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AN INVERSE PROBLEM FOR A
TIME-DEPENDENT SCHRÖDINGER

OPERATOR IN AN UNBOUNDED STRIP
Laure Cardoulis

Abstract. In this article we prove a stability result for two independent coefficients (each
one depending on only one space variable and the potential also depending on the time
variable) for a time-dependent Schrödinger operator in an unbounded strip with one ob-
servation on an unbounded subset of the boundary. Using an adapted Carleman estimate
and an energy estimate, we obtain the simultaneous identification of the diffusion coeffi-
cient and the time-dependent potential with one observation and the data of the solution
at a fixed time.
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§1. Introduction

This paper is an improvement of the work [5] in the sense that we determine two independent
coefficients, the diffusion coefficient a := a(x2) and the potential b B b(x1, t) = f (t)g(x1),
one of them depending on the time variable, with one observation .

Let Ω = R × (0, d) be an unbounded strip of R2 with a fixed width d. Let ν be the
outward unit normal to Ω on Γ = ∂Ω. We denote x = (x1, x2) and Γ = Γ+ ∪ Γ−, where
Γ+ = {x ∈ Γ; x2 = d} and Γ− = {x ∈ Γ; x2 = 0}. We consider the following Schrödinger
equation

Hq(x, t) B i∂tq(x, t) + ∇ · (a(x2)∇q(x, t)) + b(x1, t)q(x, t) = 0 in Q = Ω × (0,T ),
q(x, t) = F(x, t) on Σ = ∂Ω × (0,T ),
q(x, 0) = q0(x) in Ω.

(1.1)

where a ∈ C3(Ω), b ∈ C2(Ω × (0,T )) and a(x) ≥ amin > 0. Moreover, we assume that a (resp.
b) and all its derivatives up to order three (resp. two) are bounded.

Our problem can be stated as follows: Is it possible to determine the coefficients a and b
from the measurement of ∂ν(q), ∂ν(∂tq) and ∂ν(∂2

t q) on Γ+?

We will consider two cases for the potential b B b(x1, t) = f (t)g(x1).
In a first case we consider q (resp. q̃) a solution of (1.1) associated with (a, f , g, F, q0) (resp.
(̃a, f̃ , g, F, q0)) satisfying some regularity properties:

Assumption 1.
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• q̃ and all its derivatives up to order four are bounded.

• q0 is a real valued function in C3(Ω).

• q0 and all its derivatives up to order three are bounded.

In a second case we consider q (resp. q̃) a solution of (1.1) associated with (a, g, f , F, q0)
(resp. (̃a, g̃, f , F, q0)) satisfying the regularity properties of Assumption 1.

We now specify our hypotheses on the diffusion coefficient a and the potential b. Let R1
be a strictly positive and fixed real. Consider the set

Λ(R1) B { f ∈ L∞(Ω × (0,T )), ‖ f ‖L∞(Ω×(0,T )) < R1}.

Let a be a real-valued function in C3(Ω) and b be a real-valued function in C2(Ω × (0,T ))
such that

Assumption 2.
• a ≥ amin > 0, a and all its derivatives up to order three are in Λ(R1),

• b and all its derivatives up to order two are in Λ(R1).

Moreover as the method employed in this paper uses a Carleman estimate, we will need
a weight function β̃ in connection with the diffusion coefficient a. Let β̃ be a C4(Ω) positive
function such that there exist positive constants C0,Cpc which satisfy

Assumption 3.
• |∇β̃| ≥ C0 > 0 in Ω, ∂νβ̃ ≤ 0 on Γ−.

• β̃ and all its derivatives up to order four are in Λ(R1).

• 2<(D2β̃(ζ, ζ̄)) − a∇a · ∇β̃|ζ |2 + 2a2|∇β̃ · ζ |2 ≥ Cpc|ζ |
2, for all ζ ∈ C

where

D2β̃ =

(
a∂x1 (a∂x1 β̃) a∂x1 (a∂x2 β̃)
a∂x2 (a∂x1 β̃) a∂x2 (a∂x2 β̃)

)
.

Note that the last assertion of Assumption 3 expresses the pseudo-convexity condition for the
function β̃. This Assumption imposes restrictive conditions for the choice of the functions β̃
in connection with the function a (see [4, 5, 6]). Note that here a only depends on x2 and if
we consider β̃(x1, x2) B β̃(x2) then the last assertion of Assumption 3 can be rewritten on the
following form: there exists a positive constant r0 such that{

−a ∂x2 a∂x2 β̃ ≥ r0 > 0,
a ∂x2 a∂x2 β̃ + 2a2(∂2

x2
β̃ + (∂x2 β̃)2) ≥ r0 > 0.

Similar restrictive conditions have also been highlighted for the hyperbolic case (see [11]).
And this above function β̃will also have to verify the following hypothesis in connection with
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the initial condition Q0 = (q0, ∂x2 q0).

Assumption 4. There exists a positive constant k > 0 such that |Q0 · ∇β̃| ≥ k > 0 on Ω.

Note that if β̃(x) B β̃(x2) this condition becomes |∂x2 q0∂x2 β̃| ≥ cst > 0.

For example, if we choose as classes of available functions a and q0 the following classes

a ∈
{

f ∈ C3(Ω);∃r0 positive constant,
{
− f ∂x2 f ≥ r0 > 0,
f ∂x2 f + 2 f 2(1 + ex2 ) ≥ r0 > 0.

}
and

q0 ∈
{
f ∈ C3(Ω);∃r0 positive constant, |∂x2 f | ≥ r0 > 0

}
then we can take β̃(x) = ex2 .

We also define β B β̃ + K with K = m‖β̃‖∞ and m > 1. For λ > 0 and t ∈ (−T,T ), we
define the following weight functions

ϕ(x, t) B
eλβ(x)

(T + t)(T − t)
, η(x, t) B

e2λK − eλβ(x)

(T + t)(T − t)
,

and η0(x) B η(x, 0), ϕ0(x) B ϕ(x, 0). Denote also by ϕ−1 = 1
ϕ

.

Since we suppose that Assumption 1 is checked throughout all the paper, we can extend
the functions q (resp. b) on Q̃ = Ω × (−T,T ) by the formula q(x, t) = q(x,−t) (resp.
b(x, t) = b(x,−t)) for every (x, t) ∈ Ω × (−T, 0). With all these hypotheses, we obtain our
main result for the first case.
Theorem 5. Let q and q̃ be solutions of (3.1), respectively associated with (a, f , g, F, q0)
and (̃a, f̃ , g, F, q0), such that a − ã ∈ H1

0(Ω), ∂x2 (a − ã) ∈ H1
0(Ω), b0 − b̃0 ∈ H1

0(Ω) and
b1 − b̃1 ∈ H1

0(Ω) with b0(x) = b(x, 0), b̃0(x) = b̃(x, 0), b1(x) = ∂tb(x, 0), b̃1(x) = ∂tb̃(x, 0). We
assume that Assumptions 1-4 are satisfied.
If ( f − f̃ )(0) , 0, then there exists a positive constant C = C(Ω,Γ,T,R1) such that for s and
λ large enough,∫

Ω

ϕ0 e−2sη0 (|a − ã|2 + |∇(a − ã)|2) +

∫ T

−T

∫
Ω

e−2sη(|b − b̃|2 + |∂t(b − b̃)|2)

≤ C
∫ T

−T

∫
Γ+

ϕ e−2sη∂νβ [|∂ν(q − q̃)|2 + |∂ν(∂tq − ∂tq̃)|2] dσ dt. (1.2)

If ( f − f̃ )(0) = 0 and ( f − f̃ )′(0) , 0, then there exists a positive constant C = C(Ω,Γ,T,R1)
such that for s and λ large enough,∫

Ω

ϕ0 e−2sη0 (|a − ã|2 + |∇(a − ã)|2) +

∫ T

−T

∫
Ω

e−2sη(|b − b̃|2 + |∂t(b − b̃)|2 + |∂2
t (b − b̃)|2)
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≤ C
∫ T

−T

∫
Γ+

ϕ e−2sη∂νβ [|∂ν(q − q̃)|2 + |∂ν(∂tq − ∂tq̃)|2 + |∂ν(∂2
t q − ∂2

t q̃)|2] dσ dt (1.3)

+C
∫

Ω

ϕ−1
0 e−2sη0 [|∇∂x1∂t(q − q̃)(., 0)|2 + |∆∂x1∂t(q − q̃)(., 0)|2].

Note that we impose restrictive conditions on ( f − f̃ )(0) where f̃ is a given function in
[0,T ] and these conditions imply that f is a non null perturbation of f̃ in a neighbourhood
of t = 0. For the second case, we obtain the same results as above by considering the case
f (0) , 0 on one hand and the case f (0) = 0, f ′(0) , 0 on the other hand, with this time
b = fg, b̃ = f g̃. This is the following result.

Theorem 6. Let q and q̃ be solutions of (3.1), respectively associated with (a, g, f , F, q0)
and (̃a, g̃, f , F, q0), such that a − ã ∈ H1

0(Ω), ∂x2 (a − ã) ∈ H1
0(Ω), b0 − b̃0 ∈ H1

0(Ω) and
b1 − b̃1 ∈ H1

0(Ω). We assume that Assumptions 1-4 are satisfied.
If f (0) , 0, then there exists a positive constant C = C(Ω,Γ,T,R1) such that for s and λ large
enough (1.2) is satisfied.
If f (0) = 0 and f ′(0) , 0, then there exists a positive constant C = C(Ω,Γ,T,R1) such that
for s and λ large enough (1.3) is satisfied.

The major novelty of this paper is to consider the coefficient b depending on the time vari-
able. In several works, the problem of the identification of coefficients for the Schrödinger
operator have been studied (see [1] in bounded domains and [4, 5, 6] in unbounded domains)
but in all of these works, the coefficients only depended on the space variable. Note also that
in [7], for a magnetic Schrödinger operator with a time-dependent magnetic potential χ(t)a,
there is a result for the identification of the coefficient a which does not depend on the time
variable. For the problem of the identification of a potential b(x, t), to our knowledge, there
is no result. The main difficulty comes from the time dependent potential b(x, t). Indeed we
consider u = q − q̃, v = ∂tu, w = ∂tv. Thus time dependent terms appear in the right-hand
sides of the equations (3.3)-(3.4) satisfied by v, w and the difficulty is to control them with
the estimates given by the Carleman inequality (2.4). Because these terms did not appear in
earlier papers, we cannot adapt the previous works to our case. So we present a first result for
a time dependent potential but open questions are numerous: the removal of any conditions
on ( f − f̃ )(0) contrary to the above theorem ; the general case of a potential b(x, t) with no
particular form and no separated variables ; the case of a = a(x1, x2) and b = (x1, x2, t) ; the
case of a time dependent diffusion coefficient a.

We will use the global Carleman estimate given in [4, 5, 6]. Indeed, Carleman inequalities
constitute a very efficient tool to derive observability estimates. We recall that the method of
Carleman estimates has been introduced in the field of inverse problems by Bukhgeim and
Klibanov ([2, 3, 9, 10]). These methods give a local Lipschitz stability around a single known
solution (see also [11]).

We then use an energy estimate for the operator H given in [4] and a Carleman type es-
timate for a first order differential equation proved in [8] for bounded domains and in [4] for
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unbounded domains.

This paper is organized as follows. In section 2, we recall an adapted global Carleman
estimate for the operator H (see [4, 5, 6]) and also an energy estimate (see [4, 5]). In section
3 we prove our two main results, a stability result for the coefficients a and f on the one hand
and a stability result for the coefficients a and g on the other hand.

§2. Some Useful Estimates

2.1. Global Carleman Inequality

Let a be a real-valued function in C3(Ω) and b be a real-valued function in C2(Ω × (0,T ))
which satisfy Assumption 2.

Let q be a function equals to zero on ∂Ω×(−T,T ) and solution of the Schrödinger equation{
Hq B i∂tq + ∇ · (a∇q) + bq = f in Q = Ω × (−T,T ),
q = 0 on ΣT = ∂Ω × (−T,T ). (2.1)

We recall here a global Carleman-type estimate for q with a single observation acting on the
upper part Γ+ of the boundary Γ in the right-hand side of the estimate (see [4, 5, 6]). Even
if the potential b did not depend on the time variable in [4, 5, 6], we can exactly proceed as
in these previous papers. Indeed the Carleman inequality is obtained in [4, 5, 6] by a decom-
position of the operator Lq B i∂tq + ∇ · (a∇q). So the fact that here the potential b is a time
dependent one does not change the results. Otherwise, if the diffusion coefficient a depended
on the time variable we could not apply the previous Carleman inequality. Recall that for the
Carleman inequality we need weight functions. So let β̃ be a C4(Ω) positive function such
that there exist positive constants C0,Cpc which satisfy Assumption 3.

Then, recall that we define β = β̃ + K with K = m‖β̃‖∞ and m > 1. For λ > 0 and
t ∈ (−T,T ), we define the following weight functions ϕ(x, t) = eλβ(x)

(T+t)(T−t) , η(x, t) = e2λK−eλβ(x)

(T+t)(T−t) .
Let H be the operator defined by

Hq B i∂tq + ∇ · (a∇q) + bq in Q̃ = Ω × (−T,T ). (2.2)

We set ψ = e−sηq, Mψ = e−sηH(esηψ) for s > 0 and we introduce the following operators

M1ψ := i∂tψ+∇·(a∇ψ)+ s2a|∇η|2ψ+bψ, M2ψ := is∂tηψ+2as∇η ·∇ψ+ s∇·(a∇η)ψ. (2.3)

Note that the only difference with the Carleman estimate given in [4] is the presence of the
term bψ in M1ψ. And this term does not change anything in the calculus given in [4]. Then
the following result holds.
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Theorem 7. Let H, M1, M2 be the operators defined respectively by (2.2), (2.3) . We assume
that Assumptions 2 and 3 are satisfied. Then there exist λ0 > 0, s0 > 0 and a positive
constant C = C(Ω,Γ,T,C0,Cpc,R1) such that, for any λ ≥ λ0 and any s ≥ s0, the next
inequality holds:

s3λ4
∫ T

−T

∫
Ω

e−2sηϕ3|q|2 + sλ
∫ T

−T

∫
Ω

e−2sηϕ|∇q|2 + ‖M1(e−sηq)‖2
L2(Q̃)

+ ‖M2(e−sηq)‖2
L2(Q̃)

(2.4)

≤ C
[
sλ

∫ T

−T

∫
Γ+

e−2sηϕ|∂νq|2 ∂νβ dσ dt +

∫ T

−T

∫
Ω

e−2sη |Hq|2
]
,

for all q satisfying Hq ∈ L2(Ω × (−T,T )), q ∈ L2(−T,T ; H1
0(Ω)), ∂νq ∈ L2(−T,T ; L2(Γ)).

2.2. Energy Estimate
Let q be a function equals to zero on ∂Ω × (−T,T ) and solution of the Schrödinger equation
(2.1). We recall here an energy estimate for q with a single observation acting on the upper
part Γ+ of the boundary Γ in the right-hand side of the estimate (see [4, 5]). As for the
Carleman inequality, even if the potential b did not depend on the time variable in [4, 5], we
can exactly proceed for the calculus as in these previous papers. Indeed this energy estimate
is a consequence of the Carleman inequality and the result given in [4] remains valid.
We denote by

E1(t) B
∫

Ω

e−2sη(x,t)|q(x, t)|2dx and E2(t) B
∫

Ω

sa ϕ−1(x, t) e−2sη(x,t)|∇q(x, t)|2dx,

where ϕ−1 = 1
ϕ

. We give an estimate for Ei(0) i = 1, 2 in Theorem 8.

Theorem 8. Let q be solution of (2.1) in the following class q ∈ C([0,T ],H1(Ω)), ∂νq ∈
L2(0,T, L2(Γ)). We assume that Assumptions 2 and 3 are checked. Then there exists a positive
constant C = C(Ω,Γ,T ) > 0 such that for s and λ sufficiently large

E1(0) + E2(0) ≤ C
(
s2λ2

∫ T

−T

∫
Γ+

e−2sηϕ ∂νβ |∂νq|2 dσ dt + sλ
∫ ∫

Q
e−2sη|Hq|2

)
(2.5)

2.3. Lemma
We also recall a useful Lemma (see [8, 4]) for the following first order differential operator
Lemma 9. Let P the operator defined by

Pg B q0∂x1g + ∂x2 q0∂x2g = Q0 · ∇g with Q0 = (q0, ∂x2 q0).

Assume that Assumption 4 is satisfied and denote by η0(x) B η(x, 0) and ϕ0(x) B ϕ(x, 0).
Then there exist positive constants λ1 > 0, s1 > 0 and C = C(Ω,Γ,T ) such that for all
λ ≥ λ1, s ≥ s1,

s2λ2
∫

Ω

ϕ0e−2sη0 |g|2 ≤ C
∫

Ω

ϕ−1
0 e−2sη0 |Pg|2 (2.6)

for any g such that g = 0 on {x ∈ Γ, (Q0 · ∇β)(x)(Q0(x) · ν) > 0} and in particular for any
g ∈ H1

0(Ω).
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§3. Inverse Problem

Let q and q̃ be solutions of
i∂tq + ∇ · (a∇q) + bq = 0 in Ω × (0,T ),
q(x, t) = F(x, t) on ∂Ω × (0,T ),
q(x, 0) = q0(x) in Ω,


i∂tq̃ + ∇ · (̃a∇q̃) + b̃q̃ = 0 in Ω × (0,T ),
q̃(x, t) = F(x, t) on ∂Ω × (0,T ),
q̃(x, 0) = q0(x) in Ω,

(3.1)
where a, b, ã and b̃ satisfy Assumption 2. We suppose that Assumption 1 is checked, then
we extend the functions q (resp. b) on Q̃ = Ω × (−T,T ) by the formula q(x, t) = q(x,−t)
(resp. b(x, t) = b(x,−t)) for every (x, t) ∈ Ω × (−T, 0). Denote by ΣT B ∂Ω × (−T,T ). If
we set u = q − q̃, v = ∂tu, w = ∂tv, α = ã − a, γ = b̃ − b, b0(x) = b(x, 0), b̃0(x) = b̃(x, 0),
b1(x) = ∂tb(x, 0), b̃1(x) = ∂tb̃(x, 0), γ0(x) = γ(x, 0), γ1(x) = ∂tγ(x, 0), q1(x) = ∂tq̃(x, 0) then
u, v and w satisfy 

i∂tu + ∇ · (a∇u) + bu = ∇ · (α∇q̃) + γq̃ in Q̃,
u(x, t) = 0 on ΣT ,
u(x, 0) = 0 in Ω.

(3.2)


i∂tv + ∇ · (a∇v) + bv = −∂tb u + ∇ · (α∇(∂tq̃)) + γ∂tq̃ + ∂tγq̃ in Q̃,
v(x, t) = 0 on ΣT ,

v(x, 0) = 1
i (∇ · (α∇q0) + γ0q0) in Ω.

(3.3)


i∂tw + ∇ · (a∇w) + bw = −2∂tb v − ∂2

t b u + ∇ · (α∇(∂2
t q̃)) + 2∂tγ∂tq̃ + ∂2

t γq̃ + γ∂2
t q̃ in Q̃,

w(x, t) = 0 on ΣT ,

w(x, 0) = 1
i (∇ · (α∇q1) + γ0q1 + γ1q0 − b1u(x, 0) − b0v(x, 0) − ∇ · (a∇v(x, 0))) in Ω.

(3.4)
First we consider the case where q and q̃ are solutions of (3.1) respectively associated

with (a, f , g, F, q0) and (̃a, f̃ , g, F, q0). We recall that b = fg and b̃ = f̃g. Our main stability
result expresses a perturbation result around the known solution q̃. It is the following one

Theorem 10. Let q and q̃ be solutions of (3.1), respectively associated with (a, f , g, F, q0)
and (̃a, f̃ , g, F, q0), such that a − ã ∈ H1

0(Ω), ∂x2 (a − ã) ∈ H1
0(Ω), b0 − b̃0 ∈ H1

0(Ω) and
b1 − b̃1 ∈ H1

0(Ω). We assume that Assumptions 1-4 are satisfied.
If ( f − f̃ )(0) , 0, then there exists a positive constant C = C(Ω,Γ,T,R1) such that for s and
λ large enough,∫

Ω

ϕ0 e−2sη0 (|a − ã|2 + |∇(a − ã)|2) +

∫ T

−T

∫
Ω

e−2sη(|b − b̃|2 + |∂t(b − b̃)|2)

≤ C
∫ T

−T

∫
Γ+

ϕ e−2sη∂νβ [|∂ν(q − q̃)|2 + |∂ν(∂tq − ∂tq̃)|2] dσ dt. (3.5)

If ( f − f̃ )(0) = 0 and ( f − f̃ )′(0) , 0, then there exists a positive constant C = C(Ω,Γ,T,R1)
such that for s and λ large enough,∫

Ω

ϕ0 e−2sη0 (|a − ã|2 + |∇(a − ã)|2) +

∫ T

−T

∫
Ω

e−2sη(|b − b̃|2 + |∂t(b − b̃)|2 + |∂2
t (b − b̃)|2)
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≤ C
∫ T

−T

∫
Γ+

ϕ e−2sη∂νβ [|∂ν(q − q̃)|2 + |∂ν(∂tq − ∂tq̃)|2 + |∂ν(∂2
t q − ∂2

t q̃)|2] dσ dt (3.6)

+C
∫

Ω

ϕ−1
0 e−2sη0 [|∇∂x1∂t(q − q̃)(., 0)|2 + |∆∂x1∂t(q − q̃)(., 0)|2].

Proof. We apply (2.6) given in the Lemma 2.1, to the first order partial differential equations
satisfied by α and γ0 given by the initial condition and the derivatives of this initial condition
in (3.3) and we deduce the following result for s and λ large enough:

s2λ2
∫

Ω

ϕ0e−2sη0 (|α|2 + |∇α|2 + |γ0|
2) ≤ C

∫
Ω

ϕ−1
0 e−2sη0

(
|v(x, 0)|2 + |∇v(x, 0)|2

)
.

Then from (2.5) applied for v we get

s2λ2
∫

Ω

ϕ0e−2sη0 (|α|2 + |∇α|2 + |γ0|
2) ≤ Cs2λ2

∫ T

T

∫
Γ+

ϕe−2sη∂νβ|∂νv|
2

+Csλ
∫ T

T

∫
Ω

e−2sη[|α|2 + |∇α|2 + |u|2 + |γ|2 + |∂tγ|
2].

Since e−2sη ≤ e−2sη0 we obtain for s and λ large enough

s2λ2
∫

Ω

ϕ0e−2sη0 (|α|2 + |∇α|2 + |γ0|
2) ≤ Cs2λ2

∫ T

T

∫
Γ+

φe−2sη∂νβ|∂νv|
2

+Csλ
∫ T

T

∫
Ω

e−2sη[|u|2 + |γ|2 + |∂tγ|
2].

Using now the Carleman inequality for u we get

s2λ2
∫

Ω

ϕ0e−2sη0 (|α|2 + |∇α|2 + |γ0|
2) ≤ Cs2λ2

∫ T

T

∫
Γ+

ϕe−2sη∂νβ|∂νv|
2

+Csλ
∫ T

T

∫
Ω

e−2sη[|γ|2+|∂tγ|
2]+Csλ

∫ T

T

∫
Γ+

ϕe−2sη∂νβ|∂νu|2+C
∫ T

T

∫
Ω

e−2sη[|α|2+|∇α|2+|γ|2].

Therefore

s2λ2
∫

Ω

ϕ0e−2sη0 (|α|2 + |∇α|2 + |γ0|
2) ≤ Cs2λ2

∫ T

T

∫
Γ+

ϕe−2sη∂νβ(|∂νv|2 + |∂νu|2)

+Csλ
∫ T

T

∫
Ω

e−2sη[|γ|2 + |∂tγ|
2]. (3.7)

We now consider the first case ( f − f̃ )(0) , 0.
Since t → | ( f− f̃ )(t)

( f− f̃ )(0)
| is bounded on [−T,T ] we deduce that there exists a positive constant

C = C(T,R1) such that for all x, t,

|γ(x, t)| = |( f̃ (t) − f (t))g(x1)| ≤ C|γ(x, 0)| = C|( f̃ (0) − f (0))g(x1)|.
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Similarly we have |∂tγ(x, t)| = |( f̃ ′(t) − f ′(t))g(x1)| ≤ C|γ(x, 0)|. So (3.7) becomes

s2λ2
∫

Ω

ϕ0 e−2sη0 (|α|2 + |∇α|2) + s2λ2
∫ T

−T

∫
Ω

e−2sη(|γ|2 + |∂tγ|
2)

≤ Cs2λ2
∫ T

−T

∫
Γ+

ϕ e−2sη∂νβ [|∂νv|2 + |∂νu|2] dσ dt + Csλ
∫ T

T

∫
Ω

e−2sη[|γ|2 + |∂tγ|
2]

and we get (3.5).

We then consider the case ( f − f̃ )(0) = 0 and ( f − f̃ )′(0) , 0. Note that γ0 = 0 and
γ1(x) = ( f̃ ′(0) − f ′(0))g(x1). Applying (2.6) given in the Lemma 2.1 to the first order partial
differential equations satisfied by γ1 given by the derivative of the initial condition in (3.4),
we have for s and λ large enough:

s2λ2
∫

Ω

ϕ0e−2sη0 |γ1|
2 ≤ C

∫
Ω

ϕ−1
0 e−2sη0

(
|∂x1w(x, 0)|2 + |α|2 + |∇α|2

+|u(x, 0)|2 + |∇u(x, 0)|2 + |v(x, 0)|2 + |∇v(x, 0)|2 + |∇∂x1v(., 0)|2 + |∆∂x1v(., 0)|2
)
. (3.8)

From (3.7) and (3.8),

s2λ2
∫

Ω

ϕ0e−2sη0 (|α|2 + |∇α|2 + |γ1|
2) ≤ Cs2λ2

∫ T

T

∫
Γ+

φe−2sη∂νβ(|∂νv|2 + |∂νu|2)

+Csλ
∫ T

T

∫
Ω

e−2sη[|γ|2 + |∂tγ|
2] + C

∫
Ω

ϕ−1
0 e−2sη0

(
|∇w(x, 0)|2 + +|u(x, 0)|2 + |∇u(x, 0)|2

)
+C

∫
Ω

ϕ−1
0 e−2sη0 (|v(x, 0)|2 + |∇v(x, 0)|2) + C

∫
Ω

ϕ−1
0 e−2sη0 (|∇∂x1v(., 0)|2 + |∆∂x1v(., 0)|2).

Then using (2.5) for u, v, w defined by (3.2), (3.3), (3.4) we have

s2λ2
∫

Ω

ϕ0e−2sη0 (|α|2 + |∇α|2 + |γ1|
2) ≤ Csλ

∫ T

T

∫
Ω

e−2sη[|γ|2 + |∂tγ|
2]

+Cs2λ2
∫ T

T

∫
Γ+

φe−2sη∂νβ(|∂νv|2 + |∂νu|2 + |∂νw|
2)

+Csλ
∫ T

T

∫
Ω

e−2sη[|Hu|2 + |Hv|2 + |Hw|2] + C
∫

Ω

ϕ−1
0 e−2sη0 (|∇∂x1v(., 0)|2 + |∆∂x1v(., 0)|2).

Since

|Hu|2 ≤ C(|α|2 + |∇α|2 + |γ|2), |Hv|2 ≤ C(|u|2 + |α|2 + |∇α|2 + |γ|2 + |∂tγ|
2) (3.9)

and
|Hw|2 ≤ C(|u|2 + |v|2 + |α|2 + |∇α|2 + |γ|2 + |∂tγ|

2 + |∂2
t γ|

2).
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Therefore

s2λ2
∫

Ω

ϕ0e−2sη0 (|α|2 + |∇α|2 + |γ1|
2) ≤ Csλ

∫ T

T

∫
Ω

e−2sη(|u|2 + |v|2)

+Cs2λ2
∫ T

T

∫
Γ+

φe−2sη∂νβ(|∂νv|2 + |∂νu|2 + |∂νw|
2)

+Csλ
∫ T

T

∫
Ω

e−2sη[|γ|2 + |∂tγ|
2 + |∂2

t γ|
2] + C

∫
Ω

ϕ−1
0 e−2sη0 (|∇∂x1v(., 0)|2 + |∆∂x1v(., 0)|2).

We apply again (3.9) and the Carleman estimate for u and v and we have

s2λ2
∫

Ω

ϕ0e−2sη0 (|α|2 + |∇α|2 + |γ1|
2) ≤ Cs2λ2

∫ T

T

∫
Γ+

φe−2sη∂νβ(|∂νv|2 + |∂νu|2 + |∂νw|
2)

+Csλ
∫ T

T

∫
Ω

e−2sη[|γ|2 + |∂tγ|
2 + |∂2

t γ|
2] + C

∫
Ω

ϕ−1
0 e−2sη0 (|∇∂x1v(., 0)|2 + |∆∂x1v(., 0)|2).

Using the same argument as in the first case we deduce that there exists a positive constant
C = C(T,R1) such that for all |γ| ≤ C|γ1|, |∂tγ| ≤ C|γ1| and |∂2

t γ| ≤ C|γ1|. We conclude as in
the first case

s2λ2
∫

Ω

ϕ0e−2sη0 (|α|2 + |∇α|2) + s2λ2
∫ T

T

∫
Ω

e−2sη[|γ|2 + |∂tγ|
2 + |∂2

t γ|
2]

≤ Cs2λ2
∫ T

T

∫
Γ+

φe−2sη∂νβ(|∂νv|2 + |∂νu|2 + |∂νw|
2)

+Csλ
∫ T

T

∫
Ω

e−2sη[|γ|2 + |∂tγ|
2 + |∂2

t γ|
2] + C

∫
Ω

ϕ−1
0 e−2sη0 (|∇∂x1v(., 0)|2 + |∆∂x1v(., 0)|2).

and we get (3.6). �

By the same way, if we now consider the case where q and q̃ are solutions of (3.1) respec-
tively associated with (a, g, f , F, q0) and (̃a, g̃, f , F, q0), the stability result is (with b = fg
and b̃ = f g̃)

Theorem 11. Let q and q̃ be solutions of (3.1), respectively associated with (a, g, f , F, q0)
and (̃a, g̃, f , F, q0), such that a − ã ∈ H1

0(Ω), ∂x2 (a − ã) ∈ H1
0(Ω), b0 − b̃0 ∈ H1

0(Ω) and
b1 − b̃1 ∈ H1

0(Ω). We assume that Assumptions 1-4 are satisfied.
If f (0) , 0, then there exists a positive constant C = C(Ω,Γ,T,R1) such that for s and λ large
enough (3.5) is satisfied.
If f (0) = 0 and f ′(0) , 0, then there exists a positive constant C = C(Ω,Γ,T,R1) such that
for s and λ large enough (3.6) is satisfied.

Remark 1. Note that Theorems 10 and 11 are available with weaker hypotheses on a − ã and
b0 − b̃0. Indeed if moreover we suppose that (Q0 · ∇β)(x)(Q0(x) · ν) ≤ 0 for all x ∈ Γ, then
Lemma 9 holds and therefore we still have (3.5) and (3.6) without assuming that a− ã, b0− b̃0
and their derivatives are null functions on Γ.
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