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Asymptotic relations in the Askey scheme
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It has been recently pointed out that several orthogonal polynomials of the Askey table aqznit
asymptotic expansions in terms of Hermite and Laguerre polynomials [Lopez and Temme, Mz%th.
Appl. Anal. 6 (1999) 131-146; J. Comp. Appl. Math. 133 (2001) 623—633]. From those expansions,
several known and new limits between polynomials of the Askey table were obtained in [Léﬁ%z
and Temme, Meth. Appl. Anal. 6 (1999) 131-146; J. Comp. Appl. Math. 133 (2001) 623-633]%In
this paper, we make an exhaustive analysis of the three lower levels of the Askey scheme wiich
completes the asymptotic analysis performed in [Lopez and Temme, Meth. Appl. Anal. 6 (1999)
131-146; J. Comp. Appl. Math. 133 (2001) 623—-633]: (i) We obtain asymptotic expansions3of
Charlier, Meixner—Pollaczek, Jacobi, Meixner, and Krawtchouk polynomials in terms of Hernite
polynomials. (ii) We obtain asymptotic expansions of Meixner—Pollaczek, Jacobi, Meixner, and
Krawtchouk polynomials in terms of Charlier polynomials. (iii) We give new proofs for the knowsy
limits between polynomials of these three levels and derive new limits. a4
0 2003 Elsevier Science (USA). All rights reserved.
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1 1. Introduction 1

2 2

3 Itis well known that there exist several limit relations between polynomials of the Askey
4 scheme of hypergeometric orthogonal polynomid]sfor example, the limit 4

5 5

6 (_1)712—11/2 6

7

8

9

8
shows that, when the variable is properly scaled, the Laguerre polynomials become, the
Hermite polynomials for large values of the order parameter. Moreover, this limit givgs
insight in the location of the zeros of the Laguerre polynomials for large values of the
order parameter. 12

It has been recently pointed out that this limit may be obtained from an asymptaqtic
expansion of the Laguerre polynomials in terms of the Hermite polynomials for darge,

N =
> w N P O

15 [9]: 15

16 ) 16

17 o n pn ¢ Hy_((X) 17
L =(-1)"B - 2

18 (=1 Z B¥ (n—k)! ) 18

k=0

[
©

19

where the value ok, B, and some other details are given in Section 2.1. This expansion
has an asymptotic character for large valuegodf(see Section 2.1). The limit (1) is 21
obtained from the first order approximation of this expansion. 22

The asymptotic method from which expansions like (2) are obtained was introdueed
in [5-7]. More precisely, the method to approximate orthogonal polynomials in termszef
Hermite polynomials is described iB][ whereas the method to approximate orthogonab
polynomials in terms of Laguerre polynomials is described ih Based on those 26
methods, asymptotic expansions of Laguerre and Jacobi polynomials in terms of Hermnite
polynomials are given ing]. Asymptotic expansions of Meixner—Pollaczek, Jacobkgs
Meixner, and Krawtchouk polynomials in terms of Laguerre polynomials are gived.in [29
Moreover, asymptotic expansions in terms of Hermite polynomials of other polynomigls
not included in the Askey scheme, such as Tricomi—Carlitz and generalized Bernoeili,
Euler, Bessel, and Buchholz polynomials are giverbif| 32

Those asymptotic methods are based on the availability of a generating function fosthe
polynomials and is different from the techniques described i} [ The method introduced 34
in [1] is based on a connection problem and gives deeper information on the limit relatiems
between classical discrete and classical continuous orthogonal polynomials in the Askey
scheme. On the other hand, our method gives asymptotic expansions of polynorsials
situated at any level of the table in terms of polynomials located at lower levels. Qar
method is also different from the sophisticated uniform methods considered for exampke in
[3] or [8], where asymptotic expansions of the Meixéy (nx, b, c¢) or CharlierCg (nx) 40
polynomials respectively are given for large values aind fixeda, b, ¢, x. In our method 41
we keep the degreefixed and let some parameter(s) of the polynomial go to infinity. 42

In the following section we resume the descending asymptotic expansions and limit
relations between all the polynomials situated at the three first levels of the Askey table.
For completeness, we resume in the next section not only the new expansions obtairned in
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Fig. 1. Three lower levels of the Askey table of hypergeometric orthogonal polynomials. Thick arrows indickte
known asymptotic expansions between polynomials, whereas thin arrows indicate new asymptotic expansions
derived in this paper. 16
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this paper, but also the known ones derivedStV] In Section 3 we briefly resume the i
principles of the Hermite-type asymptotic approximations introducefliarid introduce
the principles of the Charlier-type asymptotic approximations. In Section 4 we prove the
new asymptotic expansions and the new limits presented in Section 2. Some numegjcal
experiments illustrating the accuracy of the approximations are given in Section 5.
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2. Descending asymptotic expansions and limits 26
27

The orthogonality property of the polynomials of the Askey table only holds when tkre
variablex and other parameters which appear in the polynomials are restricted to certain
real intervals4]. Nevertheless, the expansions that we resume below are valid for compiex
values of the variable and the parameters and forani¥. All the square roots that appears

in what follows assume real positive values for real positive argument. 32
33

34
35
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2.1. Laguerre to Hermite
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2.1.1. Asymptotic expansion for large:
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2.1.2. Coefficients:
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co c1=cC2= 0, c3= 5(3}( —a — 1) 45
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1 and,fork=45,6,..., 1

2 2

3 key ==2(k = Deg—1— (k= 2ck—2+ Bx —a —Dex3+ (2x —a — Dcg—4.  (4) 3

4 4

5 2.1.3. Asymptotic property: °

6 6

; S Hyoa(X) = O 3372) o o, ;

9 9

10 2.1.4. Limit (known): 10
11 /2 11
12 . /2w (=nr2—" X 12
13 ozll—>mooa ! L, (x\/a—i—a) :THn(ﬁ) 13
14 14
15 2.2. Charlier to Hermite 15
16 16
17 2.2.1. Asymptotic expansion for large 17
18 18
19 " op Hy—ik(X) X a—x 1
20 Cn(x,a)=B" ———, B= -, X= . B) 2
. k; BX (n —k)! 2a V2x .
22 22
” 2.2.2. Coefficientscg=1,c1 =c2 =0 and, fork =3,4,5, ..., 2
24 3 2 24
25 a’ker =a“(k — Dep_1 — xcp—3. 6) 45
26 26
27 2.2.3. Asymptotic property: 27
28 28
20 %Hn,k(X) =0(a"™), a— 0. 29
30 30
s 2.2.4. Limit (known): s
32 32
33 . 33

lim (2a)"/2C,(vV2ax +a,a) = (=1)"Hy(x).

34 a— 00 34
35 35
s 2.3. Krawtchouk to Hermite 36
87 37
38 2.3.1. Asymptotic expansion for larg’: 38
39 39
40 n 40
“ <2’>Kn(x;p,N>=B”Z%%, “
42 k=0 42
e P2N +x —2xp Np—x -
44 B= |————, X = . (7) 4+
45 2p? 2pB 45
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1 2.3.2. Coefficients: 1

2 2

3 1 0 3xp — 3xp?+ pN —x 3

5 5

6 and,fork=4,5,6,..., 6

7 7

’ Skew = —p22p — Dk — Dero1 — p2(p — Dk — 2)c .

o p ker = —p°2p — D (k — Deg—1— p*(p — Dk — 2)cr—2 0

10 + (—x +3xp — 3xp2 + psN)ck,Q, 10
11 11
12 + (—prz + 3xp + p3N — pzN - x)Ck_4. 8) 1
13 13
14 2.3.3. Asymptotic property: 14
15 15
16 C—kH,,_k(X) _ O(Nn/2+[k/3]fk)’ N — oo, 16
17 Bk 17
18 L 18
19 2.3.4. Limit (known): 19
20 20

n
21 . N 2p : (_1)11 21
22 Nlinoo(n )( m Kn(pN—i-x 2p(1— p)N; P7N)— Y Hy (x). 22
23 23
" 2.4. Meixner to Hermite 24
25 25
26 . . ) 26
97 2.4.1. Asymptotic expansion for large: 7
28 28
20 n!B" <~ By Hy—i(X) 20
M ; ’ = - T, N
» "EAO=1, ;) & (1= h)! 3°
31 - 31
32 2 . . 32
33 B— 1 ;x—é, Xz(cl)ix+,3c. (9) =
- 2c 2 2cB 34
35 - 35
. 2.4.2. Coefficients: 36
87 37
3 3
-1

35 o=l a=c=0 = O DITP 8
39 3c 39
40 40
4 and, fork=4,5,6,..., “
42 42
43 c3kck = c2(c + 1Dk — Dcp—1 — c2(k —2cr_2+ (,36‘3 +c3x — x)ck_g 43
44 44
45 + (,302 +x - sz)ck74~ (10) 45
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1 2.4.3. Asymptotic property: 1
2 2
Ck _

: o Hnk (0 = O(B2HET), - g — oo, :

5 L 5

. 2.4.4. Limit (new): .

7 7

. 2¢\"/? B —x./2c

8 lim (,B)n<_> Mn(uLB’C) = H,(x). 8

9 B—0o0 B 1-c¢ 9

10 . . 10
u 2.5. Meixner—Pollaczek to Hermite u
12 . . 12
s 2.5.1. Asymptotic expansion for large 1
14 n H, 1 (X) 14
15 PM(x: )= B" Lk Bn—k2) , 11) 8
- 1 (x: 9) kXch]Bk b ay *
17 . 17

- ACO sin
18 B =/ hcoq2) —xsin@g), X = 0ptasing (12) 18
19 B 19
20 2.5.2. Coefficients: 20
21 21
22 2 . 22
” co=1, c1=c2=0, c3= é [)\ CO$3¢) +x S|n(3¢)] -
24 24
» and, fork=4,5,6,..., 25
26 26
27 ke = 2cosp(k — Vg1 — (k — 2)cr—2 + 2[A c0oS3¢) + x SiN(3p) |ck—3 27
2 —2[Acog2¢) + x SiN(2¢) |ck—a. (13) *
29 29
%0 2.5.3. Asymptotic property: %0
31 31
a2 ck 24 [k/3]—k %
- or k(X0 = O(WMZHRBEIERY ) 0. -
34 34
35 2.5.4. Limit (known): 35
36 \/_ 36
. A —ACO 1

3 lim A="/2p® u ¢ ) == Hp(x). ¥
38 2—00 sing n! 38
39 39
w0 2.6. Jacobito Hermite 40
a1 a1
42 2.6.1. Asymptotic expansion for large + 8: 2
43 = 43
44 (a.B) _ pn C_anfk(X) _ 2+ (a+pB)x+(«—pB) 44
45 PP =B") BK (n—k)!’ x= 4B ’ 49

k=0
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1 1 1 3

. B=\/§—x2+§(a+ﬂ)—z(a—ﬁ)x—gxz(aJrﬁ). (15

3 3

4 2.6.2. Coefficients: 4

5 5

6 co=1, c1=c2=0, 6

: . L= )= Zx(+ )+ =3+ ) + x%a — ) :

8 C3=——5 X — =« — — =X —X (x —X (0 — . 8

. 3733 12 4 12 4 .

10 2.6.3. Asymptotic property: 10
11 11
12 Ck , _ a—p 12
e ﬁH,,_k(X):(’)((a+ﬁ)’/2+[k/3] B, a+pB— o0, ™ Y — 0. s
14 14
15 2.6.4. Limit (new): 15
16 16

B) (/20 +2Bx+B—
17 ORI ) a—p 17
18 lim = ,  with—— — 0. 18
a+p—>00 (o + p)n/2 23n/2p) a+p

19 19
20 20
21 21
22 22
23 2.7. Krawtchouk to Laguerre 23
24 24
25 2.7.1. Asymptotic expansion for largh': 25
26 26
27 N n @ x 27
28 (n>Kn(x;p, N):chLnfk(X), X=a+1-N+=. (16)
29 k=0 P 29
30 L ) 30
a1 2.7.2. Coefficients: a1
32 1 1 1 32
33 co=1, c1=0, C2=§|:1+Ot—3N+—<4——>x:|. 33
34 p p 34
3 2.7.3. Asymptotic property: =
36 36
37 L (X) = O(N"HHA=K) - N s o0, 37
38 38
39 2.8. Meixner to Laguerre 3
40 40
“a 2.8.1. Asymptotic expansion for large: 4
42 42
43 n 1—¢ 43
a4 My(x:B.0) =Y Ll (X), X=a—p+1+ —x. (17)

IS
a

k=0

N
o
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1 2.8.2. Coefficients: 1
2 2
3 ) _ _ l+a—p 2c—c?—1 3
. co=1, c1=0, o= 5 o2 4
5 5
6 2.8.3. Asymptotic property: 6
7 7
8 L (X) = 0(pm A=) g o0, 8
9 9
10 2.8.4. Limit (known): 10
11 11
12 (@) 12
L,
13 lim M, <&;a+1, c> == (x). 13
1 c—1 l1-¢ L (0) 1
15 15
16 2.9. Meixner—Pollaczek to Laguerre 16
17 17
18 2.9.1. Asymptotic expansion for large 18
19 19
20 . n @ ) 20
, PP (xi¢)=) aLl(X), X=a+1-21cosp—2xsing. (18)
22 k=0 22
23 o ) 23
i 2.9.2. Coefficients: ”
25 . . o 25
26 co=1, c1=0, c2 = x SiN(2¢) + A c0g2¢) — 2(x Sing + A CcOSp) + > 26
27 27
28 and, fork =4,5,86,..., 28
29 29
30 30
. ke = 2(1+ cosp)(k — Dcg—1 o
32 + [ + 1 — 21 4 4(cosp — 1) (% COSp + x SiNg) + 2(2 — k) (1 + 2COSP) |cx—2 32
33 33
2 + [4r + 2(k — 3)(1+ cosp) — 2(cx + 1) COSp]cr—3 a
35 4+ (@ +5—k — 20)ck—4. (19) *
36 36
87 2.9.3. Asymptotic property: 3
38 38
39 39
; Ly (X) = O HF7E) 3 — oo, w0
41 L 41
” 2.9.4. Limit (known): »
43 43
44 lim P(““)/Z(—i; ) = L@ (). 44
45 ¢—0 " 2¢ ¢ n () 45
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1 2.10. Jacobito Laguerre 1

2 2

3 2.10.1. Asymptotic expansion for large + 8: 3

4 4

5 n (a) 1 5

6 PP @) =) el (X, X =@+ p+D(L-x). (20)

7 k=0 7

8 . 8

0 2.10.2. Coefficients: 0

10 1 10
1 co=1, c1=0, co= §[3,3—ot—2(oz+3,8+4)x+(3ot+3,3+8)x2]. 11
12 12
13 2.10.3. Asymptotic property: 13
14 14
15 _ oa—pf 15
. L (X) = O((a + B TH27K) o 4 o0, i 0. (1)
17 17
18 2.10.4. Limit (known): 18
19 19
20 lim ped (12 = L@ (x). 20
21 p—oo " B 9 21
22 22
23 23
24 24
5 2.11. Krawtchouk to Charlier 25
26 26
27 2.11.1. Asymptotic expansions for large: 27
28 28
29 N n e ck Cuoi(X, A) 29
30 (3o pmy= 2 S U, 2
31 k=0 31
32 _ (Np? +x —2px)® . (p—DH(N —x)x 32
33 T (Np3+(=3p2+3p—1x)?’  Np3+@p—3p2—1x’ 33
34 34
35 -1 N — N 2 ) 35
" A _(»=Dp( x)x(Np©+x — 2px) 23) o

(Np3 + (—=3p2+3p — Dx)?
87 37
38 2.11.2. Coefficients: %8
39 39
40 1 0 (p —D%(x = N) 40
co= 4, c1=c2=c3=0, Ccq =

o ’ . YT apP(Np? +x = 2p) “
42 42
43 and, fork =5,6,7,..., 43
44 44

IS
a

ke =hy(k — Dck—1 + ho(k — 2)cp—2 + ha(k — 3)ck—3 + hacy_a, (24)
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1 with 1

2 2

3 By Np?(1—3p) + (7Tp* —Tp+ 2x ,_ @r- 1% — Np*Bp -2 3

4 p(Np?+x — 2px) ’ p2(Np?+x—2px) 4

5 5

o py PV =Zp kD NpE (P DEG - N) .

7 p2(Np2+x —2px) ’ p2(Np?+x —2px)’ 7

Z 2.11.3. Asymptotic property: Z

10 Ck ek 10
1 FCH(X,A)zo(N ), N — oo 1
12 12
13 2.11.4.Limit (known): 13
14 14
15 lim K,1<x,i,N> =Cu(x,a). 15
16 N—00 N 16
17 17
18 2.12. Meixner to Charlier 18
19 19
20 2.12.1. Asymptotic expansions for large 20
21 21
22 B"n! ¢k Cpri(X, A) 22
5 M B0 = G LB ko @)
24 = 24
2 (B + (P =Dx)? g = DEB+Y) 25
26 - (,3634-(63—1))6)2’ - ﬁc3+(c3—l)x ’ 26
27 i 1 2. 2 2 1 27
28 A—_ (c—=1 Cx(i"' x)g,BC + (; —Dx) (26) 28
29 (Bc® + (c® = Dx) 29
30 o ) 30
a1 2.12.2. Coefficients: s
- 1 0 (= D=(B+) -

CO =1, Cl = C2 == C3 =V, C4 = — 2 2 2

2 4c(Bes+ (¢ — Dx) 2
¥ and,fork=5,6,7,..., %
36 36
¥ ke =ha(k — Dcg—1 + ho(k — 2)cp—2 + ha(k — 3)ck—3 + hacy—a, @7 ¥
38 38
39 with 39
40 40
41 By — ,362(1 +2c)— 2+c— 2 — 26‘3))C fa — ,36‘3 —x+c3x 41
42 1= Bcd 4 c(c? — Dx ’ 3= Bct 4+ c2(c2 — Dx’ 42
43 43
s by (1—c)(L+c)3x — B2+ 0) P G 1)%x (B + x) "

,3(34 L C2(C2 —D)x - _,3C4 + C2(C2 —Dx :

IS
a
N
o
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1 2.12.3. Asymptotic property: 1
2 2
C
3 SOk (X, )= O(p"™*).  p— . 3
4 4
> 2.12.4. Limit (known): >
6 6
7 . a 7
8 /Blﬂ;nooMl’l(xvlgv m)ZCn(xva)' 8
9 9
10 2.13. Meixner—Pollaczek to Charlier 10
11 11
12 2.13.1. Asymptotic expansions for large 12
13 13
n
14 ck Ch—i(X, A) 14
) _
15 B, (x’¢)—B"ZﬁW’ (28)
16 k=0 16
17 _ 2(rcog2¢) + xsin(2))> 202 4+xd)sit g 17
18 ~ (Acog3¢) + xsin(3¢))2 ~ Ac093¢) + xsin(3p)’ 18
- | 202+ x?)sirP ¢ (1.c0829) + ¥ sin(2¢)) 9 .
2 a (1 cog3¢) + x Sin(3¢))? 21
2 2.13.2. Coefficients: 2
23 23
24 1 0 (A2+x2) sin2¢ 24
co= 4, Cl=C2=cCc3=0, Cq4 = — "
2 0 1=62=03 4= T 200 cos2¢) + x sin(29)) %
26 26
27 and,fork=5,6,7,..., 27
28 28
29 ke =hi(k — Deg—1 — ho(k — 2)cp_2 + h3(k — 3)ck_3 + hacr_a, (30) 29
30 30
a1 With a1
82 . +COSp + 2).c093¢) + x[sing + 2 siN(3¢)] 1 c0g3¢) + x Sin(3¢) 3
33 = s = - R 33
o ! A COS2¢) + x SIN(2¢) =3 cog2¢) + x Sin(2¢) a
s, _ 2).c092¢) + 1 cog4¢p) + 8x coS’ ¢ sing B 202+ x?)sirt ¢ 35
s 2T ACO926) + x SiN(2¢) ’ T Aco92¢) + xsin2¢)’ 36
87 37
38 2.13.3. Asymptotic property: 38
39 4 39
40 ﬁc,,_k(x, A):O()\Lk/zu_k), A — 00. 40
a a1
42 2.13.4. Limit (new): 42
43 43

N
i
i
iN

A|im AP (x, ) = 2—"(2 c0g2¢) — 1)"cos" ¢ cos " (3¢).
— 00 n!

IS
a
N
o
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1 2.14. Jacobito Charlier 1
2 2
3 2.14.1. Asymptotic expansions for largg 3
4 4
5 " 5
6 (0[ ) _ pn ¢k Cu—i(X, A) 6
7 =B kz BX (n—k) R
8 8
9 1 2 9
=4+ a+p—2x(@—p)—x°[8+3+ B}
10 4 10
11 1 11
1 A:B:Z(l—x){4+oz+,8+2(oc—,8)+x[8+3(o:+ﬂ)]}. 32 L,
13 13
14 2.14.2. Coefficients: 14
15 15
16 16
17 co=1, c1=c2=0, 17
18 1. 8 50 B 2 B\, (4 5 3 18
ry — - 1 _ _ - . 4 _
10 @=3t% ( +12+12> <3+2>x A ERET R L 10
20 20
1 7 5 5
D a=st e a+/3)+—( a+ﬁ)x—<— —<a+/3>)x +oo(@ = p)x® “
22 2 2 22
23 35 23
24 + <2+ 6—4(06 + ,3)))64 24
25 25
26 . 26
”r 2.14.3. Asymptotic property: .
28 c 28
20 e Cok(X, A) = O(BFIH) g o, 29
30 30
3 2.14.4. Limit (new): 3
32 32
33 n 33
34 im (¢+8)"P*P(x)== (f) . with (@ — B)/(a + B) — 0. 34
35 a+p—>00 2 35
36 36
37 37

3. Principles of the asymptotic approximations

w
©
w
©

w
©

39
The asymptotic expansions of polynomials in terms of polynomials listed above follew
from an asymptotic principle based on the “matching” of their generating functions. That
“matching” depends on the generating function of the polynomials used as approximant.
Below we give details for the case when the basic approximant are the Charder
polynomials. The details for the case when the Hermite polynomials are chosen as4he
basic approximant are taken froisl [ 45

N N N NN
g A W N O
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1 3.1. Expansions in terms of Charlier polynomials 1
2 2
3 The Charlier polynomials are defined, foe N, a # 0, by 3
4 4
5 —n,—Xx 1 5
) Cn(x,a)=2Fo( - —>~ 33)
- a
7 7
s Fora > 0 andx € N, they are orthogonal with respect to the discrete meagtife!, s
9 x=0,12,.... They also follow from the generating function 9
10 10
1 w\" = Culx,a) 1
> e’ <1 — ;> =Y —— " 34)
13 L 13
14 This formula gives the following Cauchy-type integral for the Charlier polynomials:
15 15
16 I’l' z X dZ 16
17 Cp(x,a)= ﬁ/ez<l— ;) o+l (35 1
18 C 18
19 19
20 Where(C is a circle around the origin of radigs|a| and the integration is in positive 5,
o1 direction. 21
2 The polynomialsp, (x) of the Askey table (and many special functions) satisfy &
»3  relation in the form of a generating series, which usually has the form 23
24 24
25 > 25
_ n
e Flx,w)=Y_ paxw”, 36)
n=0
27 27
28 where F(x, w) is a given function, which is analytic with respect#oin a domain that 28
29 contains the origin, ang, (x) is independent of. 29
30 The relation (36) gives fop, (x) the Cauchy-type integral 30
31 31
32 1 dw 32
33 Pn(x)=2_ni/F(x’w)wn+l’ 33
34 C 34

w
o

35
where( is a circle around the origin inside the domain whétéc, w) is analytic (as

a function ofw). We write

w W
~N O

37
38

X
) e w), @7 ®

40

w
©

Bw
A

w
©

F(x,w)=eb" (1—

PN
= O

whereA, B, andX do not depend o and can be chosen arbitrarily. This gives “

I
[}

42

( )_i/eBw 1_B_w Xf(x,w)d (38) :i

P = o A witl 45
c

PO
B ®

IS
a
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1 Sincef(x, w) is also analytic (as a function af), we can expand 1

2 2

3 s ' 3

4 [, w) =) cuw 4

5 k=0 5

: and substitute this expansion in (38). By (35), the result is the finite expansion j

° - Chi(X, A) °

Ck n—k ’

o (X)=B") — 39) °©
10 b kZ:O Bk (n —k)! (39) 10
11 11
12 because terms with > n do not contribute in the integral in (38). The quantitiésB, 12
13 andX may depend on and on other parameters which define the polynomia(s). If 13
14 B happens to be zero for a speciavaluexo, say, andd # 0, then we writep,, (xo) =c¢,. 14
15 If A= B =0 for a givenx = xo, with lim,_,,,(B/A) = «, « finite, then we write 15

n n—k( X
16 pu(xo) = > jock ()" (%) 16
17 In the examples considered in this paper, the choicg,0B, and X is based on our 17
18 requirementthat; = co = ¢3 = 0. This happens if we take 18
19 19
20 _ A(p1(x)? — pa(x))°® 20
21 = 3 2 21
s (2p1(x)® — 3p1(x) p2(x) + p3(x)) Y
2 _ P10)%pa(x) = 2pa(x)? + pa(x) pa(x) 2
24 2p1(x)® = 3p1(x) p2(x) + p3(x) 24
> _ 2(p2(x) = 1)) (p1()?pa(x) — 2pa(x)? + pa(x) p3(x)) >
26 A= 3 5 , (40) 26
o7 (2p1(x)° = 3pa(x) p2(x) + p3(x)) 07
% and we assume that(x, 0) = po(x) = 1 (which impliesco = 1). This is easily verified 2
2 from (36) and (37): from (36) we have 29
30 30
o 1, 2 13 3
a2 log[F(x,w)] = prx)w+ [pz(x) < Epl(x)}w + [ps(x) — p1(x) p2(x) + épl(x)}w 32
33 33
34 + O(w4), w— 0, 34
35 35
s and, on the other hand, 36
37 ¥ 37
38 Bu Bw\"| _ X XB? , XB® 4 4 38
% Iog|:e (1_ A ) }_B<1_A)w+2A2w " 3a%” TO@Y). w0 39

IN
o

40

Equaling the coefficients ab, w?, andw? in these two formulas we obtain (40). This4

choice ofA, B, andX makes the matching at the origin of the functidi¥¢l — Bw/A)X 42

in (37) with F(x, w) as best as possible. 43
We will show in Sections 4.6—4.9 that the finite sum in (39) gives the desired asymptetic
representations from which the limits given in Sections 2.11-2.14 can be derived. #he

I N N NN
g A W N P
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1 special choice o, B, andX is crucial for obtaining asymptotic properties. In some cases,
2 we just require that the coefficients = c2 = 0. In these cases we have to fix arbitrarilyz
3 the value of one of the parametetsB or X. 3
4 4
5 3.2. Expansions in terms of Hermite polynomials 5
6 6
7 To prove the results of Sections 2.2 to 2.6 we need the following formulas deriveld in{
8 in a similar way to those of the preceding sectionF (fc, w) satisfies (36), then: 8
9 9
10 n 10
'k Hp—p (X
11 pn(x)=B" Z C—];L('), (41) u
12 k=0 BY (n—k)! 12
13 13
14 where the coefficients, follow from 14
15 15
16 . k BXw—B2w? 16
v faewy=Y auwt,  Faw)=¢ £ w). 17
k=0

=
©

18

[
©

The quantitiesX and B may depend orx, and if B happens to be zero for a specializ
x-valuexo, say, we writep, (xo) = > ¢_q(ck/(n — k)) pi ¥ (x0).

In the examples considered in Sections 2.2 to 2.6, the choiéearid B is based on
our requirement that; = ¢ = 0. This happens if we take

NN
N B O

22
23
24

/1 pi(x)
B=.2p%(x)— X = 25
2pl(x) p2(x), T .

27

NN N
a b~ W

NN
~N O

and we assume thdt(x, 0) = po(x) = 1 (which impliesco = 1).

We will show in Sections 4.1-4.5 that the finite sum in (41) gives the desired asymptgglc
representations from which the limits given in Sections 2.2-2.6 can be derived. The spegial
choice ofX andB is crucial for obtaining asymptotic properties.

The reader is referred t@] for details about similar expansions in terms of Laguerrg*2
polynomials. 3

W W W W w NN
A W N P O © ©

34
3.3. Asymptotic properties of the coefficients 35
36

The asymptotic nature of the expansions (39) and (41) for large values of some ofsthe
parameters of the polynomig), (x) depends on the asymptotic behavior of the coefficients

ck. To prove the asymptotic character of the expansions given in Section 2 we will need
the following lemma proved in7: 40
41
Lemma 1. Let ¢ (w) be an analytic function ai = 0, with Maclaurin expansion of the 42
form 43
44

¢ (w) = pa" (ao + arw + azw? + - --), 45

AR A BN A OB W oW oW W oW
g A W N P O © 0 N O O
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1 wheren is a positive integer and; are complex numbers that satisfy = O(1) when 1
2 — 00,ap#0. Letcy denote the coefficients of the power serieg @f) = e?™) | thatis, 2
3 3
4 ) > ' 4
) fw)=¢ =chw ) )
6 k=0 )
" Thenco=1,¢=0k=12,...,n—1 and !
8 8
o ck=(9(|u|[k/"]), 1 — 00. o
10 10
11 11
12 4. Proofsof formulae given in Section 2 12
13 13
14 The proofs of the formulae of Sections 2.1, 2.7-2.10 are givey, ifh.| 14
15 15
16 4.1. Proofs of formulae in Section 2.2 16
17 17
18 We substitute: 18
19 19
X
20 ol W _ Cy(x,a) 20
a1 F(x,w)=¢e <1 a) , pn(x)—in! , "
22 x 22
23 f(x, w) = eP—2BXw+Bw? <1 - E) 23
24 a 24
% in the formulae of Section 3.2. Then we obtain (5). The recursion (&)féollows from
% substituting the Maclaurin series gfinto the differential equation 2
27 27
28 df 28
29 xwzf =(w — a)azﬁ. 29
30 30

31 From (6) we have, = O(a—*) whena — oo. The asymptotic behavior 2.2.3 follows from a1
32 this and the asymptotic behavior &fand B. Replacingx by +/2ax + a in the expansion 32
33 given in (5) we have thaB = O(a~Y2) andX = —x + O(a~Y/?) whena — co. From 3
3 (6) we have thaty = O(a—2*+D/3) whena — oco. Then, the asymptotic property 2.2.334
35 is replaced by B—*H,_;(X) = O(a—*+9/6) whena — co. Taking the limita — oo 35

s6 in (5), we obtain the limit 2.2.4. 36
87 37
38 4.2. Proofs of formulae in Section 2.3 38
39 39
40 We substitute: 40
41 1 X 41
a2 Flx,w) = (1— -3 w) A+ w7, pa) = (N)Kn(x; PN, 2
43 p n 43

1- ! a4
45 fx,w)= <l— ( . p) w) 1+ w)/\/*xefZBXerBzw2 .




ARTICLE IN PRESS

50196-8858(02)00552-3/FLA AID:874 Vol.eee(eee) .17 (1-25)
ELSGMLTM(AAMA) :m1 2003/01/03 Prn:6/01/2003; 12:20 yaama87 y:Viktorija p. 17

C. Ferreira et al. / Advances in Applied Mathematie (eeee) soe—see 17

1 in the formulae of Section 3.2. Then we obtain (7). The recursion (8&)féollows from 1

2 substituting the Maclaurin series gfinto the differential equation 2

3 3

: wz[(prz—Sxp—p3N+p2N+x)w +x—3xp+3xp2—p3N]f :

® +[(p = Dp*w?+ @2p — Dp?w + p3]d—f =0. °

7 dw 7

8 8

o From (8) we havey = O(N*/3ly whenN — oo. The asymptotic behavior 2.3.3 follows o

10 from this and the asymptotic behavior¥fandB. Replacingx by pN +x+/2p(1— p)N 10
11 in the expansion given in (7) we have that= /I — p)N/2p) + O(N~Y?) and 1
12 X =-x4+0ON"1) whenN — co. From (8) we have that, = O(N*/3)y whenN — co. 12
13 Then, the asymptotic property 2.3.3is replace@df§ * H, _(X) = O(NK/3=k/2y when 13
14 N — o0. Taking the limitN — oo in (7), we obtain the limit 2.3.4. 14
15 15
16 4.3. Proofs of formulae in Section 2.4 16
17 17
18 We substitute: 18
19 19
20 x 20
0 F(x,w) = (l— %) L—w) ™7, Pn(x) = (?” M, (x; B, ¢), 01
22 X ' 22
23 fx,w) = (1 _ E) (1— w)—x—ﬁe—ZBXw-i-Bsz 23
24 c 24
25 25
26  inthe formulae of Section 3.2. Then we obtain (9). The recursion (1Q)ftollows from 4
»7  Substituting the Maclaurin series gfinto the differential equation 27
28 28
2 wz[x—,3c3—c3x+w(,302—x—czx)]fzcz[—c—i—w(c—i—l)—wz]d—f. 2
30 dw 30
31 31
s> From (10) we have, = O(8*/3) wheng — co. The asymptotic behavior 2.4.3 follows 5,
a3 fromthis and the asymptotic behavior®¥fand B. Replacinge by c(8 —x+/28/c)/(1—c¢) a3
s inthe expansion given in (9) we have thit= \/B/(2c) + O(B~Y?) andX =x+ 081 4
35 Wheng — oo. From (10) we have thaj, = O(8%/3)) wheng — co. Then, the asymptotic 55
s property 2.4.3 is replaced by B~ H,_; (X) = O(B*/31-k/2) wheng — oco. Taking the s
37 limit 8 — oo in (9), we obtain the limit 2.4.4. 37
38 38
39 4.4. Proofs of formulae in Section 2.5 39
40 40
a1 We substitute: a
42 42
@ Fx,w)=(1-%w) "™ 1—euw)™ ™ p,x)=PP(x; ), v

IS
a

flx,w)= (1 _ ei¢w)—x+ix(1_ e_i¢w)—k—ixe_23Xw+Bzw2 s



ARTICLE IN PRESS

50196-8858(02)00552-3/FLA AID:874 Vol.eee(eee) .18 (1-25)
ELSGMLTM(AAMA) :m1 2003/01/03 Prn:6/01/2003; 12:20 yaama87 y:Viktorija p. 18

18 C. Ferreira et al. / Advances in Applied Mathematie (eeee) soe—see

1 in the formulae of Section 3.2. Then we obtain (11) and (12). The recursion (13) for:
2 follows from substituting the Maclaurin series gfinto the differential equation 2
3 3
. . d
‘ zwz{)\ cog3¢) + x sin(3p) — [Acok2¢) + x sin(2¢)|w} f = (1 — 2w cosp + wz)—f. ‘
5 dw 5
6 6
7 From (13) we havey = O(A¥/3l) wheni — oo. The asymptotic behavior 2.5.3 follows 7
s from this and the asymptotic behavior &f and B. Replacingx by (sing) 1(x+/A — s
s ACOSp) in the expansion given in (11) we have thit= vA + O(A"Y2) and X =
10 x+0OG~1Y) wheni — co. From (13) we have thaf, = O(1%/3]) wheni — co. Then, the 10
11 asymptotic property 2.5.3 is replaced &yB ¥ H,_; (X) = O(AK/31=%/2) whenir — co0. 11
12 Taking the limitA — oo in (11), we obtain the limit 2.5.4. 12
13 13
14 4.5. Proofs of formulae in Section 2.6 14
15 15
16 We substitute: 16
17 17
18 20 +p 18
F(x, = , R =+v1—2x 2,
1o (x, w) R (AT Rw) — )@ 1+ R(w) + w)? (w) =V w+w 0
20 2 2 20
o0+ e—2BXw+B%w
21 . — p@p) , . — 21
b pn(x) = P77 (x) fx,w) Rw) (14 R(w) — w)*(1+ R(w) + w)P Y
zj in the formulae of Section 3.2. Then we obtain (14) and (15). Using these valués fof1
,s andB we have that -
26 3 26
27 ¢ (w) =log(f (x, w)) = w[P1(x, w) + (& + B)2(x, w) + (& — B)P3(x, w)], 97
28 28
2 where ”
30 30
a1 $1(x,w) = —log(R(w)) —xw — (x2 — 1/2)w2, 31
32 1 2 2 1 2 2 32
33 d2(x, w) = _§{|Og[(1+ R(w)) —w ]—2log(2)+xw+£—1(3x —1)w } 33
34 ) 34
35 1 1+Rw)+w w 35
3 Palew) = 5['°g<m> ‘w‘xﬂ' a0
87 37

w
©

Then, the asymptotic behaviar = O((@ + g)*/3) whena + g — oo, (@ — B)/ 38
(¢ + B) — 0 follows from Lemma 1 (in the remaining of the paragraph we assume that
(¢ —B)/(a+B) — 0). The asymptotic behavior 2.6.3 follows from this and the asymptotie
behavior ofX andB. Replacingc by (v/2a + 28x + 8 —a)/(2+a+ B) in the expansion of 41
(14) we have thaB = /(a + B)/8+ O((a + B) Y2 andX = x + O((w + B)"Y2) when 42
o+ B — oo. Fromthe facts = O((« + B)~Y/?) andR(w) = O(1) whena +  — oo, we 43
see that the asymptotic behavigr= O((« + g)*/3)) whena + B — oo remains. Then, 44
the asymptotic property 2.6.3 is replaceddB —* H, _ (X) = O((« + B)¥/31=%/2) when 45

N N O )
g A W N P O ©
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1 o+ B — oo. Taking the limite + 8 — oo in (14), with (« — 8)/(« + B) — 0, we obtain 1
2 thelimit 2.6.4. 2
3 3
4 4.6. Proofs of formulae in Section 2.11 4
5 5
6 We substitute: 6
7 7
1-— * N
° F(x,w)=(l——pw) L+w)N ™, pn(X)=< >Kn(x,p,N), °
9 p n 9
10 10

[
[
[
[

x —-X
flx,w)= (1_ i1=r ) 1+ w)N e Bv (1— Ew)
p A

N
)
=
)

[
w

13
in the formulae of Section 3.1. Then we obtain (22) and (23). The recursion (24) fori4
follows from substituting the Maclaurin series gfinto the differential equation 15

16

d
(w+D(p— w+pw){Np3(1+ w) + [p_w+3pw—p2(2+3w)]x}£ i;

19

P e
© ® N o 0 »

+w(p—1%(N—x)f =0.

N
o

20

N
[

From (24) we have, = O(1) whenN — oco. The asymptotic behavior 2.11.3 follows from#
this and the asymptotic behavior 4f B, andX. Replacingp by a/N in the expansion %2
givenin (22) we have that =a + O(N 1), B=N + O(1) andX =x + O(N~}) when 2
N — oo. From (24) we have that; = O(N*~1) when N — oo for k > 4. Then, the 2*
asymptotic property 2.11.3 is lost, but, from (22) we have that =

NN N NN
o O~ W N

26
n 27

N
N

N B _
28 <n)Kn(x,a/N, N):F[C,,(X, A)+O(NH] whenN — cc. 2
29 29
30 Taking the limitN — oo in this expression we obtain the limit 2.11.4. 30
31 31
32 4.7. Proofs of formulae in Section 2.12 32
33 33
34 We substitute: 34
35 35
X
> Fx,w) = <1—9> A=t g =P M), >
37 c n! 37
38 38
X B —X
39 fx,w)= <1— ﬂ) (1—w)xﬂeBw<l——w) 89
40 c A 40

I
iy

41
in the formulae of Section 3.1. Then we obtain (25) and (26). The recursion (2¢) for42
follows from substituting the Maclaurin series gfinto the differential equation

PN
w N

43

44
—w3(C _ 1)2x(,8 +x)f=(c—w(w-— 1){,363(11) -+ [c— + 6.3(w ) w]x}g—i. 45

PN
(SIS
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1 From (27) we have, = O(1) wheng — oco. The asymptotic behavior 2.12.3 follows from1
2 this and the asymptotic behavior4f B, andX. Replacing by a/(a + ) in the expansion 2
3 givenin (25) we have thad =a + O(B~1), B=g+ O(1), andX = x + O(8~1) when 3
4 B — oo. From (27) we have that, = O(8¥1) when g — oo for k > 4. Then, the 4
5 asymptotic property 2.12.3 is lost, but, from (25) we have that 5
6 6
7 Bn 7
8 M,,(x,,B,a/(a+,8))=(l‘T)[Cn(X, A +0(p™)] whenp — . 8
9 n 9
10 10
;1 Taking the limitg — oo in this expression we obtain the limit 2.12.4. 1
12 12
13 4.8. Proofs of formulae in Section 2.13 13
14 14
15 We substitute: 15
16 16
17 . . . . 17
18 F(x,w)=(1-%w) " (1—ew) "7, p0) = PP, 9), 18
19 B X 19
20 flx,w)= (1—ei¢w)7k+lx (1—e7i¢w)7)‘7|xewa <1— —w) 20
21 A 21

N
N

22
in the formulae of Section 3.1. Then we obtain (28) and (29). The recursion (30) forzs
follows from substituting the Maclaurin series gfinto the differential equation 24

25

df 26
@7

NONNN
o 0 b~ W

—w32rsi? ¢ f = (2w cosp — 1 — w?)[wsin(3p + 6) — sin(2¢ +0)]

N
N

27

N
©

28
29

N
©

wherex = rcosf, A = rsind. From (30) we have; = O(/4) when i — co. The
asymptotic behavior 2.13.3 follows from this and the asymptotic behaviar &f, andX. "
Taking the limitA — oo in the expansion given in (28) we obtain the limit 2.13.4. This
is not given in terms of Charlier polynomials because= —2i cos’(2¢) cos 2(3¢) + 2
O(1) and A = —2xsir’ ¢ cog2¢) cos 2(3¢) + O(1) when A — oco. Then, the limit
lim; 00 Cn(X, A) is @a number independent of

w
o

30

w W w
w NP

33
34

w W
a b

35

w
(o2}

36

37 4.9. Proofs of formulae in Section 2.14 37

38 38

39 We substitute: 39

40 40

a 4
20+

42 F(x,w)= pn(x)ZPn(a’ﬂ)(x), 42

Rw)(1+ R(w) —w)*(14+ R(w) + w)f’

IN
X

43

I
i

20+p

—Bw B - “
f(x’w):R(w)(1+R(w)—w)"‘(1+R(w)+w)/3 (1—Zw) 45
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1 in the formulae of Section 3.1 (we have get= B and then there are two free parameters
2 instead of three). Then we obtain (31) and (32). Using this valuex fand B we have 2
3 that 3
4 4
5 ¢ (w) =log(f(x,w)) = Be1(x, w) + d2(x, w), 5
6 6
7+ where 7
8 1 1 8
9 qbl(x,w)=—w(x—1)(6x+2)+2|092+—(6x2—2) log(1 — w) 9
10 4 4 10
11 — |Og[(R(w) + 1)2 — wz], 11
- 3 — ) 3( — )’ .
o — o — X
13 ¢2(x,w)=w(—1—7—x+2x2+7>+(a—,8)|092 13
14 4 4 14
15 5 (x—p) 5 15
6 + (142 == (- 1+ 20 + 3% | log(1 - w) —log R (w) 1
17 17
18 —(a—pB) Iog(l —w+ R(w)). 18
;z The series expansions of these functions in poweis béve the form 22
2 ¢1(x,w)=w3(a0+a1w+a2w2+---), P2(x, w) =w3(b0+b1w+b2w2+---) Z
2 with ag #0, bg #0. 23

N
EN

Then, the asymptotic behavieg = O((a« + B)*/3) whena + B — o0, (@ — B)/
(a + B) — 0 follows from Lemma 1. The asymptotic behavior 2.14.3 follows from thi®
and the asymptotic behavior &f and B. Taking the limita + 8 — oo, with (« — 8)/ 25
(@ + B) — 0, in the expansion given in (31) we obtain the limit 2.14.4. This limit is not
given in terms of Charlier polynomials because of a similar reason to the one explained¥or

Meixner—Pollaczeks Charlier case. 29
30

W W NN NNN
P O © 00 N o O

31

5. Numerical experiments 82
33
Figures 2—-10 show the accuracy of the first order approximation supplied by the
expansions given in Section 2. It is worthwhile to note the accuracy obtained in the
approximation of the zeros of the polynomials. All the graphics are cut for extreme valées

of the polynomials. 37
38

39
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Fig. 5. Continuous lines represent the Meixner—Pollaczek polynomial #010,¢ = /2, and several values of
A. Dashed lines represent the first term in the right-hand side of the expansion given in (11)—(12).
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represent the first term in the right-hand side of the expansion given in (14)—(15).
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