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PROGRESSIVE ORTHOGONAL
WAVELETS: A REVIEW

Florin Avram, Anca Deliu and Baigiao Deng

Abstract. The concept of progressive wavelets, or wavelets supported on a half-line, has
been introduced a long time ago by Bjorn Jawerth, for the purpose of analyzing moving
images. Subsequently, it has fallen somewhat in between the fields of wavelet analysis
and signal processing. Our paper is an attempt to unify these two strands of literature
and review the current state of knowledge on this topic, with accent on splines based
examples.
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§1. Introduction
Progressive wavelets. In this paper we review and reexamine some results of [9, 3, 4] on a
class of wavelets proposed by Bjorn Jawerth.

Definition 1. Progressive orthogonal wavelets are real valued functions ¢(x) € L,(R,), with
¢(x) = 0 for x < 0 satisfying:

1. The L, orthogonality of integer translates ¢(x — k), k € Z.

2. A functional equation:

N-1 N-1
T(0) = ¢(0) = D awp(x — k) = (1 - ak'rk] $(), (M
k=1 k=1

where a1, @, ..., ay_| are real numbers, N is an integer, I denotes the identity operator,
and 7~ denotes the translation operator defined by

Tfx) = flx=1).

Note that
#(x) = o(x) xin [0, 1],
¢(x) = o(x) + a1o(x - 1) xin[1,2],
d(x) =0(x)+ajo(x—1)+ (ap + a%)O'(x -2) xin[2,3],

o(x) =0(x)+ajo(x—1)+ (ap + CL'%)O'(X —2) + (a3 + 200 + a?)o-(x —-3) xin[3,4],

d(x)=0x)+piox—-1)+Bro(x-2)+ ...+ B,0(x —n) xin[n,n+ 1].
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Explicit expressions for the coefficients 3, are given in Theorem 4. The fact that ¢(x) is given
by a combination involving more and more of the translates of o to the right when x increases
suggests the name "progressive function". Since ¢(x) is completely determined by o, we call
o an updating function. Such a function may be used to profit in designing wavelets via
multiresolution analysis [3, 4].

Solving the transfer functional equation (1). Looking for solutions of (1) such that
@(x), p(x — 1), ... are orthogonal on L,(R) is formally equivalent to a MA (moving averages)
model of time series, from the point of view of "operator calculus" based on the operator 7.
The formal solution of (1) is:

N-1
() = (@(T) " o (x), where a(2) = 1 = 3 a2 2)
k=1

will be called the transfer function. There are several ways to make sense out of this, as long
as a(z) # 0 on the unit circle |z| = 1, by the famous Wiener Lemma (see [17, 12, 14, 7]).

Definition 2. A Laurent series a(z) = Y axz* is said to belong to the Wiener class W, if it
has coefficient sequence a; in £;(Z), and if a(z) # 0, for all z on the unit circle |z] = 1 (see [1,
p- 140]).

Alternatively, if we put z = ¢ and @(t) = a(z) = a(e™) = Y are™™,t € [0,27) we
say that the periodic function @(¢) is in the Wiener class W if its Fourier sequence ay is in
£1(Z), and if a(r) # 0 for all ¢ € [0, 2n) (see [7, p.179]). Note that if @(f) € W, then @(r) is
continuous on [0, 2r), since its Fourier series converges absolutely.

Lemma 1. a) Wiener’s Lemma. If a(z) € W, then there exists B(z) = ﬁ = i Bk € W,
for some sequence {B;} € €1( Z).

b) Sylvester’s Lemma. If a(z) = (1 — L12)(1 — 222)...(1 —4,2) =1 +a1z+ ... + @, 7" isa

polynomial, then {B;} satisfy the recurrence

o T)B;=0,j21,p0=1,5=0Yi<0,& > axfyi=0,j2 1,6 =15 =0Yi<0,
k=0

where T (B;) = Bj-1 and ay = 1. Moreover {8} are given explicitly by the Newton divided
differences:

n /1j+n_1
(gl — i 3

Fi=( Hiro ; [Tii(Ai = ) )

Furthermore, the solution for the nonhomogeneous recurrence
a(Nxy =€,k>1,
is xg = Z'j‘;(l) Bj€—j. Br is called the "fundamental solution"of the operator a(7 )m

For a(z) € W, one may
1. Apply Fourier transform on both sides of (1) and solve for ?ﬂ(f), yielding

— () it~ Y o ik | =

96 = ——= = B NTE) = | ). Bre ™ |F©). @)

a(e™) =
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2. Or, with N finite, one may factor a(z) as in Lemma 1 b), and develop 8(z) = 1/a(z) in
a power series )., 5,2", using partial fractions. The formal result

$(x) = ) Bro(x = k) )
k=0

converges for a(z) € W by Wiener’s Lemma.

Remark 1. A further step, already investigated in [4], is to consider analytic scaling symbols
s(z). In this paper we restrict ourselves to the easier polynomial case, since here we may
exploit the power series expansion of reciprocals of polynomials due to Sylvester (3), and
that makes it possible to establish a relation between the scaling symbol f(z) of ¢(x) and a(z)
—see (15) below.

Refinable updating functions. In this paper we suppose that the updating function sat-
isfies a two scale refinement equation

N
%aé):;;Wﬂx—pﬁamozxfw6awm) (6)

Following [5], we assume that the polynomial symbol

N

s(z) = Z s ij

J=0

has real coefficients, sy > 0, sy > 0, all its roots are in the left half-plane z : Re(z) <0, at
least two of them in z : Re(z) < 0, and that s(—1) = 0, s(1) = 1. It follows then [5] that the
refinement equation (6) has a unique solution satisfying f_ 0; o(x)dx = 1, and that o(x) is
continuous, non-negative and has support in [0, N].

Example 1. In the special case s; > 0, 3. s; = 1, the solution o(x) of the refinement equation
(6) may be interpreted as the probability density function of an absolutely continuous random
variable X satisfying

xix+y

where X, Y are independent, and P(Y = j) = s; for j = 0, ..., N. The probability density of X
satisfies the equation (6).

ztl

> Y, o(x) is the uniform B-spline By of

Example 2. In the important special case s(z) = (
degree N — 1 with knots 0, ..., N.

The autocorrelation function. For any o € L,(R), let us introduce the functions

N-1
[0, )(x) = fR cGc+poldy,  Co@= Y. [o,olm):" @)

n=—N+1

called respectively autocorrelation function and autocorrelation symbol. By the Poisson sum-
mation formula [10, Thm.6.5.3], the autocorrelation function is related to o by:

Z |5'(§ + 27rn)|2 = Z[a’, ol(n)e™™ = Cy(e7%). ®)

nez nez
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The following orthogonality condition for translates of a scaling function can be found in
many references — see for example [11, Thm 5].

Theorem 2.
a) For any function ¢ € L,(R), {¢(x — n) : n € Z} is an orthonormal family if and only if

DI + 27 = 1, V¢ € R, ©)

nez

b) Smith-Bzznwell condition. If ¢ satisfies a two-scale refinement equation ¢(x) = 2 3 fip(2x—
k) = ¢Quw) = fleT™)p(w), where f(2) = Y ez szk, then (9) is equivalent to

FQfEH + f(~f(=z) = 1= |fe™)* + |f(=e"™) = 1.

Corollary 3. Let o(x) be an updating function in L,(R) and let ¢ be a progressive function
in Ly(R) satisfying (1) with N finite. Then, {¢(x — n) : n € Z} is an orthonormal sequence if
and only if

Z |E(§ + 27m)|2 =Cy(e™®) = |a/(e_’4§)|2 for any £ € R.

nez

Proof. By Theorem 2 the translates {¢(x — n) : n € Z} are orthonormal if and only if

N 2mn)[ =1 (10)

nez

The corollary follows by equation 4 and the periodicity of a(e™%):

[(& + 27n)? _ ez [o°(¢ + 27m)l? =1 an
la(e—iEr2m2 — la(e=1)|2 -

nez

§2. Progressive wavelets with polynomial transfer function

We collect now several results on progressive wavelets scattered in the literature.

Theorem 4. Let o(x) € Ly(R) with support [0, N] for a positive integer N. Assume that
[oool(N — 1) # 0, where [0, 0] denotes the autocorrelation of o defined in (7), and let
C(z) = C,(z2) denote the autocorrelation symbol. Then,

§ As a corollary, the translates of any function ¢ (x) obtained by

B(w)

N Skez (6w + 27k

provide an orthonormal base of the space V generated by {¢(x — k),k € Z}. Finally, applying a "mirror filter"
(=1)¥p1_y yields a wavelet function y(x) = Y (—1)* p1_x¢*(2x — k) whose scaled translates enjoy also orthogonality
between the spaces V,,, n € Z at different scales.

$r(w) =
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1. If C(2) = Yyez |E(§+ 27rn)|2 > 0, for |z = 1, then there exists a unique canonical
spectral factor a(z) € W satisfying

a(Da@) = CQ) = @ = €@,z = ™™,

and having no roots in the interior of the unit circle |z| = 1. If 7y, ...zy-1 are the roots
of C(z) outside the unit disc, |zx| > 1, k= 1,...,N — 1, then

N-1
a(z) = \/Kl_[(z —g)=ag+aiz+ ... +ay 2!
k=1
where A = (=DM o, o l(N - D)/ T13' 2 > 0
Furthermore, o = 0 for all k > N in (1) and max{k : a; # 0} = N — 1.

2. As a consequence, the coefficients By of the reciprocal series satisfy the "Yule-Walker
recursion” ®

Bj=aiBj-1 +@fj2 + ... + an2f N2+ an-1Bj-n+1,00 = 1,8 =0,Vi< 0. (12)
Moreover the {8} are given explicitly in terms of the roots of a(z) by (3), and decay
exponentially.

3. The {B,} are given explicitly in terms of the coefficients of a(z) by

ﬁ& =

ki+kyt++kn \ & 5 ks .
o bbby

ky+2ky+3k3+...+mk,,=n (
wherek; > 0forO<i<N-1,m=nforO<n<N-1,m=N-1forn>N-1,and

ki+ky+--+ky |\ (ki +hka+t---+ky)!
ki ka, ..ok T k! k!

are the multinomial coefficients.
4. Let now ¢(x) be defined by
60 = 3 Buor(x =), (14)

n=0
where the convergence is uniform, since 8, decay exponentially. Then, ¢ satisfies the
functional equation (1) and {¢(x — k) : k € Z} is an orthonormal sequence.
5. If o(x) is refinable with symbol s(z), then so is the function ¢(x), with refinement equa-
tion

60 =2 fid(2x— k),
k

§$This recursion is used a lot in time series, for example when inverting the transfer function, in order to switch
from an autoregressive to a moving average model, or viceversa. Note that the famous Fibonacci recursion induced
by a(z) = 1 — z — 22, is not "acceptable/stationary" due to one root smaller z = 0.618034 ¢ [—1, 1] which induces
non-exponential decay. Before using this model, this root must be replaced by its reciprocal.
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and scaling symbol f(z) given by

a(z) -1 -1
@) =f@f@) = s(2)s(z )C( 5

C(2) C@2)

SO 19

f@)=

Proof.

1. This follows by the well-known Fejér-Riesz lemma (see e.g. [8, p. 235], [13, p. 330]),
since C(z) € W by (8) (i.e. C(e™™) > 0,¥& € R). Furthermore, The leading term of
C(2) is [0, o](N — 1)zV~!'. Comparing coefficients with the (possibly infinite) Laurent
series a(z) a(z”"), we conclude that max{k : ax # 0} = N — 1.

2. This widely used result (for example in signal processing and time series) may be easily
checked.

3. For a proof, see for example [4].

4. Tt is easy to check that (14) satisfies (1). Taking then Fourier transform, we find that

16 + 2 = 22 e+ 2mnl”_

= late)[*

and hence the translates ¢(x — k) are orthonormal by Corollary 3.

5. Following [9, (43)], let us look for a refinement relation E(Zw) = f (e‘iw)a(w). Using
dw) = 29 and 72w) = s(e ™) (w) we find

(e )

Fow) = =2 = 2w = 1w
Putting z = e~ yields (15)0

§3. Linear B-spline progressive wavelets

Recall that the linear B-spline/"roof" function
{ X if0<x<1
Ax)=¢ 2—-x ifl<x<2 ,
0 otherwise
satisfies the two-scale relation
Ax) = %A(Zx) +AQRx—-1)+ %A(Zx -2), (16)

with scaling symbol

1
50 = (7
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For v > 0, let V} be the closure in L, of the subspace spanned by the functions A, for
k > 0, and let Wy be the orthogonal complement of V} in VI‘;”. We want to construct an
orthonormal basis of V]g of the form {¢(x — k) : k > 0}, with a progressive function ¢ defined
by ¢(x) = CA(x) + ap(x — 1), with constants @ and C = C, determined so that the set of
translates {¢(x — k)} is orthonormal.

Theorem 5. a) The functional equation
¢(x) = CA(x) + ap(x = 1), a7
admits a unique solution ¢ = ¢, € Lr(R) when |a| < 1. Moreover
¢(x) = C Z *A(x - k). (18)
k=0
b) The function ¢ satisfies the scaling equation

60 =2 fi(2x — k),

k>0
where the filter coefficients f; are given by

fo=i A=3-% fH=i10-w),

St = fara = 152k, for k=1
Proof a) The equation (17) can be written as
(I —-aT)p =CA,

and for |@| < 1, the unique solution ¢ is given by the Neumann series (18).
b) Write

¢(x) = (1 —aT)'A) = (1 - aT) ' D22s(THAX) = (1 — aT) ' Dry2s(TH)(1 - aT (),
(19)
where D is the dilation operator by 2, and s(z) = (%)2. Using 7*D, = D,7%, we find that

1
0(x) = 2 A THDA1 + TV (1~ aT)p(x)
k=0

- %DZ(Z TN 427 + T - aT)()
k>0

- %DZ(Z FTHV1 + T2 - )+ T - 20) - aT ()
k>0

= %DZ(I +TQ-a)+ Y T +a (1 -20) + T )" 7" 2 - ) - 2" ))g(x)

k>1 k>1
= %DZ(I +TQ2-a)+ Z T2 (1 - ) + Tz 7" (1 - @))e(x)
k>1 k>1
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Theorem 6. The family {¢,(x — k) : k > 0} is an orthonormal basis for Vg if and only if
a=-2+V3and C*=C%2=-6a =3(1+a?).

Proof: It will be enough to determine « so that
< Po(X),Po(x—1)>=0
< Pa(X), Pal(x) >= 1.

By using that < A(x), A(x) >= % and < A(x),A(x—=1) >= é, these equations lead to a
system of equations in C and «
Czé +a=0
22 2.1 _
C 3 +C CL’E =

with solution @ = =2 + V3 € (-1, and C? = Cé = —6a.
Remark 2. We may verify that the symbol f(z) satisfies the Smith-Barnwell condition f(z) f(z~")+
f(=2)f(=z")=1whena = -2 + V3.

§4. B-spline progressive wavelets

B-splines. The mth order cardinal B-splines N, (x) are the densities of a sum of m indepen-
dent U[O0, 1] r.v.’s. They are defined recursively by convolution:

Ni(x) = (Npp—y % Ny) (x) = me-1(x — DN (Ddt,m = 2 (20)
R
where N is the characteristic function of the unit interval [0, 1). The corresponding Fourier

transforms are
® —lw m lw Sln w/2
f Nty = (A2 = (g2 S10/2)
—oo w/2

Ny, is supported on [0, m], and is symmetric with respect to the center of its support 5
i.e.
m m
Nm(E +)C) = Nm(E —x).

The two scale symbol of N, is s,,(z) = (%)’" [2, (3.4.6)], and the corresponding two
scale relation is [2, (3.4.7)]

. m m .
No(x/2) = 27" " (j)Nm<x = ) = (TN ().
=0
The autocorrelation of the cardinal B-splines is

R

and the autocorrelation symbol (8) is:
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SN+ 20)] = SN Nl = S Nomempe ™ = rf Now(mn)e ™™ = (7).

nez nez nez n=—m+1
2D

Here

m—1

En@) = ), Nulm+j),

Jj=—m+1

is the well-known Euler-Frobenius Laurent polynomial [15].
The monic polynomials E(2) = mE,(2) satisfy the recursion [15, (2.1.9)]

En@ =1 +m)E,_1(2) +z(1 -2E,_(2),E(x) =1 =
E@=z+1,
Er@) =22 +4z+ 1,
Ex@ =2+ 112 +11z+1,
Ei(z) = 2* +262° + 662> + 267 + 1,
Es(z) = Es(z) = 2 + 57z +3022° + 30222 + 57z + 1,
Eg(z) = 28+ 1202° + 1191z% + 24162° + 11912% + 120z + 1.
The symmetry of Ey,(z) = 27" Ey(z) = Y-_,, axz" is useful for performing the Riesz-

Fejer factorization of Ej,(z), providing a degree reduction from 2m to m — see [6, Sec.
2.3:Roots method]. Indeed, put z+z™' = w ¥ . Using

k-1
A
Xk =@+7H) - Z ( ,)ZHJ

=Y
yields
G+z YV =uw-2, +z )Y =v'-3w
and thus
Ex(x) =w+4, Esz) =w* + 26w+ 64, E¢(z) = w’ + 120w’ + 1188w + 2176
(the first allows to recover the linear spline case by solving z + 77! = —4).

For more properties and results about B-splines one can refer to [15, 16]. See also [9,
Table II] for a list of "valid scaling symbols" F(z) associated to B-splines.

Example 3. Consider now the quadratic B-spline N3(x). The corresponding progressive
function ¢ satisfies the functional equation

¢(x) + a1¢(x = 1) + a2p(x = 2) = CN3(x) (22)

§ An alternative to express cos(kx),k = 1,...,m as functions of cos(x)k ,k = 1,...,m, and ultimately switch to
y = cos(x) € [-1,1].
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where C = C, = ,/%(1 + a/% + a%).

Solving w? + 26w + 64 = 0 wields wio = —13 £ V105, and each of the w; roots yields a
unique "reciprocal root" in the unit circle

_ 2
—13 — V105 — /270 + 26 V105

The transfer function is (1-zz1)(1-zz2) = 1+a@z+@27% where @y = 13— /135 + 4 V30, a, =

2(8 + V30) - /375 + 64 V30.

The general results of Theorem 4 are again confirmed in this case.

2 ,2 = (—13+ 105 + 270 - 26 V105).

N =

Theorem 7. Let ¢ be the progressive function that satisfies the equation
¢(x) = CN3(x) + a1¢(x — 1) + a2¢(x - 2)

and let
$(x) = C )" BeNs(x = k), 23)
k>0
where the coefficients B are given inductively by By = 1, 1 = a; and for k > 2, B =
@ 1Bk-1 + @2fk—2. Then the function ¢ satisfies the scaling equation ¢(x) = 2 Y150 frd(2x — k),
with filter coefficients given by

2fo=1
2fon—1 = —aofk-3 + (1 = a1 = 3a2)Br—2 + 3 — a1)Br-1

if2k =B + (—a1 — 3a2)fr— + B = 3a; — a2)Bi-1.

In particular2fy =1, 2fi=3-a; 2, =3-2a; - ;...
Remark 3. We may check again using Mathematica for example that (15) holds:

(@) _

1 +Z)3 (1 - aiz - axz?)
a(z?)

2 (] —O’1Z2 —0224).

f@) =s(2)

(
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