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A NEW INHOMOGENEOUS LOGNORMAL
DIFFUSION PROCESS WITH EXOGENOUS

FACTORS IN THE DIFFUSION
COEFFICIENT
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Abstract. We propose a new non-homogeneous one-dimensional stochastic lognormal
diffusion process, in which a time function (exogenous factor) is introduced into the dif-
fusion coefficient of the process. This new approach can be considered an extension of
the homogeneous lognormal process (see [1] and [12]). From the corresponding Ito’s
stochastic differential equation, we obtain the probabilistic characteristics of the model,
i.e. the transition probability density function and the moments of the process. Finally,
we develop the statistical inference of this model, via maximum likelihood with discrete
sampling.
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§1. Introduction

Stochastic diffusion processes are useful instruments for modelling phenomena, and many
scientific disciplines make use of these models to reflect behaviour in areas such as the econ-
omy and the financial world, medicine, biology and physics. Accordingly, both in general and
in particular cases, these processes are of great importance in the management of probabilis-
tic and statistical problems. For example, problems related to statistical inference (confidence
bands, the proposal and testing of hypotheses, etc.) and first-passage time problems for cer-
tain types of barriers may be addressed using this approach. Important papers in this field
include Tintner et al. [12] and Al Eideh et al. [1] for the lognormal process, Skiadas et al.
[11] for the Bass process, Giovanis et al. [5] for the logistic process, Ferrante et al. [4] for
the Gompertz process and Gutiérrez et al. [7] for the Gamma process.

However, in most of these studies, the processes considered are homogeneous; in other
words, their infinitesimal moments depend only on the state space, which means that the
possible influences on the subject variable are functions of this same variable. This fact
restricts the scope of application, as well as the possibility of introducing information other
than the variable of interest. These limitations are apparent in many applications, in which
deviations of the study data from the trend of the homogeneous process can be observed.
Accordingly, we must distinguish between external influences (exogenous factors) and the
variable actually modelled by the process (i.e., the endogenous variable), whose evolution in
time is known. The inclusion of these temporal functions in the drift of the process provides
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a better fit and, at the same time, enables external control over the behaviour of the variable
governed by the process.

The use of exogenous factors with respect to stochastic diffusion processes has been pro-
posed by Tintner and Singupta [12] and by Gutiérrez et al [8] for the lognormal process, by
Albano et al. [2], Ferrante et al. [3], Gutiérrez et al. [6] for the Gompertz process, Gutiérrez
et al [10] for the Vasicek process and by Nafidi et al. [9] for the Gamma process.

However, all of these prior studies took as their starting point the fact that exogenous fac-
tors, including temporal functions, affect drift (the first infinitesimal moment). The relation
between the diffusion coefficient (the second infinitesimal moment) and exogenous factors
has not been addressed in previous research. The present study considers this question in a
particular case of the stochastic lognormal diffusion process.

This paper, thus, discusses the theoretical aspects of a non-homogenous version of the
lognormal diffusion process, based on the fundamental fact that the diffusion coefficient is a
function of time. The paper is structured as follows: in the second section, from the corre-
sponding Ito’s stochastic differential equation, the following probabilistic characteristics of
the model are obtained: the explicit expression of the process, its transition probability den-
sity function (pdf), its statistical distribution and the moments of the process. In the final
section, we develop the statistical inference of this model, using maximum likelihood with
discrete sampling.

§2. The proposed model and its characteristics

2.1. The model and the pdf
The proposed model is a lognormal diffusion process with a time-dependent diffusion coef-
ficient. It is defined by the one-dimensional stochastic process {x(t); t ∈ [t0,T ]; t0 ≥ 0} that
satisfies Ito’s stochastic differential equation (SDE):

dx(t) = ax(t)dt + σg(t)x(t)dw(t) ; x(t0) = xt0 ,

where {w(t); t ∈ [t0,T ]} is a one-dimensional standard Wiener process, xt0 is a fixed real value
within (0,∞). The parameters a and σ are real and will be estimated, and the function g is
continuous and depends solely on the time.

The analytical expression of the process can be obtained by applying Ito’s formula to the
following type transform y(t) = log(x(t)). The following SDE is then obtained:

dy(t) =

(
a −

σ2g2(t)
2

)
dt + σg(t)dw(t) , y(t0) = log(xt0 ),

and by integrating, we have

y(t) = y(t0) +

∫ t

t0

(
a −

σ2g2(θ)
2

)
dθ + σ

∫ t

t0
g(θ)dw(θ) , y(t0) = log(xt0 ),

from which we can deduce the explicit expression of the process

x(t) = exp
{

log(xt0 ) + a(t − t0) −
σ2

2

∫ t

t0
g2(θ)dθ) + σ

∫ t

t0
g(θ)dw(θ)

}
.
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As the random variable
∫ t

s g(θ)dw(θ) has a one-dimensional normal distributionN1

(
0,

∫ t
s g

2(θ)dθ
)
,

we can deduce that the random variable x(t)/x(s) = xs ∼ Λ1

(
µ(s, t, xs), σ2ν2(s, t)

)
, a one-

dimensional log-normal distribution with

µ(s, t, x) = log(x) + a(t − s) −
σ2

2

∫ t

s
g2(θ)dθ,

ν2(s, t) =

∫ t

s
g2(θ)dθ.

The transition density function of this process f (y, t | x, s) takes the form

f (y, t | x, s) = (2πσ2ν2(s, t))−
1
2 x−1 exp

−
[
log(y) − µ(s, t, x)

]2

2σ2ν2(s, t)

 .
2.2. The trend functions

Using the following properties of the one-dimensional lognormal distribution:
if X ∼ Λ1

(
µ, σ2

)
, then

E(Xr) = exp
(
rµ +

r2σ2

2

)
,

the rth conditional moment of the process is given by

E (xr(t)/x(s) = xs) = exp
(
rµ(s, t, xs) +

r2σ2ν2(s, t)
2

)
= xr

s exp
(
ra(t − s) + r(r − 1)

σ2

2

∫ t

s
g2(θ)dθ

)
.

For r = 1, the conditional trend function is:

E (x(t)/x(s) = xs) = xs exp (a(t − s)) .

From this, and considering the initial condition P(x(t1) = xt1 ) = 1, the trend function leads us
to

E (x(t)) = xt1 exp (a(t − t1)) .

§3. Statistical inference on the model

3.1. Maximum likelihood parameter estimation

With discrete sampling, the parameters a and σ2 of the model are estimated by means of
maximum likelihood. Let us consider a discrete sampling of the process x(t1) = x1, x(t2) =
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x2, . . . , x(tn) = xn for times t1, t2, . . . , tn and the the initial distribution P [x(t1) = x1] = 1.
Then, the associated likelihood function can be obtained by the following expression:

L(x1, . . . , xn, a, σ2) =

n∏
j=2

f
(
x j, t j | x j−1, t j−1

)
.

An implementation based on the change of variable can be used in order to calculate the
maximum likelihood estimators in a simpler way. Consider the following transform: v1 = x1,
vi = ν−1

i (log(xi) − log(xi−1)), for i = 2, . . . , n. Then, given ξi = ν−1
i (ti − ti−1) and ρi = 1

2νi,
the log-likelihood function can be expressed as follows:

log(L) = −
n − 1

2
log(2π) −

n − 1
2

log(σ2) −
1

2σ2

n∑
j=2

(
v j − ξ ja + ρ jσ

2
)2
.

By differentiating the log-likelihood function with respect to a and σ2 and by equaling this
differential to zero, we obtain the following likelihood equations:

n∑
j=2

ξ j

(
v j − ξ jâ + ρ jσ̂

2
)

= 0,

−(n − 1)σ̂2 +

n∑
j=2

(
v j − ξ jâ + ρ jσ̂

2
)2
− 2σ̂2

n∑
j=2

ρ j

(
v j − ξ jâ + ρ jσ̂

2
)

= 0.

From the first of these equations, the likelihood estimator â can be expressed in terms of the
estimator σ̂2, as follows:

â = w + zσ̂2,

where

w =

 n∑
j=2

ξ jv j


 n∑

j=2

ξ2
j

−1

and z =

 n∑
j=2

ξ jρ j


 n∑

j=2

ξ2
j

−1

By substitution in the second likelihood equation, and after various algebraic operations (not
shown), we obtain the following second-degree equation in σ̂2 n∑

j=2

ρ2
j − z2

n∑
j=2

ξ2
j

 σ̂4 + (n − 1)σ̂2 −

n∑
j=2

(
v j − wξ j

)2
= 0. (1)

To solve this second-degree equation, we can distinguish two cases.

First case:
n∑

j=2

ρ2
j − z2

n∑
j=2

ξ2
j = 0.

The likelihood estimators of the parameters in this case are

σ̂2 =
1

n − 1

n∑
j=2

(
v j − wξ j

)2
,

â = w + zσ̂2.
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Remark 1. An example of this first case occurs when g(t) = 1. In this case, we obtain ξ j = ρ j

and z = 1
2 , and thus:

n∑
j=2

ρ2
j − z2

n∑
j=2

ξ2
j = 0,

and the resulting estimators are

â −
σ̂2

2
= w and σ̂2 =

1
n − 1

n∑
j=2

(
v j − wξ j

)2
.

These are precisely the estimators obtained by Al Eideh et al. [1] for the lognormal
process with no exogenous factors.

Second case:
n∑

j=2

ρ2
j − z2

n∑
j=2

ξ2
j , 0.

The discriminant of the equation Eq(1) in this case is:

∆ = (n − 1)2 + 4

 n∑
j=2

ρ2
j − z2

n∑
j=2

ξ2
j

 n∑
j=2

(
v j − wξ j

)2
.

To obtain the sign of this discriminant, we make use of the following result:
Proposition:

Let an and bn be two non-negative sequences. Then we have the following inequality: n∑
k=1

a2
k

  n∑
k=1

b2
k

 ≥  n∑
k=1

akbk

2

.

The proof of this is obtained by induction.
Using the above result in the particular case: ak = ρk and bk = ξk with 1 ≤ i ≤ n. Thus,

we have:  n∑
k=1

ρ2
j

  n∑
k=1

ξ2
j

 ≥  n∑
k=1

ρ jξ j

2

.

from which we obtain that
n∑

j=2

ρ2
j − z2

n∑
j=2

ξ2
j ≥ 0.

Then we deduce that
∆ > (n − 1)2,

and therefore the Eq(1) has two solutions, and the non-negative solution corresponding to σ2

is

σ̂2 =

√
∆ − (n − 1)

n∑
j=2

ρ2
j − z2

n∑
j=2

ξ2
j

.
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3.2. Estimated trend functions
By Zehna’s theorem [13], we can obtain the estimated trend function and the estimated con-
ditional trend function of the process, replacing the parameters by their estimators. The
estimated conditional trend function is then given by

Ê (x(t)/x(s) = xs) = xs exp (â(t − s)) = exp
[(
w + zσ̂2

)
(t − s)

]
,

and the estimated trend function is:

Ê (x(t)) = xt1 exp (â(t − t1)) = xt1 exp
[(
w + zσ̂2

)
(t − t1)

]
.
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