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Asymptotic Expansions of Generalized Stieltjes

Transforms of Algebraically Decaying Functions

By José L. López and Chelo Ferreira

Asymptotic expansions of Stieltjes and generalized Stieltjes transforms of

functions having an asymptotic expansion in negative integer powers of their

variable have been exhaustively investigated by R. Wong. In this article, we

extend this analysis to Stieltjes and generalized Stieltjes transforms of functions

having an asymptotic expansion in negative rational powers of their variable.

Distributional approach is used to derive asymptotic expansions of the Stieltjes

and generalized Stieltjes transforms of this kind of functions for large values of

the parameter(s) of the transformation. Error bounds are obtained at any order

of the approximation for a large family of integrands. The asymptotic

approximation of an integral involved in the calculation of the mass

renormalization of the quantum scalar field and of the third symmetric elliptic

integral are given as illustrations.

1. Introduction

The generalized Stieltjes transform of a locally integrable function f (t) on

defined by the integral ([1], Ch. 8)

Sð�; zÞ ffi
Z 1

0

f ðtÞ
ðt þ zÞ� dt;
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where z is a complex variable in the cut plane |arg(z)| < � and � > 0. If

f ðtÞ � Oðt��Þ as t ! 1, then � + � > 1 is required. The standard Stieltjes

transform corresponds with � = 1.

When

f ðtÞ �
X1
k¼0

akt
�k��; t ! 1;

where 0 < � 
 1 and {ak, k = 0, . . ., 1} is a sequence of complex numbers,

asymptotic expansions of S(1; z) and, in general, of S(�; z) for large values of z
have been derived by R. Wong. An asymptotic expansion of S(1; z) is obtained

by using the distributional approach ([2], Ch. 6); whereas, Mellin transforms

techniques are used in [3] to derive an asymptotic expansion of S(�; z).
These expansions have been used in [4] and [5] to obtain uniform and

nonuniform asymptotic expansions of symmetric standard elliptic integrals for

real values of their parameters.

On the other hand, mathematical calculations in quantum mechanics and in

quantum field theory require the computation or, at least, the approximation of

integrals of the form

Z 1

0

f ðtÞ
ðt s þ zÞ� dt;

Z 1

0

f ðtÞ
ðt s þ zÞ�ðt s þ wÞ� dt; ð1Þ

where s is a positive integer and

f ðtÞ ¼
Xn�1

k¼K

akt
�k�� þ fnðtÞ;

ð2Þ

where 0 < � 
 1; K 2 Z and fnðtÞ ¼ Oðt�n��Þ as t ! 1. This kind of

integral appears in one-loop calculations of physical observables and effective

actions in quantum field theory, where f (t) is a rational function ([6], Ch. 8,

Sec. 4.2), ([7], Ch. 10, Sec. 8). In particular, as has been established recently,

the determination of the effective Chern–Simons coupling constant requires the

calculation of integrals of the form (1), where z and/or w are large real

parameters [8–10]. In general, the regularization techniques used to define the

quantum theories require the introduction of a large parameter (regularizator)

and then, the parameters z and/or w in (1) are large ([6], Ch. 8, Sec. 1), ([7],

Ch. 7, Sec. 5). On the other hand, the first integral in (1) for s = 2 and � = 1/2 is

nothing but the Glasser transform of f (t), [11], ([1], Ch. 27).

Asymptotic expansions of integrals (1) cannot be derived directly from

Wong’s methods when s � 2. The purpose of this paper is to generalize Wong’s

distributional method for Stieltjes transforms to the case s � 2 to obtain a

technique valid for the integrals (1) with f (t) verifying (2). By means of a
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simple change of variable and an obvious change of notation, we rewrite these

integrals in the form

Z 1

0

f ðtÞ
ðt þ zÞ� dt;

Z 1

0

f ðtÞ
ðt þ zÞ�ðt þ wÞ� dt; ð3Þ

where �, �> 0, |Arg(z)| < � and |Arg(w)| < �. In the first integral � + �> 0 and

in the second one � + � + �> 0. In both integrals f (t) is a locally integrable

function on [0, 1) that satisfies

f ðtÞ ¼
Xn�1

k¼K

akt
�k=s�� þ fnðtÞ;

ð4Þ

where s 2 E; 0 < � 
 1=s;K 2 Z; fak ; k ¼ 0; . . . ;1g is a sequence of com-

plex numbers and fnðtÞ ¼ Oðt�n=s��Þ when t ! 1.

In Section 2, we generalize Wong’s method for Stieltjes transforms to

integrals of the form (3) with f (t) verifying (4) by using the distributional

approach ([2], Ch. 6). In Section 3, we show the asymptotic character of the

expansions obtained in Section 2 and study error bounds for the remainders.

The asymptotic expansion with error bounds of an integral from quantum field

theory and of the third standard symmetric elliptic integral are shown as

illustrations in Section 4. A brief summary and a few comments are postponed

to Section 5.

2. Distributional approach

In the following, we use the notation introduced in [2]. In particular:

DEFINITION 1. We denote by S the space of rapidly decreasing functions

(infinitely differentiable functions ’(t) defined on [0, 1) that, together with

their derivatives, approach zero more rapidly than any power of t�1 as t! 1).

DEFINITION 2. We denote by < �, ’> the image of a tempered distribution �
(a continuous linear functional defined over S ) acting over a function ’ 2 S .

Recall that we can associate to any locally integrable function g(t) on [0, 1)

with finite algebraic growth at infinity; i.e., gðtÞ ¼ Oðt	Þ; 	 � 0, a tempered

distribution Kg defined by

< Kg; ’ >�
Z 1

0

gðtÞ’ðtÞdt:

Q1189



Because f (t) in (3) is a locally integrable function on [0, 1), it defines a

distribution

< f ; ’ >�
Z 1

0

f ðtÞ’ðtÞdt:

The distributions associated with t�k��, k = 0, 1, 2, . . . , n�1 are given by ([2],

Ch. 5)

< t�k��; ’ >� 1

ð�Þk

Z 1

0

t��’ðkÞðtÞdt

if 0 < � < 1 and

< t�k�1; ’ >� � 1

k!

Z 1

0

logðtÞ’ðkþ1ÞðtÞdt:

To assign a distribution to the function fn(t) introduced in (4), we first define

recursively the kth integral fn,k(t) of fn(t) by fn,0(t) � fn(t) and

fn;kþ1ðtÞ � �
Z 1

t

fn;kðuÞdu ¼ ð�1Þkþ1

k!

Z 1

t

ðu� tÞk fnðuÞdu: ð5Þ

For 0 < � < 1/s, it is trivial to show that fn,n/s(t) is bounded on [0, T ] for any T>
0 and is Oðt��Þ as t!1. For � = 1/s we have fn;n=sðtÞ ¼ Oðt�1=sÞ as t!
1 and fn;n=sðtÞ ¼ O ½logðtÞ� as t ! 0+. Therefore, for 0 < � 
 1/s, we can

define the distribution associated to fn(t) by

< fn; ’ > � ð�1Þn=s < fn;n=s; ’
ðn=sÞ >� ð�1Þn=s

Z 1

0

fn;n=sðtÞ’ðn=sÞðtÞdt:

We recall now the definition of the Mellin transform.

DEFINITION 3. For a locally integrable function f (t) on (0,1), we denote by

M [ f ;z] the Mellin transform of f (t) or its analytic continuation. It is defined by

M ½ f ; z� �
Z 1

0

t z�1f ðtÞdt

when the integral converges.

Once we have assigned a distribution to each function involved in the

identity (4), we are interested in finding a relation (if any) between these

distributions. In fact, this relation is established in the following two lemmas.

LEMMA 1. For 0 < � < 1=s; s 2 N; n � K þ 1; and n ¼ s; 2s; 3s; . . ., the
identity

f ¼
Xn�1

k¼K

akt
�k=s�� þ

Xn=s�1

k¼0

ð�1Þk

k!
M ½ f ; k þ 1��ðkÞ þ fn

ð6Þ
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holds for any rapidly decreasing function ’ 2 S , where � is the delta

distribution in the origin.

Proof: Let f0ðtÞ ffi f ðtÞ �
P�1

k¼K akt
�k=s�� (empty sums must be understood

as zero). Then, for n = 0, s, 2s,. . .,

fnþsðtÞ ¼ fnðtÞ �
Xnþs�1

k¼n

ak

tk=sþ�

and

fnþs;n=sðtÞ ¼ fn;n=sðtÞ � ð�1Þn=s
Xs�1

k¼0

anþk

ð�þ k=sÞn=s
1

tk=sþ�
:

Multiplying this expression by ’(n/s)(t), integrating by parts and defining

Hn � ð�1Þn=s<fn;n=s; ’ðn=sÞ>; ð7Þ

it follows that

Hnþs ¼ Hn � ð�1Þn=sfnþs;n=sþ1ðtÞ’ðn=sÞðtÞ

�����
1

0

�
Xs�1

k¼0

anþk < t���ðnþkÞ=s; ’ >:

Now, from (4) and using that f (t) is locally integrable in t = 0, we obtain

fnþs;n=sþ1ðtÞ ¼ Oðt��Þ as t ! 1 and fnþs;n=sþ1ðtÞ ¼ Oð1Þ as t ! 0. Therefore,

Hnþs ¼ Hn þ fnþs;n=sþ1ð0Þ<�ðn=sÞ; ’>�
Xs�1

k¼0

anþk<t
���ðnþkÞ=s; ’>: ð8Þ

From the definition (5) of fn,j(t) and ([2], Lemma 7, Ch. 3], we have

fnþs;n=sþ1ð0Þ ¼ � ð�1Þn=s

ðn=sÞ! M ½ f ; n=sþ 1�:

Finally, applying the identity (8) n/s times, using this last identity and

H0 � < f ; ’ > �
P�1

k¼K ak < t�k=s��; ’ > , we obtain (6). &

LEMMA 2. For � ¼ 1=s; s 2 N; n � K þ 1 and n = s, 2s, 3s, . . . , the identity

f ¼
Xn�1

k¼K

akt
�ðkþ1Þ=s þ

Xn=s�1

k¼0

dðkþ1Þs�
ðkÞ þ fn; ð9Þ

holds for any rapidly decreasing function ’ 2 S , where, for n = 0, s, 2s, . . . ,

dnþs ¼
ð�1Þn=s

ðn=sÞ!

"Z 1

0

tn=sfnðtÞdt þ
Z 1

1

tn=sfnþsðtÞdt þ
Xs�2

k¼0

ðn=sÞ!anþk

½ðk þ 1Þ=s� 1�n=sþ1
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þ
Xn=s
k¼1

Xnþs�1

j¼n

ðn=s� k þ 2Þk�1aj

½ð jþ 1Þ=s� k�k

#
ð10Þ

¼ ð�1Þn=s

ðn=sÞ!

(
lim
z!n=s

M ½ f ; zþ 1� þ anþs�1

z� n=s

� 	

þ
Xs�2

k¼0

ðn=sÞ!
½ðk þ 1Þ=s� 1�n=sþ1

� 1

ðk þ 1Þ=s� 1

" #
anþk

þ
Xn=s
k¼1

Xnþs�1

j¼n

ðn=s� k þ 2Þk�1aj

ðð jþ 1Þ=s� kÞk

)
: ð11Þ

Proof: Let f0ðtÞ � f ðtÞ �
P�1

k¼K akt
�ðkþ1Þ=s. Then, for n = 0, s, 2s, . . . ,

fnþsðtÞ ¼ fnðtÞ �
Xnþs�1

k¼n

ak

tðkþ1Þ=s

and

fnþs;n=sðtÞ ¼ fn;n=sðtÞ � ð�1Þn=s
Xs�1

k¼0

anþk

½ðk þ 1Þ=s�n=s
1

tðkþ1Þ=s : ð12Þ

From this it follows, by integration, thatZ t

0

fn;n=sðuÞdu ¼ fnþs;n=sþ1ðtÞ þ
ð�1Þn=sanþs�1

ðn=sÞ! logðtÞ � ð�1Þn=s

�
Xs�2

k¼0

anþk t
1�ðkþ1Þ=s

½ðk þ 1Þ=s� 1�n=sþ1

þ dnþs; ð13Þ

where we have defined the integration constant

dnþs � � lim
t!0

fnþs;n=sþ1ðtÞ þ ð�1Þn=s anþs�1

ðn=sÞ! logðtÞ
� 	

:
ð14Þ

Multiplying (12) by ’(n/s)(t), integrating by parts and defining again Hn as in (7)

it follows that

Hnþs ¼ Hn � ð�1Þn=sfnþs;n=sþ1ðtÞ þ
anþs�1

ðn=sÞ! logðtÞ
� 	

’ðn=sÞðtÞ

����
1

0

�
Xs�1

k¼0

anþk < t�ðnþkþ1Þ=s; ’ > :
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Now, from (4) (with � = 1/s) and using that f (t) is locally integrable in t = 0, we

obtain that fn+s, n/s+1(t) + (�1)n/san+s�1log(t)/(n/s)! is O ½logðtÞ� as t ! 1 and

O(1) as t ! 0 (its limit in t = 0 is � dn+s). Therefore,

Hnþs ¼ Hn � dnþs < �ðn=sÞ; ’ > �
Xs�1

k¼0

anþk < t�ðnþkþ1Þ=s; ’ > :

If we apply this identity n/s times and useH0� < f, ’>�
P�1

k=K ak< t�(k+1)/s, ’
>, then we obtain (9), but with dn+ s given in (14). It remains to show that dn+ s

may be also expressed by the more tractable expressions (10) or (11). Setting t =

1 in (13) and using the recurrent definition (5) of fn, j(t) we obtain

dnþs ¼
Z 1

0

fn;n=sðtÞdtþ
Z 1

1

fnþs;n=sðtÞdt þ ð�1Þn=s
Xs�2

k¼0

anþk

½ðk þ 1Þ=s� 1�n=sþ1 :ð15Þ

On the other hand, for k = 1, 2, 3, . . . , n/s and n = s, 2s, 3s,. . .,

fnþs;kð1Þ ¼ fn;kð1Þ � ð�1Þk
Xnþs�1

j¼n

aj

ðð jþ 1Þ=s� kÞk

and, by integrating by parts n/s times and taking into account the asymptotic

properties of fn(t) in t = 0 and t = 1, we can check that, for n = s, 2s, 3s, . . .,

Z 1

0

tn=sfnðtÞdt¼�
Xn=s
k¼1

ð�1Þk n

s
� k þ 2

� �
k�1

fn;kð1Þ þ ð�1Þn=sðn=sÞ!
Z 1

0

fn;n=sðtÞdt

and

Z 1

1

t
n
s fnþsðtÞdt ¼

Xn=s
k¼1

ð�1Þk n

s
� k þ 2

� �
k�1

fnþs;kð1Þ þ ð�1Þ
n
s
n

s

� �
!

�
Z 1

1

fnþs;n=sðtÞdt:

Introducing the three last identities in (15) we obtain (10). Using the definition

(4) of fn(t) and its asymptotic properties in t = 0 and t = 1, we obtain

Z 1

0

tn=s fnðtÞdt þ
Z 1

1

tn=s fnþsðtÞdt ¼ lim
z!n=s

M ½ f ; zþ 1�þ
Xnþs�1

k¼n

ak

zþ 1� ðk þ 1Þ=s

" #

and (11) follows. &
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To apply Lemmas 1 and 2 to the first integral in (3), we choose a specific

function in S ,

’
ðtÞ �
e�
t

ðt þ zÞ� 2 S ;

where �, 
> 0 and z =2 R�. We will also need the following lemma.

LEMMA 3. Let f (t) satisfy (4). Then, for k = 0, 1, 2, . . . and n = s, 2s, 3s, . . . ,
the following identities hold,

lim

!0

< f ; ’
 >¼
Z 1

0

f ðtÞ
ðt þ zÞ� dt for �þ �þ K=s > 1;

lim

!0

< �; ’ðkÞ

 >¼ ð�1Þkð�Þk

zkþ�
;

where (�)k denotes the Pochhammer symbol,

lim

!0

< t��; ’ðkÞ

 >¼ ð�1ÞkGðk þ �þ � � 1ÞGð1� �Þ

Gð�Þzkþ�þ��1
for 1� � < � < 1;

lim

!0

< logðtÞ; ’ðkþ1Þ

 >¼ ð�1Þkþ1

zkþ�
ð�Þk ½logðzÞ � � �  ðk þ �Þ�;

where � is the Euler constant and  the digamma function and

lim

!0

< fn;n=s; ’
ðn=sÞ

 >¼ ð�1Þn=sð�Þn=s

Z 1

0

fn;n=sðtÞ
ðt þ zÞn=sþ�

dt for 1� � < � < 1:

Proof: The first identity is trivial by using the dominated convergence

theorem. The second one follows after a simple computation. On the other

hand,

< t��; ’ðkÞ

 >¼ ð�1Þk

Xk
j¼0

k

j


 �

 jð�Þk�j

Z 1

0

e�
t

t�ðt þ zÞkþ��j
dt:

For 1 � � < � < 1, the integrand of each integral on the right-hand side of the

above equation is absolutely dominated by the integrable function t��|t + z|j� k��

8 
, t � 0 and, hence, is finite. Therefore, using the dominated convergence

theorem and after straightforward operations, we obtain the third identity. On the

other hand,

< logðtÞ; ’ðkþ1Þ

 >¼ ð�1Þkþ1

Xkþ1

j¼0

k þ 1

j


 �

 jð�Þkþ1�j

Z 1

0

e�
t logðtÞ
ðt þ zÞkþ�þ1�j

dt:

For j 
 k or j = k + 1 and � > 1, each integrand in the right-hand side of

the above equation is absolutely dominated by the integrable function
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log(t)|t + z| j�k���1 8 
, t � 0 and, therefore, finite. For j = k + 1 and � 
 1,

we divide the interval [0, 1) in the above integrals at the point t = 1. In the

interval [0, 1], the integral is finite for 
 � 0. In the interval [1, 1], we

perform the change of variable 
t = u and divide again the resulting u-interval

[
, 1) at the point u0 such that |
z + u0| = 1 (assume 
|z|
 1 and 

 |1 + z|�1).

In the u-interval [
, u0], we use the bound |u + 
z|� � |u + 
z|, and in the u–

interval [u0, 1], we use the bound |u + 
z|� � 1. After straightforward

operations, we observe that the integral on the t-interval [1,1] is

O ½
��1 log2ð
Þ� as 
 ! 0. Therefore,

lim

!0

< logðtÞ; ’ðkþ1Þ

 >¼ ð�1Þkþ1ð�Þkþ1

Z 1

0

logðtÞ
ðt þ zÞkþ�þ1

dt:

Using now formula ([ ], p. 489, Eq. 7) we obtain the fourth identity. The fifth

identity follows from the dominated convergence theorem, the local integr-

ability of fn,n/s(t) on [0, 1] and the behavior fn;n=sðtÞ ¼ Oðt��Þ as t ! 1. &

To apply Lemmas 1 and 2 to the second integral in (3), we must choose

another particular function of S ,

�’
ðtÞ �
e�
t

ðt þ azÞ�ðt þ bzÞ� 2 S ;

where az; bz; =2 R� and �, �, 
> 0. We will also need the following lemma.

LEMMA 4. Let f (t) satisfy (4). Then, for k = 0, 1, 2, . . . and n = s, 2s, 3s, . . . ,
the following identities hold,

lim

!0

< f ; �’
 >¼
Z 1

0

f ðtÞ
ðt þ azÞ�ðt þ bzÞ� dt for �þ �þ �þ K=s > 1:

lim

!0

<�; �’ðkÞ

 >¼ ð�1Þk

zkþ�þ�

Xk
j¼0

k

j


 � ð�Þjð�Þk�j

a�þjb�þk�j
;

lim

!0

< t��; �’ðkÞ

 >¼ ð�1ÞkGð1� �ÞGðk þ �þ �þ � � 1Þ

Gðk þ �þ �Þzkþ�þ�þ��1

�
Xk
j¼0

k

j


 � ð�Þjð�Þk�j

a�þjþ��1b�þk�j
F

1� �; k þ �� j

k þ �þ �


 ����1� a

b

�

for 1� �� � < � < 1;
where

F
�; �
�

����z

 �

Q2
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is the Gauss hypergeometric function,

lim

!0

< logðtÞ; �’ðkþ1Þ

 >¼ ð�1Þkþ1

ðk þ �þ �Þzkþ�þ�
Xkþ1

j¼0

k þ 1

j


 � ð�Þjð�Þkþ1�j

a�þj�1b�þkþ1�j

� logðazÞ � � �  ðk þ �þ �Þð ÞF 1; k þ 1þ �� j

k þ 1þ �þ �

����1� a

b


 ��

þ F 0 1; k þ 1þ �� j

k þ 1þ �þ �

����1� a

b


 �	
;

where

F 0 �; �
�

����z

 �

is the derivative of the Gauss hypergeometric function with respect to the

parameter � and

lim

!0

< fn;n=s; �’
ðn=sÞ

 >¼ ð�1Þn=s

Xn=s
j¼0

n=s
j


 �Z 1

0

ð�Þjð�Þn=s�j fn;n=sðtÞ
ðt þ azÞ jþ�ðt þ bzÞn=s�jþ� dt

for 1 � � � � < � < 1.

Proof: The proof of the first, second, and last equalities is similar to the

proof of the corresponding equalities in Lemma 3. The proof of the third equality

is also similar, but considering the integrable function t��jt þ azj�i��jt þ bzji�j��

with i 
 j = 0, 1, 2, . . . , k instead of t��jt þ zj j�k��
and using formula ([12],

p. 303, Eq. 24). The proof of the fourth equality is similar to the proof

of the fourth equality in Lemma 3 using the bound |t + az|��|t + bz|�� 
 |t +

az|����+ |t + bz|���� and using the derivative with respect to � of formula

([12], p. 303, Eq. 24) instead of ([12], p. 489, Eq. 7). &

With these preparations, we are able now to obtain asymptotic expansions of

the integrals (3) for large z. This is achieved in the following theorems.

THEOREM 1. Let f (t) be a locally integrable function on [0,1] which
satisfies (4) with 0 < � < 1/s. Then, for �>0, z 2 C \R�, �+ �+K/s
> 1, and n = s, 2s, 3s, . . .

Z 1

0

f ðtÞ
ðt þ zÞ� dt ¼

X�1

k¼K

ak
Gð�þ �þ k=s� 1ÞGð1� �� k=sÞ

Gð�Þz�þ�þk=s�1
þ
Xn=s�1

k¼0

ð�1Þk

zkþ�
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�
Xs�1

j¼0

�Gðk þ j=sþ �þ �� 1Þaskþjz
1���j=s

Gðk þ j=sþ �ÞGð�Þ sinð�ðj=sþ �ÞÞ þ ð�ÞkM ½ f ; k þ 1�
k!

" #

þ Rn;sð�; zÞ; ð16Þ
where the remainder term satisfies

Rn;sð�; zÞ � ð�Þn=s
Z 1

0

fn;n=sðtÞdt
ðt þ zÞn=sþ�

;
ð17Þ

empty sums must be understood as zero and fn,n/s(t) is defined in (5).

Proof: It follows from Lemmas 1 and 3 when using the reflection formula

of the gamma function and formula

< t�k=s��; ’
 >¼
1

ð�Þ½k=sþ��
< t��; ’ð½k=sþ��Þ


 > if k=sþ � =2 N ð18Þ

with � = k/s + � � [k/s + �]. &

THEOREM 2. Let f (t) be a locally integrable function on [0, 1] which

satisfies (4) with � = 1/s. Then, for �> 0, z 2 C \R�, � + (1 + K)/s> 1 and n = s,

2s, 3s, . . . ,Z 1

0

f ðtÞ
ðt þ zÞ� dt ¼

X�1

k¼K

ak
Gð�þ ð1þ kÞ=s� 1ÞGð1� ðk þ 1Þ=sÞ

Gð�Þz�þð1þkÞ=s�1

þ
Xn=s�1

k¼0

(
asðkþ1Þ�1

ð�1Þkð�Þk
k!zkþ�

½logðzÞ � � �  ðk þ �Þ�

þ ð�1Þk

Gð�Þ
Xs�2

j¼0

askþj

Gð�þ k þ ð jþ 1Þ=s� 1ÞGð1� ð jþ 1Þ=sÞ
ðð jþ 1Þ=sÞkzkþ�þðjþ1Þ=s�1

þ dsðkþ1Þ
ð�Þk
zkþ�

)
þ Rn;sð�; zÞ;

ð19Þ
where, for k = 0, 1, 2, . . ., the coefficients ds(k+1) are given by (10), (11) or

dnþs ¼
ð�1Þn=s

ðn=sÞ!

(
lim
T!1

"Z T

0

tn=sf ðtÞdt þ
Xnþs�2

k¼K

akT
ðn�k�1Þ=sþ1

ðk � nþ 1Þ=s� 1

�anþs�1 logðTÞ
#
þ
Xs�2

k¼0

ðn=sÞ!anþk

½ðk þ 1Þ=s� 1�n=sþ1

þ anþk

1� ðk þ 1Þ=s

 !

þ
Xn=s
k¼1

Xnþs�1

j¼n

ðn=s� k þ 2Þk�1aj

ðð jþ 1Þ=s� kÞk

)
;

ð20Þ
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empty sums being understood as zero. The remainder term Rn,s(�; z) is given
by (17).

Proof: From Lemmas 2 and 3 and formula

< t�ðkþ1Þ=s; ’
 >¼
�1

½ðk þ 1Þ=s� 1Þ! < log t; ’½ðkþ1Þ=s�

 >

if ðk þ 1Þ=s 2 N:

or formula (18) with � = 1/s if (k + 1)/s =2 N, we immediately obtain formulas

(17) and (19), but with the coefficient ds(k+1) given in formulas (10) or (11).

Introducing

fnðtÞ ¼ f ðtÞ �
Xn�1

k¼K

ak

tðkþ1Þ=s

in the integrands on the right-hand side of (10) and after simple manipulations

we obtain (20). &

THEOREM 3. Let f(t) be as in Theorem 1. Then, for az, bz 2 C \ R�, �, �> 0,

� + � + � K/s > 1 and n = s, 2s, 3s, . . .,

Z 1

0

f ðtÞ
ðt þ azÞ�ðt þ bzÞ� dt ¼

Xn=s�1

k¼0

ð�1Þk

z kþ�þ�

Xs�1

j¼0

Bk; j

z�þj=s�1
þ Ck

" #

þ
X�1

k¼K

Ak

z�þ�þ�þk=s�1
þ Rn;sð�; �; zÞ;

ð21Þ

where the coefficients Ak, Bk, j and Ck are defined by

Ak � ak
Gð1� �� k=sÞGð�þ �þ �þ k=s� 1Þ

Gð�þ �Þa�þ�þk=s�1b�
F

1� �� k=s; �
�þ �

����1� a

b


 �
;

Bk; j �
�askþj

sinðð�þ j=sÞ�Þ
Gðk þ �þ �þ �þ j=s� 1Þ
Gð�þ k þ j=sÞGðk þ �þ �Þ

�
Xk
l¼0

k

l


 �
ð�Þlð�Þk�l

a�þlþ�þj=s�1b�þk�l
F

1� �� j=s; k þ �� l

k þ �þ �

����1� a

b


 �

and

Ck �
Xn=s�1

k¼0

M ½ f ; k þ 1�
k!

Xk
j¼0

k

j


 � ð�Þjð�Þk�j

a�þjb kþ��j
;
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empty sums must be understood as zero and the remainder term satisfies

Rn;sð�; �; zÞ �
Xn=s
j¼0

n=s
j


 �
ð�Þjð�Þn=s�j

Z 1

0

fn;n=sðtÞdt
ðt þ azÞ jþ�ðt þ bzÞn=sþ��j

;
ð22Þ

where fn,n/s(t) is defined in (5).

Proof: The proof is similar to the proof of Theorem 1, but using Lemma 4

instead of Lemma 3. &

THEOREM 4. Let f(t) be as in Theorem 2. Then, for az, bz 2 C \R�, �, �> 0,

� + � + (1 + K)/s> 1 and n = s, 2s, 3s, . . . ,

Z 1

0

f ðtÞ
ðt þ azÞ�ðt þ bzÞ� dt ¼

X�1

k¼K

Ak

z�þ�þð1þkÞ=s�1
þ
Xn=s�1

k¼0

ð�1Þk

zkþ�þ�

�
"
Bk ½logðazÞ � � �  ðk þ �þ �Þ� þ B 0

k þ
Xs�2

j¼0

Ck; j

zð jþ1Þ=s�1
þ Dk

#

þ Rn;sð�; �; zÞ; ð23Þ

where empty sums must be understood as zero,

Ak � ak
Gð1�ðk þ 1Þ=sÞGð�þ�þð1þkÞ=s� 1Þ

Gð�þ �Þa�þð1þkÞ=s�1b�
F

1� ðk þ 1Þ=s; �
�þ �

����1� a

b


 �
;

Bk �
asðkþ1Þ�1

k!ðk þ �þ �Þ
Xkþ1

l¼0

k þ 1

l


 � ð�Þlð�Þkþ1�l

a�þl�1b�þkþ1�l

� F
1; k þ 1þ �� l

k þ 1þ �þ �

����1� a

b


 �
;

B 0
k �

asðkþ1Þ�1

k!ðk þ �þ �Þ
Xkþ1

l¼0

k þ 1

l


 � ð�Þlð�Þkþ1�l

a�þl�1b�þkþ1�l

� F 0 1; k þ 1þ �� l

k þ 1þ �þ �

����1� a

b


 �
;

Ck; j � askþj

Gð1� ð jþ 1Þ=sÞGðk þ �þ �þ ð jþ 1Þ=s� 1Þ
ðð jþ 1Þ=sÞkGðk þ �þ �Þ

�
Xk
l¼0

k

l


 �
ð�Þlð�Þk�l

a�þlþð jþ1Þ=s�1b�þk�l
F

1� ð jþ 1Þ=s; k þ �� l

k þ �þ �

����1� a

b


 �
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and

Dk � ð�1Þkdsðkþ1Þ
Xk
j¼0

k

j


 � ð�Þjð�Þk�j

a�þjbkþ��j
;

where ds(k+1) is given in (10), (11), or (20). The remainder term Rn, s(�, �; z) is

given in (22).

Proof: The proof is similar to the proof of Theorem 2, but using Lemma 4

instead of Lemma 3. &

3. Error bounds

In the following theorem, we show that the expansions (16), (19), (21), and (23)

given in Theorems 1–4, respectively, are, in fact, asymptotic expansions for

large z.

THEOREM 5. In the region of validity of the expansions (16), (19), (21), and

(23), the remainder terms Rn,s(�; z) and Rn,s(�,�; z) in these expansions satisfy,

Rn;sð�; zÞ
�� �� 
 Cn

jzjn=sþ�þ��1
; Rn;sð�; �; zÞ

�� �� 
 Cn

jzjn=sþ�þ�þ��1 ð24Þ

if s> 1 or 0 < � < 1 and

jRn;sð�; zÞj 

Cn log jzj
jzjnþ�

; jRn;sð�; �; zÞj 

Cn log jzj
jzjnþ�þ�

ð25Þ

if s = � = 1, where the constants Cn are independent of |z| (it may depend on

the remaining parameters of the problem).

Proof: On the one hand, fnðtÞ ¼ Oðt�n=s��Þ for t ! 1 (with 0 < � 
 1/

s) then, there is a certain t0 2 (0, 1) and a constant C1,n such that | fn(t)| 

C1,n t�n/s�� 8 t 2 [t0, 1]. Then, introducing this bound in the definition (5)

of fn,n/s(t) we obtain the bound | fn,n/s(t)| 
 C2,n t�� 8 t 2 [t0,1], where C2,n

is a certain positive constant and 0 < � 
 1/s. On the other hand, fn,n/s(t) is

bounded on any compact interval in [0, 1] for 0 < � < 1 and fn,n/s(t)

is bounded on any compact interval in (0, 1) and O (log t) as t ! 0+ for � = s

= 1. Then, 8 t 2 [0, t0], | fn,n/s(t)| 
 C3,nt
�� for 0 < � < 1 and | fn,n(t)| 
 C3,n

(|log t| + 1) for � = s = 1, where C3,n is a certain positive constant.

If we divide the integration interval [0, 1] in the definition (17) of Rn,s(�; z)
at the point t0 and introduce these bounds in each of the intervals [0, t0] and

[t0, 1], we obtain the first bounds in (24) and (25).
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Using the inequality | t+ az|��| t+ bz|��
 | t+ az|����+ | t+ bz|���� in (22) and

the above mentioned argument, we obtain the second bounds in (24) and (25).&

The bounds (24) and (25) are not useful for numerical computations unless

we can calculate the constants Cn in terms of the dates of the problem [�, �, a,
b, Arg(z) and f (t)]. The following two propositions show that, if the bound

| fn(t)| 
 C1,nt
�n/s�� holds 8 t 2 [0, 1] and not only for t 2 [t0, 1] then, the

constants Cn may be calculated in terms of C1,n.

PROPOSITION 1. If, for s > 1 or 0 < � < 1, the remainder fn(t) in the

expansion (4) of the function f(t) satisfies the bound | fn(t)| 
 cnt
�n/s�� 8 t 2

[0,1] for some positive constant cn then, the remainders Rn,s(�; z) and Rn,s(�,�;
z) in the expansions (16), (19), (21), and (23) satisfy

Rn;sð�; zÞ
�� �� 
 cn�Gðns þ �þ �� 1ÞF 1� �; n

s
þ �þ �� 1

ðn
s
þ �þ 1Þ=2

���� sin2
ArgðzÞ

2

� �� 	
Gðn

s
þ �ÞGð�Þjsinð��Þjjzj

n
s
þ�þ��1

ð26Þ

and

jRn;sð�; �; zÞj



cn�Gðns þ �þ �þ �� 1ÞF

1� �; n
s
þ �þ �þ �� 1

ðn
s
þ �þ �þ 1Þ=2

���� 12 1� r
jczj

� �" #

Gðn
s
þ �ÞGð�þ �Þj sinð��Þjjczj

n
s
þ�þ�þ��1

;

ð27Þ
where c � Min{|a|, |b|} and r � Min{Re(az),Re(bz)}.

Proof: Introducing the bound | fn(t)| 
 cnt
�n/s�� in the definition (5) of

fn,n/s(t) we obtain

j fn;n=sðtÞj 

cnGð�Þ

Gðn=sþ �Þt� 8 t 2 ½0;1�:

Introducing this bound in the definition (17) of Rn,s(�; z) and using the

duplication formula of the gamma function and ([12], p. 309, Eq. 7) we obtain

the first bound. The second bound is obtained by using the inequalities |t + az|2

|t + bz|2 � t2 + 2rt + |cz|2 in the definition (22) of Rn,s(�,�; z), formula ([12],

p. 309, Eq. 7) and the equality

Xn=s
k¼0

n=s
k


 �
ð�Þkð�Þn=s�k ¼ ð�þ �Þn=s: ð28Þ

&

201



PROPOSITION 2. If, for s = � = 1, each remainder fn(t) in the expansion (4) of

the function f (t) satisfies the bound | fn(t)| 
 cnt
�n�1 8 t 2 [0, 1] for some

positive constant cn then, the remainder Rn,1(�;z) in the expansion (19) satisfies

jRn;1ð�; zÞj 

�cn�Gðnþ �� 1=2ÞF 1=2; nþ �� 1=2

ðnþ �þ 1Þ=2

����sin2
ArgðzÞ

2

� �� 	
Gðnþ 1=2ÞGð�Þjzjnþ��1=2

� Rð1Þ
n ð�; zÞ;

ð29Þ

where c̄n � Max{cn,cn�1 + |an�1|} and

jRn;1ð�; zÞj 

ð�Þn
jzjnþ�

(
�ðcn�1 þ jan�1jÞ þ cn

ðn� 1Þ!�ðzÞnþ�
þ cn

n!
1þ �

z

��� ����n��
"

log jzj
""((

þ ðnþ �Þf½2�þ ReðzÞ þ jReðzÞjÞðjzj�1 � 1Þ þ ðjReðzÞj � ReðzÞ� log jzjg
2ðnþ �þ 1Þjzþ �j F1

þ 4�þ ReðzÞ þ jReðzÞj � 2�jzj
2�ðnþ �þ 1Þjzj F0 þ

2j�þ zjF�1

�½ðnþ �Þ2 � 1�jzj

###)))
� R2

nð�; zÞ;
ð30Þ

where � is an arbitrary positive number,

Fa � F
2� a; nþ �þ a

ðnþ �þ 3Þ=2

���� sin2
Argðzþ �Þ

2


 �� 	

and

�ðzÞ �
1 if ReðzÞ � 0

j sinðArgðzÞj if � � �ReðzÞ > 0:
j1þ �=zj if �ReðzÞ > � > 0:

8<
:

For large z and fixed n, the optimum value for � is approximately given by

�2 ¼ cn

nðcn�1 þ jan�1j
2F�1

ðnþ �Þ2 � 1
þ ½ReðzÞ þ jReðzÞj�F0

2ðnþ �þ 1Þjzj

( )
:

ð31Þ

The remainder Rn,1(�,�; z) in expansion (23) satisfies

jRn;1ð�; �; zÞj 
 RðiÞ
n ð�þ �; azÞ þ RðiÞ

n ð�þ �; bzÞ ð32Þ
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for i = 1, 2 . If a, b, and z are positive real numbers, then

jRn;1ð�; zÞj 
 fn�ðcn�1 þ jan�1jÞ þ cn½Snðz; �; �Þ þ Tnðz; �; �Þ�g
ð�Þn
n!znþ�

; ð33Þ
where � is again an arbitrary positive number,

Snðz; �; �Þ ¼ Min
nz½ð�þ zÞnþ��1 � znþ��1�
�ðnþ �� 1Þð�þ zÞnþ��1

;  ðnþ 1Þ þ �

( )

and

Tnðz; �; �Þ ¼
znþ�

ðnþ �Þð�þ zÞnþ�
F nþ �; 1; nþ �þ 1;

z

�þ z


 �
:

For large z and fixed n, the optimum value for � is given by

� ¼ cn

nðcn�1 þ jan�1jÞ
: ð34Þ

The remainder Rn,1(�, �; z) in expansion (23) satisfies the bound (33) with �
replaced by � + � and z by cz.

Proof: From j fn�1ðtÞj 
 cn�1t
�n 8 t 2 ½0;1� and fn(t) = fn�1(t) � an�1t

�n

we obtain | fn(t)| 
 (cn�1 + |an�1|)t
�n 8 t 2 [0,1]. To obtain the bound (30) we

divide the integral defining fn,n(t) in (5) by a fixed point u = � � t and use the

bound | fn(t)| 
 (cn�1 + | an�1|)t
�n in the integral over [t, �] and the bound | fn(t)|


 cnt
�n�1 in the integral over [�, 1). Using u � t 
 u in the integral over [t, �]

we obtain

j fn;nðtÞj 

1

ðn� 1Þ! ðcn�1 þ jan�1jÞ log
�

t

� �
þ cn

�

h i
8 t 2 ½0; ��; � > 0:

ð35Þ

On the other hand in, 8 t 2 [0,1] we introduce the bound | fn(t)|
 cnt
�n�1 in the

integral definition of fn,n(t) and perform the change of variable u = tv. We obtain

j fn;nðtÞj 

cn

n!

1

t
8 t 2 ½0;1�: ð36Þ

We divide the integral in the right-hand side of (17) at the point t = � and use

the bound (36) in the integral over [�,1] and the bound (35) in the integral over

[0, �]. We obtain

jRn;1ð�; zÞj 

ð�Þn
n!

ncn

Z 1

0

dt

j�t þ zjnþ�
þ n�ðcn�1 þ jan�1jÞ

Z 1

0

logðt�1Þdt
j�t þ zjnþ�

þ cn

Z 1

1

dt

tj�t þ zjnþ�
� 	

:

ð37Þ
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Removing a factor |z|n+� from the denominator in the integrand of the two first

integrals on the right-hand side of (37) and using the bound |�t/z + 1| � �(z), we

easily conclude that those two integrals are bounded by [|z|�(z)]�n��. On the

other hand, we perform the change of variable t ! |z|t in the third integral on

the right-hand side of (37) and integrate by parts to obtain

jzjnþ�
Z 1

1

dt

tj�t þ zjnþ�
¼ log jzj

j1þ �=zjnþ�
þ �ðnþ �Þ

�
Z 1

jzj�1

f�t þ cos½ArgðzÞ�g log tdt

fð�t þ cos½ArgðzÞ�Þ2þ sin2½ArgðzÞ�gðnþ�Þ=2þ1
:

Now, with the change of variable t ! t/� + |z|�1 and using �log|z| 
 log(t/� +
|z|�1) 
 t/� + |z|�1 � 1 8 t 2 [0, 1] and ([12], p. 309, Eq. 7) we obtain (30).

To obtain (29) we use | fn(t)|
 cnt
�n�1 and | fn(t)| 
 (cn�1 + |an�1|) t

�n. Then,

we have fn(t) 
 cnt
�n�1/2 if t � 1 and fn(t) 
 (cn�1 + |an�1|) t

�n�1/2 if t 
 1.

Therefore, fn(t) 
c̄n t
�n�1/2 8 t 2 [0,1]. Then, fn(t) satisfies the bound required

in proposition 1 with s = 1, � = 1/2 and cn replaced by c̄n. Repeating now the

calculations of the proof of Proposition 1 we obtain (29).

If we get rid of irrelevant terms for large z, the right-hand side of (30), as

function of �, has a minimum for � given in (31).

Bounds (32) are obtained using the inequality |t + az|��|t + bz|�� 
 |t +

az|���� + |t + bz|���� in the definition of Rn,s(�, �; z) and formulas (28), (29),

and (30).

Bounds (33–34) and the bound for Rn,1(�, �; z) for real positive a, b, z have
been obtained in [10]. &

The following two Lemmas introduce two families of functions f (t) that

verify the bound | fn(t)| 
 cnt
�n/s�� 8 t 2 [0, 1]. Moreover, for these functions

f (t), the constants cn can be easily obtained from f (t).

LEMMA 5. Suppose f (t) satisfies (4) with 0 < � 
 1/s, and consider the
function gðuÞ � u��sf ðu�sÞ �

P�1
k¼K aku

k . If g (w) is a bounded analytic

function in the region of the complex w-plane consisting of all points at a

distance < r from the positive real axis (see Figure 1), then,

j fnðtÞj 
 C"�nt�n=s��;

where C is a bound of |g(w)| in that region and 0 < � < r.

Proof: From the asymptotic expansion (4) and the Lagrange formula for the

remainder in the Taylor expansion of g(u) in u = 0, we have

gðuÞ ¼
Xn�1

k¼0

aku
k þ RnðuÞ;
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where

RnðuÞ ¼
1

n!

dngðuÞ
dun

����
u¼�

un; � 2 ð0; uÞ:

Using the Cauchy formula for the derivative of an analytic function,

dngðuÞ
dun

¼ n!

2�i

Z
C

gðwÞ
ðw� �Þnþ1

dw;

where C is a circle of radius � around � into the region of analyticity of the

function g(w) (where it is also bounded). Then, for fixed � and �, performing the

change of variable w = � + �ei�, and using |g(� + �ei�)| 
 C for � 2 [0, 2�) with
C independent of �, �, and �, we obtain the desired result. &

LEMMA 6. If the expansion (4) (with 0 < � 
 1/s) satisfies the error test, then

j fnðtÞj 
 janjt�n=s�� and j fnðtÞj 
 jan�1jt�ðn�1Þ=s��:

Proof: A proof of the first inequality can be found in ([ ], p. 68). The second

inequality follows from the first one, from sign [ fn(t)] 6¼ sign [ fn�1(t)] and

fnðtÞ ¼ fn�1ðtÞ �
an�1

tðn�1Þ=sþ� :

&

COROLLARY 1. If f (t) satisfies the hypotheses of Lemma 5, then Rn,s(�; z) and
Rn,s(�, �; z) satisfy the bounds given in Propositions 1 and 2 with cn = C��n.

Im(w)

Re(w)rr

3

u(u)

Figure 1. Analyticity region for the function g(u) considered in Lemma 5. The integration

variable u in (5) is real and unbounded; therefore, the analyticity region for g(u) must contain the

positive real axis. The circle of radius’ � centered at �(u), with 0 < �(u) < u, used in the proof of

Lemma 5 must be contained in this region and therefore, � < r.

Q2
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Moreover, these expansions are convergent when the parameter |z|1/s (or |cz|1/s

with c � min{|a|, |b|}) is longer than the inverse of the width of the region

considered in Lemma 5 (see Figure 1), more precisely, when

"sjzj � 1 if � < 1 or "sjzj > 1 if � � 1

in Theorems 1 or 2;

"sjczj � 1 if �þ � < 1 or "sjczj > 1 if �þ � � 1

in Theorems 3 or 4:

For � = s = 1 , the convergence of expansions (19) and (23) also requires that

limn!1n��1anz
�n = 0 and limn!1n�+��1an(cz)

�n = 0, respectively.

COROLLARY 2. If the expansion (4) of f (t) verifies the error test, then Rn,s

(�; z) and Rn,s(�, �; z) satisfy the bounds given in Propositions 1 and 2 when

replacing cn by |an| and cn�1 by 0. Moreover, the expansions given in Theorems

1 and 2 are convergent when the coefficients an in the asymptotic expansion (4)

verify limn!1n��1anz
�n/s = 0. The expansions given in Theorems 3 and 4

are convergent when the coefficients an verify limn!1n�+��1an(cz)
�n/s = 0,

c � min{|a|, |b|}.

4. Examples

An important family of functions f (t) in many applications, (Feynman diagrams

in quantum field theory ([6], Ch. 6), ([7], Ch. 7) or symmetric elliptic integrals

([14], Ch. 12) for example are defined by integrals of the form (3) with f (t)

given in (37).) has the form

f ðtÞ ¼
YN
k¼1

1

ðt1=s þ xkÞ	k
;

ð38Þ

where s 2 N, x1, . . . , xN � 0, 	1 x1, . . . , 	N�1xN�1> 0, 	NxN � 0 and 	N < s

if xN = 0. This family of functions trivially satisfy the hypotheses of Lemma 5

with r�1 = Max{x1, . . ., xN}. Therefore, the bounds of Corollary 1 apply to

the remainders in the expansions given in Theorems 1–4 when f (t) has the

form (38). However, we can show that they also verify the hypotheses of

Lemma 6 and then Corollary 2 applies, too. Define

	 �
XN
k¼1

	k :
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For 	 =2 N, the asymptotic expansion of f (t) in t = 1 is given, for n = s, 2s,

3s, . . ., n � [	] by (4) with � � (	�[	])/s and K � [	],

f ðtÞ ¼
Xn�1

k¼½	�

ak

tðkþ	�½	�Þ=s þ fnðtÞ;
ð39Þ

where empty sums must be understood as zero. For k = 0, 1, 2, . . .

akþ½	� ¼ lim
u!0

1

k!

dk

duk
u�	 f ðu�sÞ½ � ð40Þ

and fnðtÞ ¼ Oðt�ðnþ	�½	�Þ=sÞ as t ! 1 as t! 1. Then, we have the following

lemma.

LEMMA 7. For 	 =2 N; n � ½	�, and 8 t 2 [0, 1], the remainder term fn(t) in

the expansion (39) of the function f (t) defined in (38) satisfies the error test.

More precisely, sign[ fn(t)] = sign(an) = sign[(�1 )n�[	]] and then,

j fnðtÞj 

janj

tðnþ	�½	�Þ=s for n � ½	�;

jfnðtÞj 

jan�1j

tðnþ	�½	��1Þ=s for n � ½	� þ 1:

Proof: The Taylor expansion of u�	 f (u�s) at u = 0 is given by

u�	f ðu�sÞ �
YN
k¼1

ð1þ xkuÞ�	k ¼
Xn�½	��1

k¼0

akþ½	�u
k þ u�	fnðu�sÞ:

Applying the binomial formula for the derivative of a product we realize that

the nth u-derivative of u�	f (u�s) has the same sign as (�1)n 8 u 2 [0, 1].

Then, sign(an) = sign(�1)n�[	] for n � [	] and, by the Lagrange formula for the

remainder u�	 fn(u
�s) we obtain that sign[ fn(t)] = sign(�1)n�[	] for n � [	] and

8 t 2 [0, 1]. Therefore, two consecutive error terms fn(t) and fn+1(t) in the

expansion of f (t) have opposite sign. After applying Lemma 6, we obtain the

above inequalities.

On the other hand, for 	 2 N, the asymptotic expansion in t = 1 of the

function f (t) defined in (38) is given, for n = s, 2s, 3s, . . . and n � 	 � 1, by (4)

with � � 1/s and K � 	 � 1,

f ðtÞ ¼
Xn�1

k¼	�1

ak

tðkþ1Þ=s þ fnðtÞ;
ð41Þ

where empty sums must be understood as zero. For k = 0, 1, 2, . . .,

akþ	�1 ¼ lim
u!0

1

k!

dk

duk
u�	f ðu�sÞ½ � ð42Þ
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and fnðtÞ ¼ Oðt�ðnþ1Þ=sÞ as t ! 1. Then, we have the following lemma.

LEMMA 8. For 	 2 N; n � 	� 1 and 8 t 2 [0, 1], the remainder term fn(t)

in the expansion (41) of the function f (t) defined in (38) satisfies the error test.

More precisely, sign[fn(t)] = sign(an) = sign[(�1)n�	+1] and

j fnðtÞj 

janj

tðnþ1Þ=s for n � 	� 1; j fnðtÞj 

jan�1j
tn=s

for n � 	:

Proof: Similar to the proof of Lemma 7 when replacing [	] by 	 � 1. &

COROLLARY 3. Theorems 1 and 3 hold for the function f (t) given in (38)

if 	 =2 N with � � (	 � [	])/s, K � [	] and ak as given in (40). Moreover,

for n = s, 2s, 3s, . . . and n � [	] , the error terms Rn,s(�; z) and Rn,s(�, �;
z) in the expansions (16) and (21) satisfy the bounds given in Proposition 1

with cn = |an|.

COROLLARY 4. Theorems 1 and 3 hold for the function f (t) given in (38) if 	
2 N with � � 1/s, K � 	 � 1 and ak given in (42). Moreover, for n = s, 2s, 3s,

. . . and n � 	 � 1, the error terms Rn,s (�, �; z) in the expansions (16) and (21)

satisfy the bounds given in propositions 1 and 2 when replacing cn by |an| and

cn�1 by 0.

Two specific examples that show the accuracy of the expansions given in

Section 2, and the error bounds of Section 3 are given below.

4.1. The tadpole in the theory of the scalar field in 3 + 1 dimensions

The mass renormalization of the scalar field in 3+1 dimensions regularized by

means of high derivatives ([15], Ch. 4, Sec. 4) requires the calculation of the

integral

Is;�ðm;�Þ �
2s

m4

Z 1

0

p3dp

ðp2 þ m2Þðp2s þ �2sÞ� ;

where m is the bare mass of the scalar field, � is the regulator parameter, and

the parameters �> 0 and s 2 N verify s�> 1. Physical observables are defined

for large values of the regulator parameter, and then an approximation of the

integral for large values of � is required. By means of a simple change of

variable, this integral reads

Is;�ðm;�Þ �
1

m4

Z 1

0

t 2=s�1dt

ðt1=s þ m2Þðt þ �2sÞ�
:
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Therefore, it has the form considered in Theorem 2 with z � �2s and

f ðtÞ � t 2=s�1

m4ðt1=s þ m2Þ
�
X1
k¼s�2

ð�m2Þk�s

tðkþ1Þ=s ; t ! 1: ð43Þ

If s = 1 then Is,�(m, �) may be approximated by Wong’s methods. Therefore,

we consider the case s � 2. Then, the asymptotic expansion of f (t) for large

t has the form considered in Theorem 2 with K � s � 2 and

a0 ¼ a1 ¼ � � � ¼ as�3 ¼ 0

ak ¼ ð�m2Þk�s; k ¼ s� 2; s� 1; s; . . . ð44Þ

Then, applying Theorem 2, we have

Is;�ðm;�Þ ¼
Xn=s�1

k¼0

(
ð�1Þkðsþ1Þ�1ð�Þkm2ðsk�1Þ

k!�2sðkþ�Þ log
�

m


 �2s
�� �  ðk þ �Þ

" #

þ
Xs�2

j¼j0

ð�1Þkðsþ1Þþj�sG½ð�þ k þ ð jþ 1Þ=s� 1ÞGð1� ð jþ 1Þ=s�
m2½sð1�kÞ�j�½ð jþ 1Þ=s�kGð�Þ�2½sð�þk�1Þþjþ1�

þ
dsðkþ1Þð�Þk
�2sð�þkÞ

)
þ Rn;s;�ðm; �Þ; ð45Þ

where j0 � max[0, s(1 � k)�2], ds(k+1) is given by (10), (11), or (20) and the

remainder term is given by (17) with z � �2s. Using (11), ([14], p. 41, Eq. 3.2)

and the duplication formula of the gamma function we obtain

dsðkþ1Þ ¼
ð�1Þkþs

k!m2s

( Xsðkþ1Þ�2

j¼ks

ð�1Þ jm2j

k � ð jþ 1Þ=sþ 1
þ k!

Xs�2

j¼0

ð�1Þskþj
m2ðskþjÞ

ðð jþ 1Þ=s� 1Þkþ1

þ
Xk
j¼1

Xsðkþ1Þ�1

l¼ks

ð�1Þlðk � jþ 2Þj�1m
2l

½ðl þ 1Þ=s� j�j

)
:

The function (43) has the form (38) with N = 2, 	1 = 1, 	2 = s � 2 and ak given

in (44). Therefore, applying Corollary 4, we obtain, for n � s � 2,

jRn;s;�ðm; �Þj 

�m2ðn�sÞG½ðnþ 1Þ=sþ �� 1�

Gð�Þ sinð�=sÞG½ðnþ 1Þ=s��2ðsð��1Þþnþ1Þ : ð46Þ

This bound shows that expansion (45) is convergent for m < � if � � 1 and for

m 
 � if � < 1.
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4.2. The third symmetric elliptic integral with two parameters large

The third symmetric standard elliptic integral is defined by ([14], Ch. 12)

RJ ðx; y; z; pÞ ¼
3

2

Z 1

0

dtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt þ xÞðt þ yÞðt þ zÞ

p
ðt þ pÞ

;

where the parameters x, y, z, and p are non-negative. The integral (2/3) RJ (x, az,

bz, p) with z large (and |az| 
 |bz|) has the form considered in Theorem 3 with

s = 1, � = � = � = 1/2, K = 0 and

f ðtÞ ¼ 1ffiffiffiffiffiffiffiffiffiffi
t þ x

p
ðt þ pÞ

¼
Xn�1

k¼0

ak

t kþ1=2
þ f Jn ðtÞ:

Therefore, the asymptotic expansion of (2/3) RJ (x, az, bz, p) for large z

follows from Equation (21) in Theorem 3. Coefficients ak � ð�1ÞkAJ
k ðx; pÞ are

trivially given by A0
J(x, p) = 0 and, for k = 1, 2, 3, . . .,

AJ
k ðx; pÞ ¼ �

Xk�1

j¼0

ð1=2Þj
j!

x jpk�j�1: ð47Þ

The Mellin transform M[ f; k + 1] in the coefficients Ck in formula (21) can

be obtained from ([12], p. 303, Eq. 24). Therefore, applying Equation (21) we

obtain

RJ ðx; az; bz; pÞ ¼
3

2

Xn�1

k¼0

"
AJ
k ðx; pÞBkða; bÞ

zkþ1=2
þ 2ð�1Þkxkþ1=2Ckða; bÞGð1=2� kÞ

p
ffiffiffiffiffiffiffiffi
�ab

p
zkþ1

� F
k þ 1; 1

3=2

�����1� x

p

! #
þ RJ

n ðx; az; bz; pÞ; ð48Þ

where, for k = 1, 2, 3, . . ., the coefficients Bk(a, b) and Ck(a, b) are given by

Bkða; bÞ ¼
Xk
j¼0

Gð jþ 1=2ÞGðk � jþ 1=2Þ
j!ðk � jÞ!a jbk�jþ1=2

F
1=2; k � jþ 1=2

k þ 1

����1� a

b


 �

and

Ckða; bÞ ¼
Xk
j¼0

k

j


 � ð1=2Þjð1=2Þk�j

a jbk�j
:
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Function f (t) satisfies the conditions of Corollary 3 with 	 = 3/2. Therefore,

for x, p, az, bz, 2, C \ R� and n = 1, 2, 3, . . ., the bound (27) holds for (2/3)

RJ(x, az, bz, p) setting s = 1, � = � = � = 1/2 and cn = |An
J(x, p)| given in (47).

Therefore,

jRJ
n ðx; az; bz; pÞj 


3�jAJ
nðx; pÞj

2jazjnþ1=2
F

1=2; nþ 1=2
n=2þ 1

���� 12 1� r

jazj


 �� 	
;

ð49Þ

where r � Min[Re(az),Re(bz)].

5. Conclusions

Wong’s distributional method was introduced in [2, 3] to derive asymptotic

approximations of Stieltjes and generalized Stieltjes transforms for large

argument. Following Wong’s proposal ([3], Example 1), the distributional

approach was used in [4] and [5] to derive alternative proofs for the

asymptotic expansion of generalized Stieltjes transforms considered in [2].

In any case, only transforms of functions f (t) with an asymptotic expansion

for large t in descending integer powers of t have been considered in [4, 5, 3,

2].

In Theorems 1–4 of this article, we have generalized those results to

functions f(t) having an asymptotic expansion for large t in descending

rational powers of t. The asymptotic character of the expansions obtained in

those theorems has been proved in Theorem 5. This kind of integrals

frequently appears in the perturbative calculations of physical observables in

quantum field theory (a specific example has been considered in Section 4.1).

In Propositions 1 and 2, we derived error bounds for these expansions when

the remainder term fn(t) in the expansion of the function f (t) can be bounded in

the form | fn(t)| 
 cnt
�n/s�� 8 t 2 [0, 1]. When the function g(u) introduced in

Lemma 5 [closely related to f (t)] is analytic and bounded around the positive

real axis or when the expansion (4) of the function f (t) verifies the error test,

then the constant cn may be easily obtained from f (t) (Lemmas 5 and 6 and

Corollaries 1 and 2).

In particular, in Corollaries 3 and 4, an error bound for the remainder term of

the expansions given in Theorems 1–4 has been obtained for the family of

functions f (t) defined in (38). This family (which verifies Lemmas 5 and 6) is

particularly important in practice and two specific examples have been

considered in Section 4. The bounds given in Propositions 1 and 2 have been

obtained from the error test, and, as numerical computations show (see Tables 1

and 2), they exhibit remarkable accuracy.
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J. L. López and C. Ferreira214



Acknowledgments

This work originated from conversations with Roderick Wong, who has

encouraged us to keep on investigating the distributional approach. The

Comisión Interministerial de Ciencia y Tecnologia (CICYT) is also acknowl-

edged by its financial support.

References

1. A. I. ZAYED, Handbook of Function and Generalized Function Transformations, CRC, New

York, 1996.

2. R. WONG, Asymptotic Approximations of Integrals, Academic Press, New York, 1989.

3. R. WONG, Explicit error terms for asymptotic expansions of Mellin convolutions, J. Math.

Anal. Appl. 72:740–756 (1979).
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