes problem:

—-Aw+Vr=F and V-w=¢ in Q, w=0 on T,

and satisfying the following estimate (see [1, Theorem 3.1]):

inf  (llw +olly20r o + T+ 7l o) < CUIFl L @) + 1@l o )- (6)
(v’n)eNg_ﬁ@f we' (@) W, <n>) ( @ W <n))

Then we have for any pair (F, ) € L” (Q) x W,” () and for any (v,17) € Ny” ()

0
‘<f,w>g—(g,,£>r+<g-n,n>r—Lhndx
0
=\<f,w+v>g—<gr, (";:”)>F+<g-n,n+n>r—fgh(nw)dx

< C(Iflhxs, cay + llglhw-vencay + Wellry (10 + Ollyzr ) + 1+ 7l )
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Using (6), we prove that

ow

‘<f,w>Q - <g,, %>F +g-n )y - Lhndx

< C(Iflxs, ,ar + glhw-1nc@y + Il (1Pl iy + el )

from this we can deduce that the linear form 7 is continuous on L”/(Q) X Wé’p /(Q) and
according to the Riesz’ Theorem we deduce that there exists a unique (#,q) € L”(Q) X
w, "2(Q) solution of (S) satisfying the appropriate estimate. O

§5. Very weak solutions in W*”(Q) x W_"(Q)

Here, we are interested in the case of the following assumptions:

felX) (], he W (Q) and ge W '/PP(D), (7)

with 3 L1
—<p<oo, p#3 and —+=-=-, (Az)

2 p 3 r

yielding 1 < r < 3.

Definition 2 (Very weak solution for the Stokes problem). Suppose that (A,) is satisfied and
let £, h and g satisfying (7). We say that (u, g) € W*(Q) x W_,(Q) is a very weak solution
of (8) if the following equalities hold: For any ¢ € ¥, {(Q) and 7 € Wl1 (Q),

op
- fg - Apdx =g,V @hy ot @ = P~ <g” 5>r’

f u-Vndx = - f hrdx + (g - 0, yy-1ppryewiive’ 1 »
Q Q

where the dualities on Q and I are defined by:
Chada =i @rxad @0 e = Dy paie ) -
Note thatif 3/2 < p <ocoand 1/p + 1/3 = 1/r, we have:
W@ = W (©Q), and Y, (Q) < XL (),

which means that all the brackets and integrals have a sense. As previously we prove under
the assumption (A,), that if f, / and g satisfying (7), then (u, q) € W(}f (Q)><W:I1 T(Q)isavery
weak solution of (S) if and only if (u, ) satisfy the system (S) in the sense of distributions.

Theorem 8. Let Q be an exterior domain with C'' boundary and let p and r satisfy (A,) and
let f, h and g satisfying (7). Then the Stokes problem (S) has a solution u € W(}f Q) and

q € W_17(Q) if and only if, for any (v,m) € N7 (Q):,

(f.v) = <(h,m) +{g,(n] = Vv) - m)p = 0.
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In W(jf Q) x W:i’p (Q), each solution is unique up to an element of N?’lp (Q) and there exists
a constant C > 0 depending only on p and Q such that

inf (Il + ol + g+ llyo) < CA s, @y + Wellyora + lglly-vengr))-
(@.mEN,"(Q) ¥

Proof. It remains to consider the equivalent problem: Find (u, q) € W(jf Q) x W:}’p (Q) such

that forany w € ¥y o(Q) and 7 € Wll‘p/ (Q) it holds:

f u-(—Aw+ Vn)dx-(q,V - w>W—I,p(Q)X‘/°V1,p’(Q)
Q -1 1
ow
=(f,w)q - <gT, a—> +(g - n,mr - f hmdx.
nir Q

Let T be a linear form defined from (W (@) x W' (€)) L N, ”(©)) onto R by:

o
T(F,p)={f,wyg— <g,, 6_1::>r +{g-n,m) — Lhndx,

with (w, ) € W%‘p / Q) x Wi -V (Q) is a solution of the following Stokes problem:
—-Aw+Vr=F and V-w=¢ in Q, w=0 on T,

and satisfying the following estimate (see [1, Theorem 3.1]):

inf - (lw + vllyar g + 7+ 7l ) < COIFlyor g, + el g ) ®)
@MENT Q)

Then for any pair (F,¢) € (W' (Q) x W,* (€))L Ny ”(€) and for any (v,7) € N7 ()

ow

((f,w>Q - <g,, %>r + g )y — fghndx

_ 3 ow +v) . _
_‘<f’w+v>ﬂ <gr’ on >F+<g n77T+77>l" Lh(ﬂ"'ﬂ)dx

< C(flx, , cr + Nglhy-mncy + Wrllyor (0 + ollyzr ) + 1+ llyrr )
Using (8), we prove that

ow

'(f,w>g - <gT, %>r +{g-n,m)— fghndx

< C(Ifhx, car + lglhy-1may + Whllyor ) (IFllyor ) + lellyror )

From this we derive that the linear form 7 is continuous on (W?’p / Q) x Wll o’ /(Q) L N(;’p (Q))
and according to the Riesz’ Theorem, we deduce that there exists (u,q) € (W(z’{' Q) x

W:ll "7(Q)) solution of (S) unique up to an element of Né "?(Q) and satisfying the appropriate
estimate. o
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