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Asymptotic Expansions of Generalized Stieltjes
Transforms of Algebraically Decaying Functions

By José L. Lopez and Chelo Ferreira

Asymptotic expansions of Stieltjes and generalized Stieltjes transforms of
functions having an asymptotic expansion in negative integer powers of their
variable have been exhaustively investigated by R. Wong. In this article, we
extend this analysis to Stieltjes and generalized Stieltjes transforms of functions
having an asymptotic expansion in negative rational powers of their variable.
Distributional approach is used to derive asymptotic expansions of the Stieltjes
and generalized Stieltjes transforms of this kind of functions for large values of
the parameter(s) of the transformation. Error bounds are obtained at any order
of the approximation for a large family of integrands. The asymptotic
approximation of an integral involved in the calculation of the mass
renormalization of the quantum scalar field and of the third symmetric elliptic
integral are given as illustrations.

1. Introduction

The generalized Stieltjes transform of a locally integrable function f(f) on
defined by the integral ([1], Ch. 8)

S(p;z) = /OOO% dt,
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188 J. L. Loépez and C. Ferreira

where z is a complex variable in the cut plane |arg(z)] < m and p > 0. If
f(t) ~ O(t*) as t — oo, then o + p> 1 is required. The standard Stieltjes
transform corresponds with p = 1.

When
o0
f6)~Y a o,
k=0
where 0 < a < 1and {q, k=0, ..., co} is a sequence of complex numbers,

asymptotic expansions of S(1; z) and, in general, of S(p; z) for large values of z
have been derived by R. Wong. An asymptotic expansion of S(1; z) is obtained
by using the distributional approach ([2], Ch. 6); whereas, Mellin transforms
techniques are used in [3] to derive an asymptotic expansion of S(p; z).

These expansions have been used in [4] and [5] to obtain uniform and
nonuniform asymptotic expansions of symmetric standard elliptic integrals for
real values of their parameters.

On the other hand, mathematical calculations in quantum mechanics and in
quantum field theory require the computation or, at least, the approximation of
integrals of the form

> [ > £(0)
L wvme | wrrenre 1)

where s is a positive integer and

= a ke n\t),
1) 2 0+ () @)

where 0 <a<1,Ke€Z and f,(t)= O(t"*) as t — oo. This kind of
integral appears in one-loop calculations of physical observables and effective
actions in quantum field theory, where f(¢) is a rational function ([6], Ch. 8,
Sec. 4.2), ([7], Ch. 10, Sec. 8). In particular, as has been established recently,
the determination of the effective Chern—Simons coupling constant requires the
calculation of integrals of the form (1), where z and/or w are large real
parameters [8—10]. In general, the regularization techniques used to define the
quantum theories require the introduction of a large parameter (regularizator)
and then, the parameters z and/or w in (1) are large ([6], Ch. 8, Sec. 1), ([7],
Ch. 7, Sec. 5). On the other hand, the first integral in (1) fors =2 and p = 1/2 is
nothing but the Glasser transform of f(7), [11], ([1], Ch. 27).

Asymptotic expansions of integrals (1) cannot be derived directly from
Wong’s methods when s > 2. The purpose of this paper is to generalize Wong’s
distributional method for Stieltjes transforms to the case s > 2 to obtain a
technique valid for the integrals (1) with f(¢) verifying (2). By means of a
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simple change of variable and an obvious change of notation, we rewrite these
integrals in the form

= (1) <~ 10
/0 it / (ot w 3)

where p, 0> 0, |Arg(z)| < 7 and |Arg(w)| < 7. In the first integral o + p> 0 and
in the second one o + p + o> 0. In both integrals f(7) is a locally integrable
function on [0, co) that satisfies

n—1

_ a —k/s—a
f(@) Z; Kt + /), @

where s e E,0 < @ < 1/s,K € Z,{ay,k =0,...,00} is a sequence of com-
plex numbers and f;(f) = ©(r"/*~) when t — oc.

In Section 2, we generalize Wong’s method for Stieltjes transforms to
integrals of the form (3) with f(¢) verifying (4) by using the distributional
approach ([2], Ch. 6). In Section 3, we show the asymptotic character of the
expansions obtained in Section 2 and study error bounds for the remainders.
The asymptotic expansion with error bounds of an integral from quantum field
theory and of the third standard symmetric elliptic integral are shown as
illustrations in Section 4. A brief summary and a few comments are postponed
to Section 5.

2. Distributional approach
In the following, we use the notation introduced in [2]. In particular:

DEFINITION 1. We denote by < the space of rapidly decreasing functions
(infinitely differentiable functions p(f) defined on [0, 00) that, together with
their derivatives, approach zero more rapidly than any power of t ' as t — o).

DEFINITION 2. We denote by < A, 0> the image of a tempered distribution A
(a continuous linear functional defined over &) acting over a function p € .
Recall that we can associate to any locally integrable function g(t) on [0, c0)
with finite algebraic growth at infinity; i.e., g(t) = O(t"), u >0, a tempered
distribution Ay defined by

< Ag,p >= /Ooog(t)go(z)dz.

Ql
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Because f(¢) in (3) is a locally integrable function on [0, 0o), it defines a
distribution

<f, o= /0 ()t

The distributions associated with f/“”, k=0,1,2,..., n—1 are given by ([2],
Ch. 5)
1 o0
<tk po>=_— / O (1)dt
(@) Jo

if0<a<1and

<t p>=— log(t)go(kH)(t)dt.

kl

To assign a distribution to the function f,,(t) introduced in (4), we first define
recursively the kth integral f,, (¢) of f,(¢) by f,0(f) = f,(¢) and

)=~ [ hatwan =0 [ tpgan

For 0 < a < 1/s, it is trivial to show that £, ,,;s(¢) is bounded on [0, T'] for any 7>
Oandis ©(t*)ast— oo.Fora=1l/swehave f,,,(t) = O(t)as t—
oo and f,,/s(1) = O[log(r)] as t — 0". Therefore, for 0 < o < 1/s, we can
define the distribution associated to f,,(f) by

<oy > = (1) < fypge, o™ >= (1) /0 Fongs ()™ (2)dt

We recall now the definition of the Mellin transform.

DEFINITION 3. For a locally integrable function f(t) on (0,00), we denote by
M [f;z] the Mellin transform of f(¢) or its analytic continuation. It is defined by

M[f;2] = /Ooctz‘lf(t)dt

when the integral converges.

Once we have assigned a distribution to each function involved in the
identity (4), we are interested in finding a relation (if any) between these
distributions. In fact, this relation is established in the following two lemmas.

LEMMA 1. For 0<a<1/s,seN,n>K+1, and n =s,2s,3s,..., the
identity

n—1 n/s— 1

f= kfs—a k f,
;at +Z k| M[f3k +1]6% + ©

=
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holds for any rapidly decreasing function ¢ € &, where 6 is the delta
distribution in the origin.

Proof: Letfy(t) =21 (t) — Z,::'K agt /5= (empty sums must be understood
as zero). Then, for n = 0, s, 2s,...,

Fors) =400 = Y s
k

and

©

-
n/v An+k 1
fn—&—s,n/s( ) ﬁln/v 2; Oé i k/S tk/s+(y :

Multiplying this expression by ©"™*)(#), integrating by parts and defining

H, = (_l)n/s<fn,n/sa <P<n/s)>> (7)
it follows that

00

©

Hyys = H, — (_l)n/sfnﬂ,n/sﬂ(t)@(n/s)(t) - Anip < t_a_(n+k)/sa w>.
0 0

T

Now, from (4) and using that f(¢) is locally integrable in ¢ = 0, we obtain
Jnrsnjse1(t) = O(t7) ast — oo and fy5,/5+1(¢) = ©(1) as t — 0. Therefore,

s—1
Hn+s = H, +ﬁz+s,n/s+l (O)<6(n/S), p>— Z an+k<t_a_(n+k)/sa p>. (8)

k=0
From the definition (5) of f, (#) and ([2], Lemma 7, Ch. 3], we have
(_l)n/s
Jorsnysr1(0) = —WMV;”/S + 1].
Finally, applying the identity (8) n/s times, using this last identity and
Hy= <f,o>-Stear <t o> we obtain (6). "

LEMMA 2. For a = 1/s,s € N;n > K + 1 andn=s, 2s, 3s, . .., the identity

—1 n/s—1
Z s deﬂ 8 + 1, 9)
k=K k=0

holds for any rapidly decreasing function ¢ € </, where, for n =20, s, 2s, ...,

( )"/S n/s n/s = n/S)'an+k
dpis = (1) d s a’
T (s / ) ”/1 Juesl ’*ZO +1)/s = 1,51




192 J. L. Loépez and C. Ferreira

n/s n+4s—1
n/s k+2k 14
> Z 0/s — K,

(10)
- {2
+ kz n/s— Do (k+1)fs— 1] otk
i Z Zl (IZ(/j T f)jsz—)kk)fj } (11)

Proof: Let fo(t) =f(t) — Z,:ZIK apt~®*tV/s Then, forn =0, s, 2s, ...,

Frs ) =10 = D7 i
k

and
fnJrs,n/S( ) fnn/s ZO A 1 /S s (12)
From this it follows, by integration, that
f (=) s
nnsudu:nsns t+—nslo t)— (=1 /s
[ ) = Fn 0+ o) = (<)
5—2 1—(k+1)/s
a +kt
X + dn+sa
Z0 1]n/s+1 (13)
where we have defined the integration constant
. Apys—1
dn SE_I n+s,n/s t ln/s = log(#
= ot )+ D S0

Multiplying (12) by ©"*)(¢), integrating by parts and defining again H,, as in (7)
it follows that

H, ,=H,— [(—1)11/an+s’n/s+l(t) + C(l:;;_): log(;)] go("/S)(l‘)

s—1
_ Zan+k < t_(n+k+1)/s,(p > .
0 k=0

oo
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Now, from (4) (with o = 1/s) and using that f(?) is locally integrable in t = 0, we
obtain that f,,s use1() + (—1)" @y 1log(e)/(n/s)! is ©[log(1)] as t — oo and
©(1) as t — 0 (its limit in £ = 0 is — d,,+). Therefore,

Hn—&-s = Hn - Yn+s < 6(n/s)7 2 > = Zan—O—k < t—(n+k+1)/s7 2 >
k=0
If we apply this identity n/s times and use Hy = <f, o> — S Lra, <t ®5 o
>, then we obtain (9), but with d,,, ; given in (14). It remains to show that d,,;
may be also expressed by the more tractable expressions (10) or (11). Setting ¢ =
1 in (13) and using the recurrent definition (5) of £, ;(#) we obtain

s—2
Aptk
ns nns dt+/ n+s,n/s dt+ n/b x
- /f/ er / Z k+1 ]n/s+l (15)

0

On the other hand, for k=1, 2,3, ..., n/s and n = s, 25, 3s,.. .,

n+s—1

Foess1) =Fos) = (15 Y (o o

and, by integrating by parts n/s times and taking into account the asymptotic
properties of f,(¢) in ¢t = 0 and ¢ = oo, we can check that, for n = s, 2s, 3s, ...,

/Ot”/f :_nz/s (_—k+2) ]fn,k(l)+(—1)”/S(n/s)!/Olfmn/s(f)df

and

/100 Efurs(0)dt = ng/i(—l)" (5-k+2)  fusa(D)+ (D)1

Introducing the three last identities in (15) we obtain (10). Using the definition
(4) of £,(¢) and its asymptotic properties in ¢ = 0 and ¢ = co, we obtain

z—n/s (k+ 1)/S

and (11) follows. ]

1 00 n+s—1
n/s n/s 1 . § : Ak
t n\t dt t st dt = lim |M ) 1

/(; f() +/I f+() : [ [fz+ ]+k:n Z+1—
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To apply Lemmas 1 and 2 to the first integral in (3), we choose a specific
function in <,
e

TEE

oy(t) =

)

where p, > 0 and z ¢ R™. We will also need the following lemma.

LEMMA 3. Let f(¢) satisfy (4). Then, fork=0,1,2, ... andn=s, 2s,3s, ...,
the following identities hold,

> t
lim <f,<p,,>:/ /() dt fora+p+K/s>1,
0

1—0 (t+2z2)
k

: (k) < _ (=D (o)

71;11% <oy >= Zktp

where (p); denotes the Pochhammer symbol,

k
. ) ()T +p+v—-1I1-v)
}Il_r}% <the)y>= ['(p)zktrtv=1

forl —p<v<l,

k+1
. (k+1) (_1) o~
71715% <log(t), ;" >= " — (p)llog(z) — v — ¥k + p)],

where v is the Euler constant and 1) the digamma function and

; (n)s) — _ (__1\/s > ﬁz,n/s(t) _
lim < a6 5= (00 [ P ot <<,

Proof: The first identity is trivial by using the dominated convergence
theorem. The second one follows after a simple computation. On the other

hand,
k _
K\ * e
< t_V, (k) >=(—1 k E ( > J _»/ ——dt
907] ( ) = Jj n (p)kj 0 ty(t—i_z)kerij

For 1 — p <wv <1, the integrand of each integral on the right-hand side of the
above equation is absolutely dominated by the integrable function /|t +z =~ ¥~
V n, t > 0 and, hence, is finite. Therefore, using the dominated convergence
theorem and after straightforward operations, we obtain the third identity. On the
other hand,

k+1 e’} —nt
) S (CHT Y k+11 e Mlog(r)
<log(t)’¢n >_( 1) j=0< ] n(p)k+l—j 0 (l‘—|—Z)k+p+lijdt

Forj < korj=k+ 1 and p> 1, each integrand in the right-hand side of
the above equation is absolutely dominated by the integrable function
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log()|t + z/~*"=" ¥ n, t > 0 and, therefore, finite. For j =k + 1 and p < 1,
we divide the interval [0, co) in the above integrals at the point # = 1. In the
interval [0, 1], the integral is finite for n > 0. In the interval [1, oo], we
perform the change of variable n¢ = u and divide again the resulting u-interval
[, co) at the point 1y such that 1z + uo| = 1 (assume njz| < 1 and n < |1 +z7 ).
In the u-interval [n, uy], we use the bound |u + 7z|” > |u + 7z, and in the u—
interval [ug, oc], we use the bound |u + 7z’ > 1. After straightforward
operations, we observe that the integral on the t-interval [1,00] is
O[n*~"1og?(n)] as n — 0. Therefore,

*  log(1)
. (k1) S — (_q)kH _loel)
}Il_r% < lOg( ) ('pr] ( 1) (p>k+l /0 (f +Z)k+P+1 dt.

Using now formula ([ ], p. 489, Eq. 7) we obtain the fourth identity. The fifth
identity follows from the dominated convergence theorem, the local integr-
ability of f,, ,4(f) on [0, oo] and the behavior f, ,/(t) = Ot ) ast — occ. m

To apply Lemmas 1 and 2 to the second integral in (3), we must choose

another particular function of &7,
e M o
onlt) = SNes
9077() (t+az)p(t+bz)g &,

where az, bz, ¢ R~ and p, o, n> 0. We will also need the following lemma.

LEMMA 4. Let f(¢) satisfy (4). Then, fork=0,1,2,... andn=1s, 2s,3s, ...,
the following identities hold,

> f(1)
lim < f, o, dt f K 1.
Jm <10y > /0 (t + az)’(t + bz)° oratptotKis>

(1" kN ()0
hm <6 SO’Z >= Zhk+pto ZO ] aPtipotk—i’
j=

(- T =)k +p+o+v—1)

’}]ll)no < t_’/, ()5(/() >:

Ui F(k—i—p—l—a)ZkerJ”ﬁLV*l
k .
k )k_J l-vk+o0—j a
X/ZO<]>aP+J+I/ 1bo+kjF k+p+o 1_3

for l—-p—o<v<l,

()

where

Q2
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is the Gauss hypergeometric function,

k k
hm < log(t), P = =) - i et (p)j((j)kﬂﬂ'
n—0 g <’07} (k+ p+ O—)Zk+p+rf = ] aPti—1potk+1-j
a
1=
b>

Lk+1+0—j
k+1+p+o

| togtaz) = wlk-+ -+ ) F

-]
P(0F)

is the derivative of the Gauss hypergeometric function with respect to the
parameter v and

iﬁ ()05 Sanys (D)
: —(n/s) <_ (_1\/s n/S P); n/s—jJnn/s
?172% < fn,n/s’@n > ( 1) ( . > A ( -

=\ J t+az)’ (¢t + bz)" 0

Lk+1l+o0—j
Fh 1
* <k+1+p+a

where

forl —p—-—o<a<l.

Proof:  The proof of the first, second, and last equalities is similar to the
proof of the corresponding equalities in Lemma 3. The proof of the third equality
is also similar, but considering the integrable functlon V|t 4 az| TP+ bz
with i <j=0,1,2, ..., k instead of 7|t 4z * 7 and using formula ([12],
p. 303, Eq. 24). The proof of the fourth equality is similar to the proof
of the fourth equality in Lemma 3 using the bound |t + az| °|t + bz| 7 < |t +
az| P+ |t + bz| ”"7 and using the derivative with respect to « of formula
([12], p. 303, Eq. 24) instead of ([12], p. 489, Eq. 7). ]

With these preparations, we are able now to obtain asymptotic expansions of
the integrals (3) for large z. This is achieved in the following theorems.

THEOREM 1. Let f(f) be a locally integrable function on [0,00] which

satisfies (4) with 0 < « < 1/s. Then, for p >0,z € C\R™, o+ p + K/s
> 1, andn = s, 2s, 3s, ...

00 n/s—1 k
(p+a+k/s—1I'(1 —a—k/s) (—1)
/0 t—i—z Z k T (p)zetoth/s—T T Z Zktp
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Lk /s +p o= Dagz I (p)MIfik + 1]
D(k+j/s + a)l(p) sin(n(j/s + «)) k!

=0

+ Rus(p32), (16)
where the remainder term satisfies

% fanys(t)dt
0 (t42)"ste (17)

empty sums must be understood as zero and f, ,(t) is defined in (5).

Rn,s(p; Z) (Io)n/v

Proof: 1t follows from Lemmas 1 and 3 when using the reflection formula
of the gamma function and formula

1
< tfk/sfa,(p S—_ < ’w([k/SJF“]) > if k/S+Oé¢ N

! (V)[k/s+a] ! (18)

with v = kis + o — [k/s + a]. u

THEOREM 2. Let f(f) be a locally integrable function on [0, oo] which
Satisﬁes (4) with o= 1/s. Then, for p> 0,z € C\R™, p+ (1 +K)/s> 1 andn =s,
2s, 3s,

o - T(p+ (1 +k)/s—1)IT(1 — (k+1)/s)
/0 t—|—2 z}; (p)zp+(1+k)/s—1
"~ D" (o),
+ As(hes 1)1~y 10g(2) =7 — Y(k + p)]
=0 k p
k s—2

Tlp+k+ (j+1)s—1DT0 = (j+1)5s)
Zav’fﬂ ((J + 1)/s) 2ot

(19)
where, for k=0, 1, 2, ..., the coefficients dy+1, are given by (10), (11) or

(p)
+ iy 1) zk—+]; + Rus(p;2),

n4s—2 ax T(nfkfl)/s+1

_(_l)n/s i ! n/s
s =)o) {L“&o[/o AL D ey sy

k=K

n/S'an+ n
+Z< 1)/s = ) +l—(k—:l)/s)

]n/erl
n/Sn+sl
(n/s —k+2),_,q
538 SRR

k=1 j =n

—Apts—1 10g




198 J. L. Loépez and C. Ferreira

empty sums being understood as zero. The remainder term R, ((p; z) is given
by (17).

Proof: From Lemmas 2 and 3 and formula

—1
—(k+1)/s [(k+1)/s]
t , log ¢,
< 7@] [(k+1)/S—1) < Og 9077 >
if  (k+1)/seN.

or formula (18) with oo = 1/s if (k + 1)/s ¢ N, we immediately obtain formulas
(17) and (19), but with the coefficient dy+1y given in formulas (10) or (11).
Introducing

Sl =10 = > e
k=K
in the integrands on the right-hand side of (10) and after simple manipulations
we obtain (20). [ ]

THEOREM 3. Let f(¢) be as in Theorem 1. Then, for az, bz € C\R™, p, 0> 0,
atptoKis>1andn=s,2s,3s, ...,

00 n/s—1 k [s=1
[ I ) By
/0 (t +az)’(t + bz)° = Z zZktpto JZ; zoti/s=1 +

I
+ 2 orartr + Rus(6,032),

where the coefficients Ay, By ; and Cy are defined by

(1)

= F(l—a—k/s)F(p+a+a+k/s—l)F l—oz—k/s,al_g
(= Do+ o)arr Tl pto b)
— Mgk Lk+tptot+atj/s—1)

B =

sin((a +j/s)m) T(a+k+j/s)T(k+p+o0)

k l—a—j/s,k+o—1
() e (U i-9)
1=0 a’ J b k+p+0' b

and

Ck

n/s— k
MIf; k+
Z Z( >ap+1bk+];j]

k=0 Jj=0
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empty sums must be understood as zero and the remainder term satisfies

n/s 0
o:z) = n/s o Sunis(
ans(p, iz) = Z( j )(P>]( )n/sjA (l +az)j+p(t+ bZ>VI/S+U*j7 (22)

J=0

where f, /() is defined in (5).

Proof:  The proof is similar to the proof of Theorem 1, but using Lemma 4
instead of Lemma 3. ]

THEOREM 4. Let f(f) be as in Theorem 2. Then, for az, bz € C\R™, p, 0> 0,
prto+(1+K)ys>1andn=s, 2s,3s, ...,

00 — n/s—1
AT +/ (-1)*
0 (t—l—az)p(t—l—bZ)U = KZp+o+(1+k)/s 1 Zk+p+(r

s—2
Cr

Byllog(az) — v — T/J(k+P+U)]+Bk+ZZ]+1 st T Dx

+R",S(pa O-;Z)a (23)

where empty sums must be understood as zero,

AkEak

IXk%k+1V@F@+a+U+kﬂy—UF<1—(k+1V&al
F(,O + o-)ap+(1+k)/s—lba p+o

B, = As(k+1)—1 %(k‘*‘l) (P)z(U)kerz

k'(k + p + O’) = l aﬂ+l—1b0’+k+1—1

a
1 —=
)
Bl = stk kii k+1N (0)i(0)1y
k— k!(k+p+ U) — Ji aPti—1pot+k+1-1

a
1-=
b)’

F(Lk+1+a—l
k+1+p+o

F(Lk+1+a—z

k+14+p+o
Coo=a TA-0U+D/s)Tk+p+o+(+1)/s—1)
Yo ((G+1)/5) Lk +p+0)

Xi: 0),(0),_; - L—U+1V&k+a—ll_g
ap+l+ 1)/s=1po+k—I k+p+0' b

=0
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and
k
B . K\ (P);(0)i;
Dy = (—1)"dseq) Z;(JW’
=

where dyg.1y is given in (10), (11), or (20). The remainder term R, s(p, 0;z) is
given in (22).

Proof: The proof is similar to the proof of Theorem 2, but using Lemma 4
instead of Lemma 3. ]

3. Error bounds

In the following theorem, we show that the expansions (16), (19), (21), and (23)
given in Theorems 1-4, respectively, are, in fact, asymptotic expansions for
large z.

THEOREM 5. In the region of validity of the expansions (16), (19), (21), and
(23), the remainder terms R, ((p;z) and R, {(p,0;z) in these expansions satisfy,

C, Cy
|Rus(p;2)| < e R.s(p,032)| < T o)
ifs>1or0<a<1 and
C,log |z C,log |z
Ry s(p;2)| < T |Rns(p;052)| < PG (25)

if s = a =1, where the constants C,, are independent of |z| (it may depend on
the remaining parameters of the problem).

Proof:  On the one hand, f,(f) = ©(t™"/*=®) for t — oo (with 0 < a < 1/
s) then, there is a certain #, € (0, oo) and a constant C,; , such that | f,(¢)| <
Cin t "5V t € [ty, 0o]. Then, introducing this bound in the definition (5)
of f,,..s(f) we obtain the bound | £, ,.s(6)] < Cp.,, £ V t € [ty,00], where C,,
is a certain positive constant and 0 < v < 1/s. On the other hand, f, ,/(?) is
bounded on any compact interval in [0, oo] for 0 < a < 1 and f, (%)
is bounded on any compact interval in (0, co) and @ (log f) as t — 0" for o = s
= 1. Then, V t € [0, t], | f.ws(®)] < C5,,¢“ for 0 <o <1 and | £, (1) < C3,,
(log 7| + 1) for « = 5 = 1, where Cs , is a certain positive constant.

If we divide the integration interval [0, co] in the definition (17) of R, (p; 2)
at the point #y, and introduce these bounds in each of the intervals [0, #y] and
[Zo, o0], we obtain the first bounds in (24) and (25).
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Using the inequality | t+az| ?| t+bz|” 7 <|t+az| " 7+|t+bz| " 7 in(22)and
the above mentioned argument, we obtain the second bounds in (24) and (25).m

The bounds (24) and (25) are not useful for numerical computations unless
we can calculate the constants C,, in terms of the dates of the problem [p, o, a,
b, Arg(z) and f(#)]. The following two propositions show that, if the bound
/(0] < Crut™™ * holds V ¢ € [0, oc] and not only for ¢ € [z, co] then, the
constants C,, may be calculated in terms of C, ,,.

PROPOSITION 1. If, for s> 1 or 0 < a < 1, the remainder f,(t) in the
expansion (4) of the function f(t) satisfies the bound |f,()| < c,t ™ *V t €
[0, 00] for some positive constant c, then, the remainders R, ((p; z) and R, (p,o;
z) in the expansions (16), (19), (21), and (23) satisfy

oot +oso- eI ()]
= I T )T (pbin(ra) 27
20
and
|Rn.,S(Pa 0;2)|

l—a,{+ta+p+o—-1|,
: Hi-)
E+p+o+1)/2

2+ptota—1 )

(27)

el +p+o+a—1)F

<

L2+ a)l'(p + o) sin(ma)||cz

where ¢ = Min{|al|,|b|} and r = Min{Re(az), Re(bz)}.

Proof: Introducing the bound |f,(?)] < c,t "~ in the definition (5) of
Sons(?) we obtain

| fays(O)] < I enl'(0) Y t €0, 00].

n/s+ a)t®
Introducing this bound in the definition (17) of R, (p;z) and using the
duplication formula of the gamma function and ([12], p. 309, Eq. 7) we obtain
the first bound. The second bound is obtained by using the inequalities |¢ + az|*
It + bz]> > £ + 2rt+ |cz|” in the definition (22) of R, (p,0; z), formula ([12],
p- 309, Eq. 7) and the equality

n/s
n/s o = o . 28
Z( )i = (001, )
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PROPOSITION 2. If, for s = a = 1, each remainder f,(f) in the expansion (4) of
the function f(f) satisfies the bound |£(f)] < c,t "' V t € [0, co] for some
positive constant c,, then, the remainder R, (p;z) in the expansion (19) satisfies

1/2,n+p—1/2

eml(n+p — 1/2)F[ sin2<AL(z)>}
1)/2 2
Run (2] < (ntptl) = R(s:2),

L(n+1/2)0(p)[z"7"/?

(29)

where ¢, = Max{c,,c,_; + |a,_;|} and

(P)y ) €lent +lanal) +cn | cn
{ (n—1DeE™ ol

Rus 2] <

s
1+ llogyz
z

(n + p){12¢ + Re(2) + [Re(z) ) (|2~ — 1) + (|Re(z)| — Re(2)] log ||} F

+
2+ p+1)|z+ ¢
4e 4+ Re(z) + |Re(z)| — 2¢z] 2|e +z|F_,
+ 2 1 FO 2 ERi(p7Z)7
e(n+p+1) el(n+ p)* — 1]|z] (30)

where € is an arbitrary positive number,

_|2—an+p+al . ,[(Arglzte)
mer G o (M
and
1 if  Re(z) >0
O(z) = { |sin(Arg(z)] if > —Re(z) > 0.

|1+ €/z] if —Re(z) >e>0.
For large z and fixed n, the optimum value for ¢ is approximately given by

2 Cn 2F 4 [Re(z) + |Re(z)|]Fo
n(en1+lana| (n+p)? -1 2m+p+1) | (31)

The remainder R, (p,0; z) in expansion (23) satisfies

Ra1(p,032)] <RV (p+ o5az) + RY (p + o3 bz) (32)
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fori=1,2.1Ifa b, and z are positive real numbers, then

Raa (p32)] < fnelen s +lan 1)+l e 0) + Tolese ) A28
where € is again an arbitrary positive number,
S,(z, €, p) = Min{nz[(e —I—Z)n+p 1 _Znt:):ll] Jb(n+ 1) + 7}
e(n+p—1)(e+2)""
and
p z
T.(z,e,p) = T +p)(e+z)”+”F<n +p,Lin+p+ 1;E>'
For large z and fixed n, the optimum value for € is given by
— Cn
e Flanal) (34)

The remainder R,,(p, 0; z) in expansion (23) satisfies the bound (33) with p
replaced by p + o and z by cz.

Proof: From |f,—1(¢)| < c,o1t™"V ¢t € [0,00] and f,() = f,_1()) — a,, 1t "
we obtain |£,()| < (¢,_1 t |a,_1))f " V t € [0,00]. To obtain the bound (30) we
divide the integral defining f, ,(¢) in (5) by a fixed point # = € > ¢ and use the
bound | f,(?)] < (¢,—1 + | a,_i))¢ " in the integral over [z, €] and the bound | £,,(?)|
< ¢t """ in the integral over [¢, 0o). Using u — ¢ < u in the integral over [¢, €]
we obtain

| fun(0)] <

[(c,,_lﬂa,,_l\)log(;)#;—”} Vi elod, >0

1
(n—1)! (35)

On the other hand in, V ¢ € [0, 0o] we introduce the bound | £,(7)| < ¢,t "~ " in the
integral definition of £, ,,(f) and perform the change of variable u = tv. We obtain
w1
fa®l <552V 1€ (0,00, (36)
We divide the integral in the right-hand side of (17) at the point # = € and use
the bound (36) in the integral over [€, co] and the bound (35) in the integral over
[0, €]. We obtain

(),

n!

[Ru1(p;2)] <
Mog(r~")dt /OO dt ]
o lee+z"™" ") tlet 2"

(37)

boodr
[nc / ————— + ne(cp_1 + |an—1|)
n 0 |6[+Z|n+p
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Removing a factor |z|"*” from the denominator in the integrand of the two first
integrals on the right-hand side of (37) and using the bound |e#/z + 1| > O(z), we
easily conclude that those two integrals are bounded by [|z|©(z)]" 7. On the
other hand, we perform the change of variable 1 — |z|¢ in the third integral on
the right-hand side of (37) and integrate by parts to obtain

> dt log |z|
znﬂ)/ = +€en +
S e T ()

x / N {et + cos[Arg(2)]} log dr
o {(et + cos[Arg(2)])+ sin*[Arg ()]} "

Now, with the change of variable t — #/e + |z| ' and using —log|z| < log(t/e +
Izl < tle + ]z — 1V €0, o] and ([12], p. 309, Eq. 7) we obtain (30).

To obtain (29) we use | £,(1)|< c,t " " and | £,(H)| < (¢p_1 + |an_1]) ¢ ™. Then,
we have f,(f) < c,t """ if t > 1 and f,(1) < (cpy + |a,_y|) "2 if £ < 1.
Therefore, £,(f) <é&,t "~ "2V t € [0, 0o]. Then, £,(¢) satisfies the bound required
in proposition 1 with s = 1, o = 1/2 and ¢, replaced byc,. Repeating now the
calculations of the proof of Proposition 1 we obtain (29).

If we get rid of irrelevant terms for large z, the right-hand side of (30), as
function of ¢, has a minimum for € given in (31).

Bounds (32) are obtained using the inequality |t + az| "t + bz|™7 < |t +
az| "77 + [t + bz| 77 in the definition of R, ((p, o; z) and formulas (28), (29),

and (30).
Bounds (33-34) and the bound for R, 1(p, o; z) for real positive a, b, z have
been obtained in [10]. [ ]

The following two Lemmas introduce two families of functions f(¢) that
verify the bound | £,(¢)| < ¢t "~V t € [0, co]. Moreover, for these functions
f(?), the constants ¢,, can be easily obtained from f(7).

LEMMA 5. Suppose f(¢) satisfies (4) with 0 < « < 1/s, and consider the
Sfunction g(u) =u “f(u™") — Z;K apuf. If g(w) is a bounded analytic
function in the region of the complex w-plane consisting of all points at a
distance < r from the positive real axis (see Figure 1), then,

(D] < Ceeme,

where C is a bound of |g(w)| in that region and 0 < e <r.

Proof: From the asymptotic expansion (4) and the Lagrange formula for the
remainder in the Taylor expansion of g(u) in u = 0, we have

n—1

o) = 3 au + R, (w),
k=0
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Figure 1. Analyticity region for the function g(u) considered in Lemma 5. The integration
variable u in (5) is real and unbounded; therefore, the analyticity region for g(#) must contain the
positive real axis. The circle of radius’ € centered at £(u), with 0 < &(u) < u, used in the proof of
Lemma 5 must be contained in this region and therefore, € < r.

where

_ Ld'g(u)

onl dur

R, (u)

u', e (0,u).
u=¢

Using the Cauchy formula for the derivative of an analytic function,
d"g(u) _ nt / gw)
du” 27 @ (W _ é-)nJrl )
where ¢ is a circle of radius € around £ into the region of analyticity of the
function g(w) (where it is also bounded). Then, for fixed £ and ¢, performing the

change of variable w = £ + ee”, and using |g(¢ + e¢”?)| < C for 6 € [0, 27) with
C independent of 6, ¢, and £, we obtain the desired result. [

LEMMA 6. If the expansion (4) (with 0 < « < 1/s) satisfies the error test, then
O] < lale = and (0] < Jag]e D

Proof: A proof of the first inequality can be found in ([ ], p. 68). The second
inequality follows from the first one, from sign [ £,(¢)] # sign [ f,_(¢)] and

ap—1

Jo(8) = far(0) = e

COROLLARY 1. Iff(¢) satisfies the hypotheses of Lemma 5, then R, ((p; z) and
R, ((p, 0; 2) satisfy the bounds given in Propositions 1 and 2 with ¢, = Ce ",

Q2
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1/s 1/s

Moreover, these expansions are convergent when the parameter |z|'"” (or |cz|
with ¢ = min{|a|,|b|}) is longer than the inverse of the width of the region
considered in Lemma 5 (see Figure 1), more precisely, when

gzl >1 if p<l or Ef>1 if p>1

in Theorems 1 or 2,

lezl >1 if pH+o<l or  Elez|>1 if pH+o>1

in Theorems 3 or 4.

For a=s=1, the convergence of expansions (19) and (23) also requires that
lim,_..on” 'a,z" = 0 and lim,_,..n”"" 'a,(cz)™" = 0, respectively.

COROLLARY 2. If the expansion (4) of f(f) verifies the error test, then R,
(p; z) and R, (p, 0; z) satisfy the bounds given in Propositions 1 and 2 when
replacing c, by |a,| and c,,_, by 0. Moreover, the expansions given in Theorems
1 and 2 are convergent when the coefficients a,, in the asymptotic expansion (4)
verify lim,_.n""'a,z"" = 0. The expansions given in Theorems 3 and 4
are convergent when the coefficients a, verify lim,_..n”"" a,(cz)™™ = 0,

¢ = min{|al,|b|}.

4. Examples

An important family of functions f(¢) in many applications, (Feynman diagrams
in quantum field theory ([6], Ch. 6), ([7], Ch. 7) or symmetric elliptic integrals
([14], Ch. 12) for example are defined by integrals of the form (3) with f(?)
given in (37).) has the form

N
1

10 =1l 38)
where s € N, x1, ..., x5y > 0, p1 X1, ..., pv—1Xv—1-> 0, uaxy > 0 and puy <s
if xy = 0. This family of functions trivially satisfy the hypotheses of Lemma 5
with 7~ = Max{xy, ..., xy}. Therefore, the bounds of Corollary 1 apply to
the remainders in the expansions given in Theorems 1-4 when f(¢) has the
form (38). However, we can show that they also verify the hypotheses of
Lemma 6 and then Corollary 2 applies, too. Define

N
B = Zﬂk-
k=1
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For pu ¢ N, the asymptotic expansion of f(f) in ¢ = co is given, for n = s, 2s,
3s, ..., n > [u] by (4) with o = (u—[p])/s and K = [u],

n—1

Z tk+/1 [/1 s +ﬁ’( )

k=[u] (39)
where empty sums must be understood as zero. For k=0, 1, 2, ...
1 da
gy = lim o [ f ()] (40)

and f;(t) = ©(¢rt#=1/5) as t — oo as t — co. Then, we have the following
lemma.

LEMMA 7. For ¢ Nyn > [u], and ¥ t € [0, o], the remainder term f,(t) in
the expansion (39) of the function f(t) defined in (38) satisfies the error test.
More precisely, sign[ fu(t)] = sign(a,) = sign[(—1 Y and then,

|a,|

O < s for o =l
& f > 1
6 < = or n>[p+1

Proof: The Taylor expansion of #~ * f(u™") at u = 0 is given by

n—[u]—1

EH + xpu) M = Z akﬂu]uk—l—u”%(u’s).

k=0

Applying the binomial formula for the derivative of a product we realize that
the nth u-derivative of u~"f(u"*) has the same sign as (—1)" V u € [0, oo].
Then, sign(a,) = sign(—1)"" " for n > [11] and, by the Lagrange formula for the
remainder u " f,(u*) we obtain that sign[ £,,(£)] = sign(—1)"""! for n > [] and
V t € [0, oo]. Therefore, two consecutive error terms f,(¢) and f,.1(f) in the
expansion of f(f) have opposite sign. After applying Lemma 6, we obtain the
above inequalities.

On the other hand, for p € N, the asymptotic expansion in ¢ = co of the
function f(¢) defined in (38) is given, forn =+, 25, 3s, ... and n > u — 1, by (4)
witha=1/sand K=p — 1,

10 = Y Tt 40 a

where empty sums must be understood as zero. For k=0, 1, 2, ...,

k
= 1 _ K -
utmt = iy e L0 7)) (42)
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and f,(t) = (¢t "*V/%) as t — co. Then, we have the following lemma.

LEMMA 8. For p € Non > u— 1 and V t € [0, 0o, the remainder term f,(t)
in the expansion (41) of the function f(f) defined in (38) satisfies the error test.
More precisely, sign[f,()] = sign(ay,) = sign[(—1)""""] and

|a,|

|, 1|
OI< o wzp-t o<l o

Proof:  Similar to the proof of Lemma 7 when replacing [u] by o — 1. ]

COROLLARY 3. Theorems 1 and 3 hold for the function f(f) given in (38)
if wé N with o = (u — [p])s, K = [u] and ay;. as given in (40). Moreover,
forn=s, 25, 3s,...and n > [u], the error terms R, (p; z) and R, (p, 0;
z) in the expansions (16) and (21) satisfy the bounds given in Proposition 1
with ¢, = |a,|.

COROLLARY 4. Theorems 1 and 3 hold for the function f(f) given in (38) if 1

e Nwitha =1/, K= — 1 and a;, given in (42). Moreover, for n = s, 2s, 3s,

..andn > pu — 1, the error terms R, ; (p, 0; z) in the expansions (16) and (21)

satisfy the bounds given in propositions 1 and 2 when replacing c, by |a,| and
Cn_1 by 0.

Two specific examples that show the accuracy of the expansions given in
Section 2, and the error bounds of Section 3 are given below.

4.1. The tadpole in the theory of the scalar field in 3 + 1 dimensions

The mass renormalization of the scalar field in 3+1 dimensions regularized by
means of high derivatives ([15], Ch. 4, Sec. 4) requires the calculation of the
integral

3dp

Ls,p(m, A) (pz T m2) (P> + AB)

where m is the bare mass of the scalar field, A is the regulator parameter, and
the parameters p=> 0 and s € N verify sp> 1. Physical observables are defined
for large values of the regulator parameter, and then an approximation of the
integral for large values of A is required. By means of a simple change of
variable, this integral reads

1 00 t2/s—ldt
Lip(m, A) = — / /s 1 2 )7
m* Jo (£ +m?)(t + A%)
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Therefore, it has the form considered in Theorem 2 with z = A** and

t2/s7] 00 (_mz)k—s

/)= m*(t'/s + m?) ~ Ly ks t— oo. (43)

If s = 1 then I, ,(m, A) may be approximated by Wong’s methods. Therefore,
we consider the case s > 2. Then, the asymptotic expansion of f(¢) for large
t has the form considered in Theorem 2 with K = s — 2 and

a():a]:"':aS,3ZO

ar = (=m0 k=s-2,5—1,s,... (44)

Then, applying Theorem 2, we have

n/s—1 _ 1yk(s+1)—1 2(sk—1) A 2s
Lam ) =Y { I llog (2] = - v+

pa Je! A2s(k-+p)

LS Tl kot G+ /s - DIA — (G4 D]

s m2ls(1-k) J][(J_|_ )/s] L(p )A2[S ptk—1)4j+1]
ds(k+1)(p)k .
=z [+ Reso(miA), )

where j, = max[0, s(1 — k)—2], dyys1) 1s glven by (10), (11), or (20) and the
remainder term is given by (17) with z = A*. Using (11), ([14], p. 41, Eq. 3.2)
and the duplication formula of the gamma function we obtain

_ s ( s(k+1)-2 1\ 2 s=2 1\Sktj 2(sk+4)
(D" (=1)'m¥ (=) Pm™
ds(k+1) =773 it +k!z ; _
k'm S k=(+1)/s+1 (G+1D/s = 1)
Ly )
T [+ 1)/s —Jj);

The function (43) has the form (38) with N=2, u; =1, 4, =s — 2 and g, given
in (44). Therefore, applying Corollary 4, we obtain, for n > s — 2,

am*" T [(n 4 1) /s + p — 1]
Rns 7A S - '
| ; aﬂ(m )‘ F(p) 51n(7r/s)F[(n 4 1)/S]A2(s(p—1)+n+l)

(46)

This bound shows that expansion (45) is convergent for m < A if p > 1 and for
m< Aif p<1.
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4.2. The third symmetric elliptic integral with two parameters large
The third symmetric standard elliptic integral is defined by ([14], Ch. 12)

dt
\/ (t+x)t+»)(t+2)(t+p)’

R;(x,y,2,p)

where the parameters x, y, z, and p are non-negative. The integral (2/3) R;(x, az,
bz, p) with z large (and |az| < |bz|) has the form considered in Theorem 3 with
s=1,p=0c=a=1/2,K=0and

1 n—1 ai
f() = m<t+p) = kX:; th+1/2 +fnj(t)'

Therefore, the asymptotic expansion of (2/3) R;(x, az, bz, p) for large z
follows from Equation (21) in Theorem 3. Coefficients a; = (—l)kA‘,g (x,p) are
trivially given by Ag(x, p) =0 and, for k=1,2,3, ...,

k—1
)= -5 i, @)

=

The Mellin transform M[ f; k + 1] in the coefficients C; in formula (21) can
be obtained from ([12], p. 303, Eq. 24). Therefore, applying Equation (21) we
obtain

:

A | 47 (x,p)Bi(a, b) N 2(—1) x5 H2C (a, H)T(1/2 — k)
— k+1/2 p /WabZk+l

k+1,1
x F 1——
3/2

where, for k=1, 2, 3, ..., the coefficients B;(a, b) and C.(a, b) are given by

3
Ry(x,az,bz,p) 25

+ R! (x,az, bz, p), (48)

Z":PJH/z (k — j+1/2)F<1/2k J+1/2' g)

= k ] lajb/c —j+1/2 k+1 b

and

- £() g



211

Function f(¢) satisfies the conditions of Corollary 3 with 4 = 3/2. Therefore,
for x, p, az, bz, €, C\R™ and n =1, 2, 3, ..., the bound (27) holds for (2/3)
R,(x, az, bz, p) setting s = 1, p=0 = o = 1/2 and ¢, = |4;)(x, p)| given in (47).
Therefore,

3rld)(x,p)| [1/2,n41/2]1 r
R’ b P AR AN ) —(1=—/—
| n(x,az, Z,p)| = 2|az‘n+1/2 n/2+1 2 |az| ) (49)

where 7 = Min[Re(az),Re(bz)].

5. Conclusions

Wong’s distributional method was introduced in [2, 3] to derive asymptotic
approximations of Stieltjes and generalized Stieltjes transforms for large
argument. Following Wong’s proposal ([3], Example 1), the distributional
approach was used in [4] and [5] to derive alternative proofs for the
asymptotic expansion of generalized Stieltjes transforms considered in [2].
In any case, only transforms of functions f(#) with an asymptotic expansion
for large ¢ in descending integer powers of ¢ have been considered in [4, 5, 3,
2].

In Theorems 1-4 of this article, we have generalized those results to
functions f{f) having an asymptotic expansion for large ¢ in descending
rational powers of 7. The asymptotic character of the expansions obtained in
those theorems has been proved in Theorem 5. This kind of integrals
frequently appears in the perturbative calculations of physical observables in
quantum field theory (a specific example has been considered in Section 4.1).

In Propositions 1 and 2, we derived error bounds for these expansions when
the remainder term £,,(¢) in the expansion of the function f(¢) can be bounded in
the form | £,(7)] < c,t """V t € [0, co]. When the function g(u) introduced in
Lemma 5 [closely related to f(#)] is analytic and bounded around the positive
real axis or when the expansion (4) of the function f(#) verifies the error test,
then the constant ¢, may be easily obtained from f() (Lemmas 5 and 6 and
Corollaries 1 and 2).

In particular, in Corollaries 3 and 4, an error bound for the remainder term of
the expansions given in Theorems 1-4 has been obtained for the family of
functions f(¢) defined in (38). This family (which verifies Lemmas 5 and 6) is
particularly important in practice and two specific examples have been
considered in Section 4. The bounds given in Propositions 1 and 2 have been
obtained from the error test, and, as numerical computations show (see Tables 1
and 2), they exhibit remarkable accuracy.
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