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AN INVERSE PROBLEM FOR A
TIME-DEPENDENT SCHRODINGER
OPERATOR IN AN UNBOUNDED STRIP

Laure Cardoulis

Abstract. In this article we prove a stability result for two independent coefficients (each
one depending on only one space variable and the potential also depending on the time
variable) for a time-dependent Schrédinger operator in an unbounded strip with one ob-
servation on an unbounded subset of the boundary. Using an adapted Carleman estimate
and an energy estimate, we obtain the simultaneous identification of the diffusion coeffi-
cient and the time-dependent potential with one observation and the data of the solution
at a fixed time.
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§1. Introduction

This paper is an improvement of the work [5] in the sense that we determine two independent
coefficients, the diffusion coefficient @ := a(x,) and the potential b = b(x,1) = f()g(x1),
one of them depending on the time variable, with one observation .

Let Q = R x (0,d) be an unbounded strip of R? with a fixed width d. Let v be the
outward unit normal to Q on I' = 9Q. We denote x = (x1,x) and I’ = ' UT~, where
I*"={xel;, x, =d}andT™ = {x € T; x, = 0}. We consider the following Schrodinger
equation

Hq(x,t) = idiq(x, 1) + V - (a(x)Vq(x, 1)) + b(x1,0)q(x,1) =0 in Q=Qx(0,7T),
q(x,t) = F(x,t) on £=0Qx(0,7), (L.1)
q(x,0) = go(x) in Q.

where a € C3(Q), b € C2(Q % (0, T)) and a(x) > dyn > 0. Moreover, we assume that a (resp.
b) and all its derivatives up to order three (resp. two) are bounded.

Our problem can be stated as follows: Is it possible to determine the coefficients a and b
from the measurement of d,(q), 9,(d;q) and 61,(0351) onI*?

We will consider two cases for the potential b := b(x|,t) = f(£)g(x;).
In a first case we consider g (resp. ¢) a solution of (1.1) associated with (a, f, g, F, o) (resp.
@@, f, g, F, qo)) satisfying some regularity properties:

Assumption 1.
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e g and all its derivatives up to order four are bounded.
e o is a real valued function in C3(Q).
e go and all its derivatives up to order three are bounded.

In a second case we consider g (resp. ¢) a solution of (1.1) associated with (a, g, f, F, qo)
(resp. (a, g, f, F, qo)) satisfying the regularity properties of Assumption 1.

We now specify our hypotheses on the diffusion coefficient a and the potential b. Let R
be a strictly positive and fixed real. Consider the set

ARy =1 € L°Q@X 0. 7). Il < Ri)-

Let a be a real-valued function in C3(Q) and b be a real-valued function in C2(Q x (0, T))
such that

Assumption 2.
® a > ay, > 0, aand all its derivatives up to order three are in A(Ry),
e b and all its derivatives up to order two are in A(Ry).

Moreover as the method employed in this paper uses a Carleman estimate, we will need
a weight function 8 in connection with the diffusion coefficient a. Let 8 be a C*(Q) positive
function such that there exist positive constants C¢, C,, which satisfy

Assumption 3.

e VB >Cy>0inQ, 8,8<0 on I'.

. ,Eand all its derivatives up to order four are in A(Ry).

o 2R(D%BE, D) - aVa - VBIZP + 2B - {P = CpeliP, forall { € C

where . .
ady, (aaxlg) ady, (a@xl,g)
aaxg (aaxl,B) aaxz (aaxzﬁ) '
Note that the last assertion of Assumption 3 expresses the pseudo-convexity condition for the
function 8. This Assumption imposes restrictive conditions for the choice of the functions 8
in connection with the function a (see [4, 5, 6]). Note that here a only depends on x, and if

we consider ,E(xl ,Xp) 1= E(xz) then the last assertion of Assumption 3 can be rewritten on the
following form: there exists a positive constant ry such that

DB =

—a (9X2a6XZE >rg>0,
a 0y,ady,B + 2a*(0% B + (0.,8)*) > ro > 0.

Similar restrictive conditions have also been highlighted for the hyperbolic case (see [11]).
And this above function 8 will also have to verify the following hypothesis in connection with
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the initial condition Qy = (go, 0x,90)-
Assumption 4. There exists a positive constant k > 0 such that |Q - Vﬁl >k>00nQ.

Note that if E(x) = E(xz) this condition becomes |9, qOBXZEI > cst > 0.
For example, if we choose as classes of available functions a and g the following classes

3,00 s —f0nf2r9>0,
ae {f € C7(Q); dry positive constant,{ Fouf+2f2(1 + %) > rp > 0.

and
qo € {f € C*(Q); Ary positive constant, |, f] > 7o > O}

then we can take E(x) = e,

We also define 8 := E+ K with K = m||/~3||oo andm > 1. ForA > Oand ¢t € (-T,T), we
define the following weight functions
B 2K _ pAB()

T A e )

and 77o(x) := n(x,0), @o(x) := @(x,0). Denote also by ¢! = i.

Since we suppose that Assumption 1 is checked throughout all the paper, we can extend
the functions g (resp. b) on é = Q x (-T,T) by the formula g(x,f) = q(x,—t) (resp.
b(x,t) = b(x,—1)) for every (x,1) € Q X (—T,0). With all these hypotheses, we obtain our
main result for the first case.

Theorem 5. Let g and q be solutions of (3.1), respectively associated with (a, f, g, F, qo)
and (a, f, g, F, qo), such that a —a € Hé(Q), O0y,(a—a) € Hé(Q), by — by € Hé(Q) and
by — by € H\(Q) with by(x) = b(x, 0), by(x) = b(x,0), by (x) = d;b(x,0), b1 (x) = 8;b(x,0). We
assume that Assumptions 1-4 are satisfied.

If (f — f)(0) # O, then there exists a positive constant C = C(Q, I, T, Ry) such that for s and
A large enough,

T —_— —_—
f o e > (la = al’ +[V(a - D)) + f f e (b = b +10,(b = b))
Q -T JQ

T
<C f f ¢ e 213,B [10,(q — PI* +10,(0:q — 8,9)1*1 dor dt. (1.2)
_T r+

If (f — ]7)(0) =0and (f - j?)’(O) # 0, then there exists a positive constant C = C(Q,T,T,R;)
such that for s and A large enough,

T
f 60 €2 (a P + [V(a - D) + f f (b —BP + 18,6 - BIP + 1826 - DP)
Q -T JQ
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T
<C f f @ e213,B[10,(q = PI* +10,(0:q = 3, +10,(0?q - *PP 1 dordt  (1.3)
_T F+

+C f @y €IV, 0i(g = P O)F + A8y, 8,(q = (.. O)F].
Q

Note that we impose restrictive conditions on (f — ]?)(O) where ]71§ a given function in
[0, T] and these conditions imply that f is a non null perturbation of f in a neighbourhood
of t = 0. For the second case, we obtain the same results as above by considering the case
f(0) # 0 on one hand and the case f(0) = 0, f’(0) # O on the other hand, with this time
b = fg, b = fg. This is the following result.

Theorem 6. Let g and q be solutions of (3.1), respectively associated with (a, g, f, F, qo)
and (@, g, f, F, qo), such that a —a € Hy(Q), 0.,(a —a) € Hy(Q), by — by € H}(Q) and
by —'51 € H(l) (Q). We assume that Assumptions 1-4 are satisfied.

If f(0) # O, then there exists a positive constant C = C(C,T', T, Ry) such that for s and A large
enough (1.2) is satisfied.

If £(0) = 0 and f'(0) # 0O, then there exists a positive constant C = C(Q,T', T, Ry) such that
for s and A large enough (1.3) is satisfied.

The major novelty of this paper is to consider the coefficient » depending on the time vari-
able. In several works, the problem of the identification of coefficients for the Schrodinger
operator have been studied (see [1] in bounded domains and [4, 5, 6] in unbounded domains)
but in all of these works, the coefficients only depended on the space variable. Note also that
in [7], for a magnetic Schrodinger operator with a time-dependent magnetic potential y(?)a,
there is a result for the identification of the coefficient a which does not depend on the time
variable. For the problem of the identification of a potential b(x, f), to our knowledge, there
is no result. The main difficulty comes from the time dependent potential b(x, f). Indeed we
consider u = g —q, v = O;u, w = d. Thus time dependent terms appear in the right-hand
sides of the equations (3.3)-(3.4) satisfied by v, w and the difficulty is to control them with
the estimates given by the Carleman inequality (2.4). Because these terms did not appear in
earlier papers, we cannot adapt the previous works to our case. So we present a first result for
a time dependent potential but open questions are numerous: the removal of any conditions
on (f — f)(0) contrary to the above theorem ; the general case of a potential b(x, f) with no
particular form and no separated variables ; the case of a = a(xy, x;) and b = (x1, x2, 1) ; the
case of a time dependent diffusion coefficient a.

We will use the global Carleman estimate given in [4, 5, 6]. Indeed, Carleman inequalities
constitute a very efficient tool to derive observability estimates. We recall that the method of
Carleman estimates has been introduced in the field of inverse problems by Bukhgeim and
Klibanov ([2, 3, 9, 10]). These methods give a local Lipschitz stability around a single known
solution (see also [11]).

We then use an energy estimate for the operator H given in [4] and a Carleman type es-
timate for a first order differential equation proved in [8] for bounded domains and in [4] for
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unbounded domains.

This paper is organized as follows. In section 2, we recall an adapted global Carleman
estimate for the operator H (see [4, 5, 6]) and also an energy estimate (see [4, 5]). In section
3 we prove our two main results, a stability result for the coefficients a and f on the one hand
and a stability result for the coefficients a and g on the other hand.

§2. Some Useful Estimates

2.1. Global Carleman Inequality

Let a be a real-valued function in C*(Q) and b be a real-valued function in C2(Q x (0, T))
which satisfy Assumption 2.

Let g be a function equals to zero on 0Qx (-7, T) and solution of the Schrodinger equation
Hq:=i0,q+V-(aVq)+bg=f in Q=Qx(-T,7T), @1
qg=0 on Xr =90Q X (-T,T). '

We recall here a global Carleman-type estimate for ¢ with a single observation acting on the
upper part I'* of the boundary I in the right-hand side of the estimate (see [4, 5, 6]). Even
if the potential b did not depend on the time variable in [4, 5, 6], we can exactly proceed as
in these previous papers. Indeed the Carleman inequality is obtained in [4, 5, 6] by a decom-
position of the operator Lg := id,q + V - (aVgq). So the fact that here the potential b is a time
dependent one does not change the results. Otherwise, if the diffusion coefficient a depended
on the time variable we could not apply the previous Carleman inequality. Recall that for the
Carleman inequality we need weight functions. So let ,Ebe a C*'(Q) positive function such
that there exist positive constants Cy, C,c which satisfy Assumption 3.

Then, recall that we define 8 = E+ K with K = mllﬁllm and m > 1. For A4 > 0 and
. . . AB(X, AK __ ,AB(x)
t € (-T,T), we define the following weight functions ¢(x, t) = %, n(x, t) = %.
Let H be the operator defined by

Hq:=id,q+V-(aVq)+bg in Q=Qx(-T,T). 2.2)

We set = e™¥q, My = e™*"TH(e*Myy) for s > 0 and we introduce the following operators
My = idpp+V-(aVy) + s2a|lVnPy+ by, Moy = isdmy+2asVn-Vip+sV-(aVny. (2.3)
Note that the only difference with the Carleman estimate given in [4] is the presence of the

term by in M. And this term does not change anything in the calculus given in [4]. Then
the following result holds.
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Theorem 7. Let H, My, M, be the operators defined respectively by (2.2), (2.3) . We assume
that Assumptions 2 and 3 are satisfied. Then there exist 4y > 0, so > 0 and a positive
constant C = C(Q,I',T,Co, Cpc, Ry) such that, for any A > Ao and any s > so, the next
inequality holds:

T T
s%{fkff”ﬁMAHAf_féﬁwWW+Maw”w@@+M@w“m@@(ZM
-T JQ -T JQ

T T
SC[M f f e >19ld,q* 8,8 do dt + f f e~ |Hq|2],
=T JI'+ -T JQ

for all q satisfying Hq € L>(Q x (=T, T)), g € L*(-T,T; Hé(Q)), 0,q € L*(-T,T; L*()).

2.2. Energy Estimate

Let ¢ be a function equals to zero on dQ X (=T, T) and solution of the Schrédinger equation
(2.1). We recall here an energy estimate for ¢ with a single observation acting on the upper
part I'" of the boundary T in the right-hand side of the estimate (see [4, 5]). As for the
Carleman inequality, even if the potential » did not depend on the time variable in [4, 5], we
can exactly proceed for the calculus as in these previous papers. Indeed this energy estimate
is a consequence of the Carleman inequality and the result given in [4] remains valid.

We denote by

Ei(®) = fe_%”(x”)lq(x, > dx and E»(7) == f sa ¢ ' (x, 1) e 21D\ Vg(x, 1)[dx,
Q Q

where ¢! = é. We give an estimate for E;(0) i = 1,2 in Theorem 8.

Theorem 8. Let g be solution of (2.1) in the following class g € C([0,T],H'(Q)), d,q9 €
L0, T, LA(T)). We assume that Assumptions 2 and 3 are checked. Then there exists a positive
constant C = C(Q,T',T) > 0 such that for s and A sufficiently large

T
E1(0)+E2(O)SC(s2/12 f f e 9 0,8 10,q1* do dt + sA f f e25"|Hq|2) (2.5)
-7 JT+ Q

2.3. Lemma
We also recall a useful Lemma (see [8, 4]) for the following first order differential operator
Lemma 9. Let P the operator defined by

Pg = qo0x,g + 0x,q00x,9 = Qo - Vg with Qp = (qo, 9x,q0)-

Assume that Assumption 4 is satisfied and denote by ny(x) = n(x,0) and po(x) = ¢(x,0).
Then there exist positive constants ; > 0, s; > 0 and C = C(Q,I',T) such that for all
A> A, s>,

ﬁff%ﬂWWSCf%vmww 2.6)
Q Q

for any g such that g = 0 on {x € T, (Qp - VB)(x)(Qo(x) - v) > 0} and in particular for any
g € H)(Q).



An Inverse Problem for a time-dependent Schrodinger operator in an unbounded strip 81

§3. Inverse Problem

Let g and g be solutions of

q(x,t) = F(x,1) on 0Qx(0,T), q(x, 1) = F(x,1) on 0Qx(0,7T),
q(x,0) = qo(x) in Q q(x,0) = go(x) in Q,
3.1

where a, b, @ and b satisfy Assumption 2. We suppose that Assumption 1 is checked, then
we extend the functions g (resp. b) on Q Q X (-T,T) by the formula g(x,) = g(x,—t)
(resp. b(x,t) = b(x, 1)) for every (x,t) € Q X (-T,0). Denote by X7 = dQ x (-7, T). If
wesetu =gq-q,v=0uw=0va=a-a,y=b-b,by(x) = bx,0), bo(x) —b(x 0),
bi(x) = 8;b(x,0), by(x) = 9;b(x,0), yo(x) = ¥(x,0), ¥1(x) = d(x,0), g1(x) = 9;g(x,0) then
u, v and w satisfy

{ia,q+v-(avq)+bq=o in Qx(0,7), {ia,zj+v-('v3a D+bg=0 in Qx(0,7),

u(x,1) =0 on Xr, (3.2)

i0u+V-@Vu)+bu=V-(aVg) +yq in 0,
u(x,0)=0 in Q.

v(x,1) =0 on Xr, 3.3)

{ B+ V- @) +bv=-8bu+V-@VOQ)+ydg+8yq in O,
v(x,0) = 1 (V- (@Vq0) + ¥040) in Q.

0w+ V- (aVw) + bw = =20,b v — 0*b u + V - (aV(6?q)) + 20,y0,q + 0>yq + yd?°q in  Q,
{ w(x,t)=0 on Xr,
w(x,0) = 1 (V- (@Vq1) + y0q1 + ¥190 — bru(x, 0) — bou(x,0) = V - (aVo(x, 0))) in Q.
34
First we consider the case where g and g are solutions of (3.1) respectively associated
with (a, f, g, F, qo) and (a, f, g, F, qo). We recall that b = fg and b = fg. Our main stability
result expresses a perturbation result around the known solution g. It is the following one

Theorem 10. Let g and q be solutions of (3.1), respectively associated with (a, f, g, F, qo)
and (a, f, g, F, qo), such that a —a € Hé(Q), 0y,(a—a) € Hé(Q), by — by € Hé(Q) and
by —b € H(l) (Q). We assume that Assumptions 1-4 are satisfied.

If(f - f)(O) # 0, then there exists a positive constant C = C(Q,T', T, Ry) such that for s and
A large enough,

f @o € 2™ (la —al* + |V(a - D)) + f f e 2(b — b +18,(b - b))
Q -T JQ

T
<C f f ¢ e 213,B [10,(q - PI* +10,(d:q — 8,9)1*] do dt. (3.5)
_T l"+

If (f — ]7)(0) =0and (f - f)’(O) # 0, then there exists a positive constant C = C(Q,T,T,R;)
such that for s and A large enough,

T
f 60 €M (a P + [V(a - D) + f f (b —BP + 18,6 - BIP + 1826 - BP)
Q -T JQ
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T
<C f f @ e213,B[10,(q = PI* +10,(0:q = 3, +10,(0?q - *PP1 dodt  (3.6)
_T F+

+C f @' e[|V, 0,(q = P, O + A8y, 0,(q — D(., 0)]*].
Q

Proof. We apply (2.6) given in the Lemma 2.1, to the first order partial differential equations
satisfied by « and vy given by the initial condition and the derivatives of this initial condition
in (3.3) and we deduce the following result for s and A large enough:

s f @oe 2™ (laf® + [Val* + [yol*) < € f 5" e (loCx, 0)F + [Vo(x, 0)).
Q Q

Then from (2.5) applied for v we get

T
S f 02 (laf? + Val + yoP) < Cs222 f f e VB3,
Q T Jr+

T
+CsA f f e 2 Malf + \Val?* + [uf + yI> + 10,711
T Q

Since e~ < ¢ we obtain for s and A large enough

T
% f 6002l + [Val + yoP) < Cs222 f f de > vBI0,uf
Q T Jr+

T
+CsA f f M ul + 1y + 10,11
T Q

Using now the Carleman inequality for u we get

T
s2A° f @oe =M (|l + [Val® + lyol?) < Cs*4* f f pe >3vpl, v
Q r Jre

T T T
+CsA f f e My +8,yF1+CsA f f e 219vBI0,ul*+C f f e B M|al*+|Val+ly[*].
T Q T I+ T Q

Therefore

T
s2 A f poe 2™ (|l + [Val + lyol?) < Cs*A? f f @e 2 13vB(I0 v + 10,ul*)
Q r Jr+

T
+Csd f f ey + 1009171 (3.7)
T Q

We now consider the first case (f — ~F)(O) # 0.
Since t — |%I is bounded on [T, T] we deduce that there exists a positive constant
C = C(T, R) such that for all x, ¢,

ly(x, 0l = [(f(1) = £@)g(x)] < Cly(x,0)] = CI(F(0) = £(0)g(x))l.
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Similarly we have |9,y(x, f)| = |(]?(t) — f(®))g(x1)| £ Cly(x,0)]. So (3.7) becomes

T
s f 0o €Ml + [Vaf) + s*4° f f PNy +101)
Q -T JQ

T T
<CsPA? f f © e 219, 10,0 + 0,u*] do- dt + CsA f f My + 10,y
-T JI'* T Q

and we get (3.5).

We then consider the case (f — 5(0) = 0and (f - ]7)’(0) # 0. Note that yp = 0 and
y1(x) = (f(0) — £'(0))g(x1). Applying (2.6) given in the Lemma 2.1 to the first order partial
differential equations satisfied by y; given by the derivative of the initial condition in (3.4),
we have for s and A large enough:

s*A? f poe My P < C f 5" e (|05 w(x, O + lof + Vol
Q Q

+u(x, 0) + [Vue(x, 0) + [o(x, 0)F + [Vo(x, 0)f + [Vay,v(., 0)F + [Ad,v(, 0)F).  (3.8)
From (3.7) and (3.8),

T
s2 A2 f woe M (|a? + [Val?* + lyi*) < Cs* A2 f f Pe > 10vB(10,v)> + 18yul*)
Q r Jr+

T
+CsA f f BNyl +10,y1P1 + C f 5" e (IVu(x, ) + +u(x, 0) + [Vu(x, 0)7)
T Q Q

+C f @' e (Ju(x, 0)F* + [Vo(x, 0)*) + C f @0 €=M (VA (., ) + |Ad,, (., 0)).
Q Q

Then using (2.5) for u, v, w defined by (3.2), (3.3), (3.4) we have

T
s2 A f goe > (laf* + [Val* + y1*) < CsA f f ey +10,v171
Q T Q
T
+Cs* 22 f e 1vB(0, 0 + 10, ul + 10,w?)
T I+

T
+CsA f f e >"[|Hul* + |Hv|* + |Hw[*1 + C f @y eV, (., 0) + |Ad,, (., 0)).
T Q Q
Since
|Hu? < Claf* + [Val* + [yP), |Hol* < C(lul* + laf® + [Val* + yI* + 10,y (3.9)

and
|Hwl* < C(lul* + of* + |al* + [Val* + [yI* + 1051 + 07 y).
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Therefore

T
s2 A f goe =M (|l + [Val® + lyi*) < CsA f f e (uf® + v
Q T Q
T
+Cs* A% f de > 19vB(10,0) + 18yul* + |8, w*)
T I+

T
+Csd f f ey + 10y + 1079121 + C f @' eIV, (., 0)* + |Ady, v(., O)P).
T Q Q

We apply again (3.9) and the Carleman estimate for # and v and we have

T
5247 f goe M (jaf* + |Val* + Iy *) < Cs*A* f de > 13vB(8,0 + 0,ul* + 16, w)
Q T Jr+

T
+Csi f f 2P + 190 +162yP] + C f ¢! e 2M(V8,, 0, O) + |Ads, v, O)P).
T Q Q

Using the same argument as in the first case we deduce that there exists a positive constant
C = C(T,R)) such that for all |y| < Clyi|, [8,y| < Clyi| and |6*y| < Cly;|. We conclude as in
the first case

T
2 f g0 2 (Jaf? + [VaP) + 222 f f MNP + 10y +104P]
Q T Q
T
< CsPA? f e > 19vB(10,0)* + 18yul* + |8,w?)
T I+

T
+Cs1 f f PP +10,77 + 182yP] + C f g5 VD, 00, O)F +|Ady, u(.. OP).
T Q Q
and we get (3.6). O

By the same way, if we now consider the case where ¢ and g are solutions of (3.1) respec-
tivell associated with (a, g, f, F, qo) and (a, g, f, F, qo), the stability result is (with b = fg
and b = fg)

Theorem 11. Let q and q be solutions of (3.1), respectively associated with (a, g, f, F, qo)
and (@, g, f, F, qo), such that a —a € H)(Q), 0.,(a —a) € H)(Q), by — by € H}(Q) and
by —Zl € H(l) (Q). We assume that Assumptions 1-4 are satisfied.

If f(0) # 0, then there exists a positive constant C = C(Q,T’, T, Ry) such that for s and A large
enough (3.5) is satisfied.

If £(0) = 0 and f'(0) # 0, then there exists a positive constant C = C(Q,T', T, Ry) such that
for s and A large enough (3.6) is satisfied.

Remark 1. Note that Theorems 10 and 11 are available with weaker hypotheses on a —a and
by — bo. Indeed if moreover we suppose that (Qp - VB)(x)(Qo(x) - v) < 0 for all x € T, then
Lemma 9 holds and therefore we still have (3.5) and (3.6) without assuming that a —a, by — by
and their derivatives are null functions on I'.



An Inverse Problem for a time-dependent Schrodinger operator in an unbounded strip 85

[1]

(2]

(3]

[4]

[5]

[6]

[7]

(8]

[9]

[10]

[11]

References

Baupoum, L., anp PugL, J.-P. Uniqueness and stability in an inverse problem for the
Schrodinger equation. Inverse Problems 18 (2002), 1537-1554.

BukHGem, A. L. Volterra Equations and Inverse Problems. Inverse and Ill-Posed Prob-
lems Series. VSP, Utrecht, 1999.

BukHGemM, A. L., AND KLiBANOV, M. V. Uniqueness in the large of a class of multidimen-
sional inverse problems. Soviet. Math. Dokl. 17 (2006), 244-247.

Carpbouuis, L., CristoroL, M., anp Gartan, P. Inverse problem for the Schrodinger
operator in an unbounded strip. Journal of Inverse and Ill-posed Problem 16, 2 (2008),
127-146.

Carpoutis, L., aAND GarTan, P. Identification of two independent coefficients with one
observation for the Schrodinger operator in an unbounded strip. CRAS Paris Ser I 348
(2010), 149-153.

Carpoutss, L., aNp Gartan, P. Simultaneous identification of the diffusion coefficient
and the potential for the Schrédinger operator with one observation. Inverse Problems
26 (2010), 035012.

CristoroL, M., AND Soccorsi, E. Stability estimate in an inverse problem for non au-
tonomous magnetic Schrédinger equations. Applicable Analysis 90, 10 (2011), 1499—
1520.

ImmanuviLoy, O. Y., AND YaMamoto, M. Carleman estimates for the non-stationary Lamé
system and the application to an inverse problem. ESAIM Control Optim. Calc. Var. 11,
1 (2005), 1-56.

Kumanov, M. V. Inverse problems in the large and Carleman bounds. Differential
Equations 20 (1984), 755-760.

Kuimanov, M. V. Inverse problems and carleman estimates. Inverse Problems 8 (1992),
575-596.

Kuisanov, M. V., axp TiMoNov, A. Carleman Estimates for Coefficient Inverse Problems
and Numerical Applications. VSP, Utrecht, 2004.

Laure Cardoulis

Université de Toulouse, UT1 Ceremath , CNRS, Intitut de Mathématiques de Toulouse, UMR 5219
21 Allées de Brienne, 31042 Toulouse, France

laure.cardoulis@univ-tlsel. fr






