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Abstract. We consider a singularly perturbed convection-diffusion equation, —e A
u+ T - Vu = 0, defined on two domains: a quarter plane, (z,y) € (0,00) x (0,00),
and a half plane, (z,y) € (—o0,00) x (0,00). We consider for these problems Dirichlet
boundary conditions with discontinuous derivatives at some points of the boundary. We
obtain for each problem an exact representation of the solution in the form of an integral.
From this integral we derive an asymptotic expansion of the solution when the singular
parameter € — 07 (with fixed distance 7 to the points of discontinuity of the boundary
condition). It is shown that, in both problems, the first term of the expansion contains
the primitive of an error function. This term characterizes the effect of the discontinuities
on the e—behaviour of the solution and its derivatives in the boundary or internal layers.

1. Introduction. Mathematically speaking, a singularly perturbed convection-diffu-
sion problem is a boundary problem of the second order in which the coefficients of
the second order derivatives are small. In this paper we focus our attention on two-
dimensional linear convection-diffusion (elliptic) problems of the form: find a function
u € C(Q) N D?(Q) such that

—cAU+7T-Vu=0, 2€QCR W
U(z)lon = f(), T €09,
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where € is a small positive parameter, ¥ is the convection vector, # is a variable which
lives on 99, f(&) is the Dirichlet data and D?(Q2) denotes the set of functions with partial
derivatives up to order two defined in all points of (2.

The location and shape of the boundary layers of u depend, among other things, on
the velocity field @', on the shape of the boundary 9 and on the existence of disconti-
nuities in f(Z). For example, regular boundary layers of size O(¢) appear at the outflow
boundary, whereas parabolic boundary layers of size O(,/€) appear along the character-
istic boundaries. For more details on the shape and nature of boundary layers, see for
example [3], [, [5], [8], [9] and references therein.

To derive the exact solution of () in terms of elementary functions is, in general,
an impossible mission. Then, an approximation of the solution of (Il) adapted to the
their singular character (an asymptotic expansion) is of interest because it gives the
qualitative behaviour of the solution ([20, p. 6]). Moreover, it helps in the development
of suitable numerical methods for these kind of problems. An e—uniformly convergent
method requires the analysis of uniform convergence, and then accurate error bounds
for the local error. The accuracy of these error bounds depends on the precision in the
approximation given by the first terms of the asymptotic expansion. The design of the
numerical technique is based on the exact integration of the first terms of the asymptotic
expansion or of functions which have a similar behaviour in the singular layer. Along
this line, some references which propose exponential fitting techniques or special meshes
based on asymptotic expansions are [2] or [I5]. A classical reference is [13].

There is an extensive amount of literature devoted to the construction of approxi-
mated solutions of singular perturbation problems based on a matching of asymptotic
expansions. The book of II’in [9] contains a quite exhaustive and general analysis for
different equations and domains. Other important references of the method of matched
asymptotic expansions are for example [4], [I0] or [I4]. With this method, the solution
is approximated by an outer approximation plus several inner-layer expansions (one for
every singular layer). We can use this method to derive asymptotic expansions for the so-
lution of (), but this technique is quite cumbersome: it requires an “a priori” knowledge
of the location and nature of the boundary layers in order to choose the correct stretched
variable for every inner expansion. In general, this method does not proportionate an
expansion uniformly valid in the whole domain, but different expansions for different
subdomains of Q (of course, they match smoothly on overlapping subdomains). More-
over, the calculation of the coefficients of those expansions requires solving a boundary
problem for every coefficient. Apart from these technical difficulties, the rigour of the
method is not clear in all the situations [21].

Several authors have proposed a different method to approximate the solution of linear
singularly perturbed convection-diffusion problems based on the knowledge of an exact
representation of the solution. This method is extraordinarily useful when the Dirichlet
data are not smooth [6], [7], [8], [I1], [12], [16], [I7], [18], [19]. Its main advantages are:
i) it does not require an “a priori” knowledge of the location and nature of the boundary
layers, ii) the calculation of the coefficients of the expansion is straightforward and iii)
it produces an expansion uniformly valid in the whole domain (except in the vicinity
of the discontinuities of the boundary condition). In recent papers [11], [12], we have
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analyzed several problems of the form (I) with jump discontinuities at some points of
the Dirichlet condition using an integral representation of the solution. We have shown
that the solution of those problems is approximated in the singular limit ¢ — 0™ by error
functions. Then, the singular layers originated by the discontinuities in the Dirichlet
condition are approximately described by error functions.

In this paper we analyze similar problems to those studied in [I1], [12], but with a
different kind of discontinuity in the Dirichlet condition: the Dirichlet datum is contin-
uous, but its derivative has jump discontinuities at some points. We analyze the effect
of this new kind of discontinuity in the form of the singular layers of the solution. For
that purpose, we consider two different homogeneous singular perturbed problems with
discontinuous boundary data in sections 2 and 3, respectively. In the first problem the
discontinuity is located on a straight side of the boundary, whereas in the second prob-
lem it is located on a corner. Both problems display boundary or interior layers. As in
the references mentioned above, the starting point is an integral representation for the
solution. From this integral, we derive complete asymptotic expansions for the solution
in the singular limit ¢ — 0". Some comments and a few conclusions are postponed until
section 4.

We use the following notation in the paper: € is a small positive number. The position
vector is 7 = (z,y), where (z,y) are cartesian coordinates. The convection vector
o = (sin 3, cos 3) has modulus one, where 3 is the angle between the y axis and v'. We
use polar coordinates x = rsin ¢, y = r cos ¢, with ¢ being the angle between the y axis
and the position vector 7. The parameter w = 1/(2¢) is the positive asymptotic (large)
parameter. The characteristic function of an interval (a,b) is represented by:

if a,b),
wntr={} 4 1gion

2. The half plane. In this section we study the following problem (see Fig. 1(a)):

—eAU—F?-?U:O, (z,y) € Q1 = (—00,00) x (0, 00),

. > N
x if x>0, U e () ND2(M).

(3)
U(””’O):{ 0 if z<0,

Observe that the boundary condition is continuous, but its first derivative has a jump
discontinuity at the point (0,0).

After the change of the unknown U(z,y) = F(z,y)exp (wv - 7'), problem (@) is
transformed into the Yukawa equation for F'(z,y):

AF —w?F =0, (x (@)
F(z,0) =z e "8 x5 ) (x), F €C()ND*M).

Problem (@) may not have a unique solution unless we impose a convenient condition
upon F(z,y) concerning its growth at infinity. Then, we add a radiation condition to
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Fi1G 1. (a) Domain Q1 in problem (B) (b) Sector Qg in the proof of Proposition [T
@) and consider the following problem:
€ AU+ 7 - VU =0, (z,y) € Q,
r if x>0,
U(z,0) _{ 0 if <0, (5)

- ew(r+m sin B84y cos 3)
($, y) =0 ( \/W

We have the following uniqueness result:

) as 7 — oo and ¢ € (—7/2,7/2).

PROPOSITION 1. Problem (f]) has at most one solution.

Proof. Suppose that Uy (z,y) and Us(z, y) are two solutions of (H). Then, the function
G(z,y) = (Ui(z,y) — Us(z,y)) e~ w(@sin Bty cos B) gatisfies

G € C(Q)ND3(£y),
AG —w?G =0, (z,y) € O,
G(z,0) =0, (6)

wr

G(z,y)o(jm) as r — oo and ¢ € (—7/2,7/2).

Proof. Consider the following auxiliary function defined on Q;:

G(z,y)

Va(xa y) = Ha(w/]”)’

H,(wr) = Ih(wr) + a,

where Iy is a modified Bessel function of order zero and a is a positive constant. The
function H,(wr) is positive for wr > 0 and of the order O(e“"/\/wr) as wr — oo ([1],
egs. 9.7.1). Moreover, H,(wr) € C(;) N D?(2;) and satisfies the equation AH, —
w?H, +aw? = 0in Q; ([1], eq. 9.6.1). Therefore, the auxiliary function V, is continuous
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on ) and satisfies

2 w?

AV, + F?Ha YV, = “? v, in Q,
V@0 =0 Vz € R, (7)
lim, 00 Vo(z,y) =0 Vo € [—7/2,7/2].

Consider the open finite sector of radius R (see Fig. 1(b)): Qr = {(rcos¢,rsing),
0<r<R,—7/2<¢<n/2}. At the points (z,y) € Qr, where YV, =0 and V, #0,
we have that V, - AV, > 0. Therefore, V, has neither positive relative maximums nor
negative relative minimums in Qg. Then Supgq,,|Va| < Supsq |Val-

Using that lim, o Va(z,y) = 0 in Q; we have that, V 6 > 0, there is an R > 0 such
that |V, (z,y)| < 4 for 22 +y* = R?. On the other hand, V,(z,0) = 0V x € R. Therefore,
[Va(z,y)| <0V & >0 and every (x,y) € Qg. Taking the limit § — 0 (R — o0) we have
that V,, = 0 on Q. Therefore, G = 0 and U; = U, on ;. O

In the following proposition we obtain the solution of (B) by means of an integral
representation.

PROPOSITION 2. For (z,y) € Q1, § € [0,7] and ¢ # 3,7 — (3, the solution Ug(z,y) of
@) is

(x —ytan 3) x(0,x/2)(¢ — B) if 0<pf<m/2
Uple,y) = Io(e,y) + 0 £ p=n/2 (@
2wy 0SB (g 4+ ytan ) X(r 3n2) (0 + 8) if w/2< B <,
where
ewr cos(B—¢) o0 COSh(U + Z¢)
I -_c = 7 —wr coshu .
5z, y) Yo /_ U [sinh(u + i¢) — isin §]2 v

Proof. The exact solution of problem (@), valid for 0 < 8 < 7, may be obtained by

taking the Fourier transform of the differential equation with respect to x:
1 [ e VwiFPy

F = — -

(,9) 27 /700 (wsin 3 + it)?

(It is easy to check, by direct substitution, that (I0) is the solution of problem (@).)

Then, the function Ug(z,y) = e®(@sinf+tveosB) Pz 4) with F(z,y) defined above, is the

solution of (B). After the change of variable ¢ = wsinh u in this integral, and using polar

variables we obtain

Ug(l’,y) = -

e dt. (10)

—wr cosh(u—1i
e (u—ig) (sinhu — isin )2 du. (11)
The poles of the integrand of Ug(z,y) (all of them are double poles except for 5 = 7/2;
in this case they are triple poles) are located at the points u = i8 + 2k7wi and v =
—iB+ (2k + 1)7i, k € Z. The real part of the exponent reads —rw cosh(fu) cos(¢p — Su).
Therefore, we can use Cauchy’s residue theorem for shifting the integration contour in the
integral in (II)) to the straight line Su = ¢. Applying this technique and distinguishing
the cases 0 < 8 < 7/2 and 7/2 < 8 < 7, we obtain (§)—([). These formulas are also
valid for the limit cases 8 =0 and § = =. ]

ewrcos(f—¢) /°° coshu
2w

— 00
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F1G. 2. Domain QF used in Theorem [

OBSERVATION 1. The explicit representation (§)—-@) is not valid when ¢ = (8 or
¢ = 7 — [3 because of the singularity in the integrand of [@). In these cases the solution
Us(z,y) may be obtained taking the limit ¢ — § or ¢ — 7 — 5 in [B)—(), respectively
(Ug(z,y) is a continuous function of r and ¢).

OBSERVATION 2. The explicit representation given in Proposition 2lis only valid when
the angle 8 between the convection vector v and the y-axis is restricted to the inter-
val [0,7]. Nevertheless, an explicit integral representation for the solution Ug(x,y) of
problem (F), whatever the direction of ¥ is (except for 3 = —m/2), may be obtained by
means of symmetry arguments:

_ Ug(:c,y) if 3e(0,m),
U(;my) - { xr — ytanﬁ—k U_ﬁ(—337y) if 6 S (—71',0)7 6 7é _77/27

where Ug(z,y) is given in (§). Therefore, in the remainder of this section, we restrict
ourselves to 3 € [0, 7].
We denote by QF the domain € indented at the point (0,0) (see Fig. 2):

Q={(r¢), —7/2<¢<7/2,0<ro<r<oo}.

We will need the following lemma to derive the asymptotic behaviour of the solution
of problem (&]).

LeEmMA 1. For 0 < o < 27,

1 .

1 o . cosh S (t —ia) ‘
— emreosht 20 gt — — \/2r cos (g) e "% jerfc (\/ 2r sin 2) (12)
dr |- ool , 2 2

o0 sinh §(t —iq)
and
1 1 1

1 00 ~sinh? = (t — i) — cosh? = (t — i)
o / e " cosht 2 2 1 2 dt

™ J-oo sinh® i(t — i) (13)

= e o8 {\/g sin % ierfc (\/ 2rsin %) + 4r cos® % iZerfc (\/ 2rsin %)} )

where ierfe(z) = [ erfe(t)dt and iZerfe(z) = [ ferfe(t)dt.
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Consider the following formula [19] valid for 0 < o < 2

o 1 e dt
—reosa o fC( 2 si _) _ _/ —rcosht ) 14
¢ rfe (V2r sin 2 21t J_ oo ‘ sinh 1 (t — i) (14)
Taking the derivative with respect to r at both sides of ([4) and using [I], eq. 7.2.5,
1
ierfe(x) = 7= e — g erfe(x), (15)

we obtain (I2]). Taking the derivative with respect to r at both sides of (I2]) and using
[, eq. 7.2.5,

1
iZerfc(z) = 1 erfe(z) — %ierfc(:zc)7 (16)
we obtain ([I3)). 0

THEOREM 1. For (z,y) € Qf and § € [0, 7], the solution Ug(z,y) of (B reads
ew'r(cos(ﬁfqﬁ)fl)

Us(z,y) = US(z,y) + —————— Ul(x,y), 17
where
r COS ﬂ*@ﬁ )
- A <
0 cosﬁ 1erfc{ < 5 ﬂ if 0<p<n/2,

Ug(x,y) = 2wyC°bﬁw ow Sm( ) ierfc { wr cos ([3;(;5)] if m/2<pB<m,
N N . . (7T/2—¢
w sin < 5 ) ierfc [\/ 2wr sin < 5 )]

5 5 B=m/2,
+4r cos? (#) iZerfc {\/ 2wr sin (W/ 2_ (b)]
(18
and the function U 61 (x,y) has an asymptotic expansion in powers of (wr)~!:
— Tk (x,y)
. 1
Z Gurye T Enl@ ) (19)

In this expansion, the coeflicients T} are smooth functions of x and y, and O(1) as
w — oo uniformly for (z,y) € QFf. The remainder R, (z,y) satisfies a bound of the form

F(n+1)

< Mnl——22

(20)
for some positive constants M and d.

Proof. For large w and fixed r, the asymptotic features of the integral I5(x,y) defined
in (@) are: (i) there is a saddle point at u = 0. (ii) The poles are situated at uj =
i(B — ¢+ 2km) and u? = i(mr — B — ¢ + 2km), k € Z. Then, the saddle point coalesce
with uj when ¢ — (3 + 2k7 or with u when ¢ — 7 — 8 + 2kw. Uniform asymptotic
expansions of this kind of integral may be obtained by using the i"erfc function as the
basic approximant. Therefore, we need to identify the poles in the integrand of Ig(x,y)
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which are closest to the point u = 0 (to the real axis). We distinguish three cases:

Case 1. 0 < B < w/2. In this case, the double pole u} = i(3 — ¢) is the only one
which crosses the real axis when ¢ runs from —7/2 to 7/2. Therefore, we split off the
pole of the integrand in (@) at u}:

cosh(u + i) cosh 1 (u—i(8 — ¢))

. . — = + fi(u, ¢, B).
(sinh(u +i¢) —isinB)?  4cosBsinh? %(u —i(B—9)) filu. 6, B)
(This equation implicitly defines the function f;(u, ¢, 3).)
Using (I2) and the relation [I], eq. 7.2.11,
ierfc(—x) = 2x + ierfe(z), (21)
we obtain
B=¢
r COS (T) ) ) ﬂ _ ¢
Ig(z,y) = % cosh ierfc {\/ 2wr sin <2>} (22)
+(ytan B — 2)X(0,x/2) (¢ — B) + [3(2,y)
with
jl — et” cos(f—9) > —wr cosh u d 23
5(»’5;?/):*W [we fi(u, ¢, B) du. (23)

Using (8), 22) and (@23) we obtain (I7) with Ug(x,y) given in the first line of (I8) and
Ué(r, @) = 2wmV 2wr em(lfcos(ﬁ*‘b))fé(a:,y) .

Case 2. /2 < 3 <m. In this case, the double pole uZ = i(m — 3 — ¢) is the only one
which crosses the real axis when ¢ runs from —7/2 to 7/2. Therefore, we split off the
pole of the integrand in (@) at u3:

cosh(u + i) ~ coshz(u—i(r—B-9))
(sinh(u +i¢) —isin3)2  4cosBsinh? %(u —i(r— B —9))

+ f2(ua¢7ﬁ)'

(This equation implicitly defines the function fa(u, ¢, 3).)
Using (I2) and the relation (21IJ), we obtain

i (Bt
Ig(z,y) = — e*wyeosh T M ierfc {\/Zwr cos (@)] (24)

2w cosf
— ¥V (4 ytan B)X (x 3n/2) (6 + B) + I3 (2, y)
with

j2 — EWTCOS(ﬂ7¢) > —wr cosh u d 2
Haw) =~ [N w0 (25)

Using (8), 24) and (28) we obtain ([IT) with U§(z, y) given in the second line of (I8) and
Ué(r, @) = 2wnV 2wr ewr(l*ms(ﬁ*d’))fg (z,y).

Case 3. 3 =m/2. In this case, the triple pole u} = u3 = i(7/2 — ¢) is the closest one
to the real axis when ¢ runs from —m/2 to m/2. Therefore, we split off the pole of the
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integrand in (@) at u}:
I . o1 , 21 ,
cosh(u + i) i3 sinh i(u —i(r/2 — ¢)) — cosh g(u —i(r/2—¢))
(sinh(u+ig) — )2 2

(This equation implicitly defines the function f3(u, ¢).)
Using ([I3) we obtain

Lp(m,y) = /- sin <7r/2¢> jerfc [\/mu—r sin <7T/2¢>}

sinh? %(u —i(m/2— )

2 2 2
v , , (26)
+4r cos? <7T/T_¢> iZerfc {\/Qwr sin <w>} + ff;/Q(x, )
with
- ewr [ .
alaa) = =5 [ e fy(u o) d (27)

Using (8), [26) and (27) we obtain (I7) with Ug/Q(x,y) given in the third line of (IS)
and

U;/Q(r, @) = 2wnV 2wr ew(“x)fi/Q(x,y).
In order to obtain the asymptotic expansion of I_é(x, Y), I_g (z,y) and I_f;/2 (z,y), given
in 23), @25) and (7)) respectively, for large w and bounded r > ry > 0 we remove the

odd part of fl (U, ¢7 ﬁ)a f2 (ua ¢a ﬂ) and f3 (’lL, d)) from (m)7 m and (m) respectively, and
perform the change of variable sinh(u/2) = ¢t. We obtain

ewr(cos(ﬁfqﬁ)fl

_ ) oo
I(z,y) = — / e=2wrt 0. (2, ¢, B)dt, i=1,2,3, (28)
TWw 0

with
8t3 + 12¢% + 2t(cos? ¢ + cos? B) — (sin 3 — sin ¢)?
[4t2 4+ 4(1 — sin Bsin @)t + (sin ¢ — sin 3)2]2V/1 + t

_ t_s' 2@
cos <ﬁ2¢> = 2 3 if =1,
2cosﬂ(t+sin2 ﬁ?ﬁ)

9i(t,¢,8) =2cos ¢

+— 2 f+¢
_ —sin(ﬁ;¢) % 3 : if i=2,
2cos 3 (t + cos? ﬁ—;qﬁ)
. (T/2—¢ 2152+12cos2wtf(?Hrs,in(,zb)sinQ&27‘;S o
sin 5 3 if i =3.
4t +sin? 2=2)
(29)

These functions have a Taylor expansion at ¢ = 0 for each ¢ € [—7/2,7/2]:

n—1 (k) .
g0 =Y 20D s 6.0 i=1,23 (30)
k=0 ’
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where

di(t.6.58) = W

The singularities of g;(t, ¢, ) for ¢ = 1,2,3 are away from the positive real axis (let d;
be the distance from the closest singularity to the positive real axis). Therefore, using
the Cauchy formula for the derivative gi(n) (&, ¢, 0), we see that

£ €€ (0,1).

, !
gh (8,0, 8) < My ", i=1,2.3, (31)

where M; is a bound for g;(w,¢,) with ¢ = 1,2,3, on the portion of the complex
w—plane surrounding the positive real axis: {w € C, |w —u| < d, u € RT}. Introducing
the expansion ([B0) in (28]) we obtain that

K2

wr(cos(B—¢)— n—1 v
Ii(z,y) = € Q;w(j% Y > fgffr)‘? +R:’L(x,y)] . i=1,2,3, (32)
where
Tg(x,y)E—WF(k+%), i=1,2,3, (33)
and OO
Ri(z,y) = —2%/0 e~2urt i (12 ¢ B)dt, i=1,2,3. (34)

Using (BI) in (B4) we obtain the bound (20) which shows the asymptotic character of
(@3- O

3. The quarter plane. In this section we consider the problem (see Fig. 4(a))

{ e AU+T-VU =0, (,9) € = (0,00) x (0,00), (35)

U(x,0) =0, U0,y) =y, U € C(Q2) ND?(Q).

As well as in the preceding problem, the boundary conditions at the X and Y axes match
continuously at the corner point (0,0), but their derivatives do not.

After the change of the unknown U(z,y) = F(x,y)exp(w@ - 7 ), problem (BH) is
transformed into the Yukawa equation for F'(z,y):

AF —w?F =0, (z,y) € Q,
F(2,0) =0, F(0,y) =y e wvesh  F e C(Q) ND*Q2).
As well as in the previous problem, uniqueness of the solution of (B6]) requires a

convenient condition upon F'(z,y) concerning its growth at infinity. In fact, the problem:
find U € C(Q22) N D?(£3) such that

—e AU+ 7T - VU =0, (z,y) € Qa,

w(r+z sin B+y cos 3)

Ulz,y) o(e ( T

has a unique solution. The proof of this assertion is almost identical to the proof of
Proposition [

(36)

> as r—oo and ¢ € (0,7/2),
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Up

(d) 8 =2n/3.

Fic. 3. Graphs of the first order approximation, Ug(r, @), to the
solution of problem (@) for ¢ = 0.1 and different values of 3.

In the following proposition we obtain the solution of (37) by means of an integral
representation.

PROPOSITION 3. For (x,y) € Qq, —7/2 < 8 < w/2 and ¢ # £8, 7 £+ §, the solution
Us(z, ) of () i

(y — zcot B)X(0,x/2) (B — ) if 0<p<7/2,
Us(z,y) = Ig(z,y) + 0 if 8=0,
e2wrsinf(y 4+ g cot B)X(=n/2,0)(B+¢) if —m/2<3<0,
(38)
with

2cos fewrcosB=9) oo cosh(u — i¢)sinh(u — i

Ig(x,y) = — , / h (2 d’,) ( . “2 du.  (39)
wmi o [cosh”(u — i¢) — cos? (]

Proof. The exact solution of problem (B0]), valid for —7/2 < 8 < 7/2, may be obtained
by taking the sine transform of the differential equation with respect to y:

Qweosf [ te Vwittlz
Fla) = 220 [

t2 + w? cos? (3)?
Then, the function Ug(x,y) = e®(@snB+ycosf) Bz ), with F(z,y) defined above, is the
solution of (B7). After the change of variable ¢ = wsinhwu in this integral, and using

e dt. (40)
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y y
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Fic 4. (a) Domain 3 in problem (Z) (b) Domain 3 in Theorem [21

polar variables we have

2 cos 3 e os(B=9) /°° wrcosh(u—i(x /23—y coshusinhu
= e

Us(z,y) = : du. (41
o(@9) wmi oo (sinh® u 4 cos? 3)2 u (A1)

The poles of the integrand of Ug(x,y) (all of them are double poles except for 5 = 0;
in this case they are triple poles) are located at the points u = i(§ £ 3+ n7), n € Z,
and the real part of the exponent reads —rw cosh(fu) sin(¢ + Su). Then, as well as in
the previous problem, we can use Cauchy’s residue theorem for shifting the integration
contour in the integral in (I]) to the straight line Su = 7/2 — ¢. Applying this technique
and distinguishing the cases 0 < 8 < /2 and —7/2 < 8 < 0, we obtain (B8)—(39). These
formulas are also valid for the limit cases = 7/2 and § = —7/2. O

OBSERVATION 3. The explicit representation ([B8])—(39) is not valid when ¢ = £5, 7+
because of the singularity in the integrand of ([B9). In these cases the solution Ug(x,y)
may be obtained by taking the limit ¢ — +3 or ¢ — « + F in (B8)—(B9), respectively
(Ug(z,y) is a continuous function of r and ¢).

OBSERVATION 4. The explicit representation given in Proposition Blis only valid when
the angle 3 between the convection vector @ and the y-axis is restricted to the interval
[-7/2,7/2]. Nevertheless, an explicit integral representation for the solution Ug(z,y) of
problem (B7) whatever the direction of ¥ is (except for 3 = ), may be obtained by
means of symmetry arguments:

Us(z,y) if fel-n/2,m/2,
U(z,y) = y — xcot f + cot BUL j2_p5(y, ) it pge(n/2,m),
ewasinB [y + $C0tﬁ — cot 5U7T/2+B(y7x):| if /8 € (_777 _77/2)7

where Ug(z,y) is given in (B8)). Therefore, in the remainder of this section, we restrict
ourselves to § € [—7/2,7/2].
We denote by Q5 the domain €y indented at the point (0,0) (see Fig. 4(b)):

QW ={(r¢), 0<dp<7/2, 0<1rg<T <00}
THEOREM 2. For (z,y) € 5 and 8 € [—7/2,7/2], the solution Ug(z,y) of [B7) reads

ewr(cos(ﬁftj))f 1)

W Ué(%y)v (42)

Us(z,y) = U(z,y) +
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where

Ug(z,y)
/3

COS ¢=8 -8
U lerfc {\/Qwr sin ( )} if 0<p<7/2,

M ‘

o+
cos [ 252
2wasing [ T M ierfc {\/Qwr sin <M>} it —7m/2<8<0,
= 2w sin 8 2

if 3=0.

(43)

The function Uj(z,y) = O(1) as w — oo uniformly for (z,y) € Q5. Moreover, it
admits an asymptotic expansion in inverse powers of wr similar to (I9).

Proof. For large w and fixed r, the asymptotic features of the integral Ig(x,y) defined
in B9) are: (i) there is a saddle point at v = 0. (ii) The poles are situated at u =
(¢t [+km) with k € Z. Then, the saddle point coalesce with a pole when ¢ — F5— k.
Uniform asymptotic expansions of this kind of integral may be obtained by using the
i"erfc function as the basic approximant. Therefore, we need to identify the poles in
the integrand of Ig(x,y) which are closest to the point u = 0 (to the real axis). We
distinguish three cases:

Case 1. 0 < B < 7/2.

In this case, the double pole u = i(¢ — () is the only one which crosses the real axis
when ¢ runs from 0 to w/2. Therefore, we split off the pole of the integrand in (B9) at
u=i(¢—0):

cosh(u —i¢) sinh(u — i) cosh & [u —i(¢ — B)]

[cosh2 (u—i¢) — cos? ﬁ] 2 16i sin 3 cos (3 sinh® % [u—i(¢— B)]

+f1(u7¢aﬁ)'

(This equation implicitly defines the function f;(u, ¢, 3).)
Using ([I2) and the relation (2II), we obtain

) = o SO e VEur s (9 )

sin 3 (44)
+(x cot B — y)X(0,7/2) (B — &) + T3(z,y),
with
- 2 cos B ewrcos(f=¢) oo
Bz [ eve e ph. @)

Using (38), @) and (@3) we obtain [#2) with U§(z,y) given in the first line of [@3) and
Uﬁl(r, ¢) = 2wnV2wr ewr(l_cos(ﬁ_@)fé(x, y).
Case 2. —/2 < 3 <0.
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In this case, the double pole u = i(¢ + 3) is the only one which crosses the real axis
when ¢ runs from 0 to 7/2. Therefore, we split off the pole of the integrand in ([B9) at

u=1i(¢+ f):

cosh(u — i¢) sinh(u — i¢) _ cosh § [u —i(¢ + B)]
[cosh? (1 — i) — cos? 5]2 16isin B cos Asinh® L [u —i(¢ + S3)] + £:6,)-

(This equation implicitly defines the function fa(u, ®,3).)
Using ([I2Z) and the relation (2II), we obtain

1
Is(z,y) = etwasing | i W ierfc {\/Qwr sin% (6 +0)

(46)
— P ot 5+ Y20 (B4 9) + T3(2,)
with
Boy) = 20D [T e g, a7

Using (38), [@G) and [@7) we obtain [@2) with Uj(z,y) given in the second line of (E3)
and

Ué(r, $) = 2wr/2wr ewr(l*ms(ﬁ*‘b))fg(x, Y).

Case 3. = 0.
In this case, the triple pole u = i¢ is the closest one to the real axis when ¢ runs from
0 to 7/2. Therefore, we split off the pole of the integrand in (B9) at u = i¢:

1 . 1 . 1 .
cosh(u — ig) sinh(u — io) 15 sinh? i(u — i) — cosh® §(u — i) ()
[cosh2 (u—ip) —1]? 8 sinh?® %(u — i) e

(This equation implicitly defines the function f5(u, ¢).)
Using ([I3)) we obtain

To(z,y) = \/% sin (%5) jerfc {W sin <§>]

(1)
+4r cos? (%) iZerfc [ 2wr sin (g)} + I3(z,y)
with
- 2ewY [
Id = _ —wr coshu du. 4
Sy =2 [ e gy du (49)

Using 3%), @8) and (@) we obtain [@2) with UJ(z,y) given in the third line of ({3)) and
UL (r, ) = 2wrv2wr e "V I3 (z,y) .

From here, the derivation of the asymptotic expansion of U 51(93, y) in inverse powers
of wr (and bounded r > 7y > 0) is similar to the proof of Theorem [ O
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(c) B=—m/6. (d) 8= —m/3.

Fic. 5. Graphs of the first order approximation Ug(r, @), to the
solution of problem (BH) for e=0.1 and different values of 3.

4. Conclusions. The Dirichlet data of the two singularly perturbed convection-
diffusion problems analyzed in sections 3 and 4 have discontinuous derivatives at a corner
and at a side of the inflow boundary, respectively. For each problem, we have obtained
an integral representation of the solution susceptible of an asymptotic analysis. Then, for
each problem, we have derived an asymptotic expansion of the solution in the singular
limit € — 0" (and away from the discontinuities). This asymptotic expansion is obtained
from a modification of the standard uniform method: “saddle point near a pole”. As
a difference with respect to the standard situation where the multiplicity of the pole is
one, in our problems the pole has multiplicity two. Then, the asymptotic approximant
is not an error function, but a primitive of the error function.

The asymptotic expansions derived above show that the main contribution of the
discontinuities in the derivatives of the data to the shape of the solution on the boundary
or interior layers is contained in the primitives of an error function.

We want to emphasize the simultaneous dependence of the solution of these problems
with the singular parameter € and the distance to the discontinuity point of the derivative
of the boundary data. The solution Uz depends on ¢, and the distance r to the discon-
tinuity point (0,0) through the quotient r/e. This is why the asymptotic expansions
derived above do not hold near these discontinuities.

It was shown in [I1], [12] that, when the Dirichlet condition is discontinuous, the solu-
tion to these kinds of problems is approximated in the singular limit by error functions.
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We have shown here that when the Dirichlet condition is continuous, but its derivative
is discontinuous, then the solution is approximated by a primitive of the error function.
We conjecture that when the n — 1-th derivative of the Dirichlet condition is continuous,
but its n-th derivative is discontinuous, then the solution to these kinds of problems is
approximated by an n-th primitive of the error function.

We suspect that, as in the problems analyzed here, the error function plays a fun-
damental role in the approximation of the solution of singularly perturbed convection-
diffusion problems with discontinuities in the Dirichlet boundary conditions defined over
more general domains and through more general coefficients. This will be the subject of
further investigations.
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