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Abstract

The Laplace transform representation of the incomplete beta function
Bx(a, b) allows to obtain a very simple asymptotic expansion, in ascending
powers of 1/a, whose truncation error can be easily estimated.

The incomplete beta function [1, Sect. 6.6]

Bx(a, b) =
∫ x

0
ta−1(1− t)b−1dt, a > 0, b > 0, 0 ≤ x ≤ 1, (1)

and the closely related incomplete beta ratio

Ix(a, b) =
Bx(a, b)
B(a, b)

, B(a, b) ≡ B1(a, b) =
Γ(a)Γ(b)
Γ(a + b)

, (2)

are of considerable interest because of their applications in Statistics and other
scientific fields. The recent book by Temme [6] contains, besides of numerous
references to previous works, a very lucid and complete discussion of the different
expressions of Bx(a, b), in terms of hypergeometric series, continued fractions,
or asymptotic expansions, and of their numerical applicability according to the
values of the parameters a and b and the variable x. The region of the parameter
space in which a is large, b is small and x is close to 1 requires a careful treat-
ment, since Bx(a, b) varies most rapidly, for b < 1, as x approaches 1. Suitable
asymptotic expansions have been obtained by Molina [3], Temme [5] and, more
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recently, Doman [2]. Here we present an asymptotic expansion of Bx(a, b) in
powers of 1/a, namely

Bx(a, b) ∼ xa(1− x)b−1

a

∞
∑

n=0

(−1)n fn(b, x)
an , (3)

where the fn(b, x) represent polynomials to be defined below in the variables
b and x/(1 − x), easily deduced from the Laplace transform representation of
Bx(a, b).

Although the expansion (3) is not the most efficient for computational pur-
poses, it presents, from the analytical point of view, the advantages of being
cleaner, since the coefficients of the powers of 1/a do not depend on a, and
avoiding to have recourse to other special functions, like the incomplete gamma
function. Besides this, the error in the approximate value of Bx(a, b) obtained
by taking a finite number of terms in the expansion can be easily estimated, as
we are going to show.

The Laplace transform representation of the incomplete beta function can
be immediately derived from (1) by using

w = log(x/t) (4)

as a new integration variable, to obtain

Bx(a, b) = xa
∫ ∞

0
e−aw (

1− xe−w)b−1
dw. (5)

Now, the standard method [4, Ch.3, Sect. 2] of getting the asymptotic expansion
of a Laplace integral can be used. Repeated integration by parts gives

Bx(a, b) =
xa

a

N−1
∑

n=0

1
an

dn

dwn

(

(1− xew)b−1
)

∣

∣

∣

∣

w=0
(6)

+
xa

aN

∫ ∞

0
e−aw dN

dwN

(

(

1− xe−w)b−1
)

dw, (7)

that shows that Bx(a, b) has the asymptotic expansion (3), the coefficients being
given by

fn(b, x) =
(−1)n

(1− x)b−1

dn

dwn

(

(

1− xe−w)b−1
)

∣

∣

∣

∣

w=0
(8)

and the truncation error by

εN ≡ Bx(a, b)− xa(1− x)b−1

a

N−1
∑

n=0

(−1)n fn(b, x)
an (9)

=
xa

aN

∫ ∞

0
e−aw dN

dwN

(

(

1− xe−w)b−1
)

dw, N = 1, 2, 3, . . . . (10)
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It is not difficult to obtain a more explicit expression of the coefficients
fn(b, x). Let us define

Fn(b, x, w) ≡ (−1)n dn

dwn

(

1− xe−w)b−1
, n = 0, 1, 2, . . . . (11)

It can be easily checked that these functions can be written in the form

Fn(b, x, w) =
(

1− xe−w)b−1
Pn(b, φ(x, w)), (12)

where we have abbreviated

φ(x,w) ≡ xe−w

1− xe−w (13)

and Pn(b, φ) represents a polynomial of degree n in the variable φ, with co-
efficients depending on b. The set of polynomials {Pn} obey the recurrence
relations

P0(b, φ) = 1, (14)

Pn(b, φ) = φ
(

(1− b)Pn−1(b, φ) + (1 + φ)
d
dφ

Pn−1(b, φ)
)

. (15)

Therefore, we can write

Pn(b, φ) =
n

∑

k=0

(1− b)kαn,kφk, (16)

with

α0,0 = 1, αn,k = 0 for k < 0 or k > n, (17)
αn,k = αn−1,k−1 + kαn−1,k for 0 ≤ k ≤ n. (18)

Since

fn(b, x) =
Fn(b, x, 0)
(1− x)b−1 , (19)

we obtain from (12), (13) and (16)

fn(b, x) =
n

∑

k=0

(1− b)kαn,k

(

x
1− x

)k

. (20)

Notice that the coefficients αn,k are integer and universal, i. e., independent of
the variable or the parameters in Bx(a, b).

In the case we are considering of 0 < b < 1, it is not difficult to show that the
truncation error εN alternates its sign as N takes consecutive values. Besides
of the functions Fn(b, x, w) introduced in (11), let us define

Gn(x,w) ≡ (−1)n dn

dwn

(

xe−w

1− xe−w

)

, n = 0, 1, 2, . . . . (21)
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One has the following recurrence relations

Fn = (1− b)
n−1
∑

m=0

(

n− 1
m

)

GmFn−1−m, n = 1, 2, 3, . . . , (22)

G1 = G0(G0 + 1), (23)

Gn =
n−2
∑

k=1

(

n− 1
k

)

GkGn−1−k + Gn−1(2G0 + 1), n = 2, 3, . . . .(24)

Since F0(b, x, w) and G0(x,w) are both positive for 0 < x < 1 and 0 ≤ w < ∞,
we see from (22) that, being b < 1, all Fn(b, x, w), n = 0, 1, 2, . . ., are positive.
Therefore, (1 − xe−w)b−1 is an alternating function [4, Ch. 3, Sect. 2] of w in
[0,∞) and the consecutive truncation errors εN , εN+1,. . ., have opposite signs
and are bounded by the first neglected term of the expansion,

|εN | ≤
xa(1− x)b−1

aN+1 fN (b, x). (25)

These circumstances make the expansion (3) especially interesting: the exact
value of Bx(a, b) is always between the two approximate values obtained by
consecutive truncations of the expansion.
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