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Resumen

We consider singularly perturbed convection-diffusion problems defined in three-dimensional
domains, problems of parabolic type: —&(ugy + Uyy) + wr + V1 + v2u, = 0 and of elliptic type:
—&(Ugy + Uyy + Usz) + V1Ug + Vouy + v3u, = 0, where v1, v and v, are real constants. For every
one of these two kind of problems we consider several three-dimensional domains. We also consider
for all of these problems Dirichlet data discontinuous at certain regions of the boundaries of the
domains. For each problem, an asymptotic approximation of the solution is obtained from an
integral representation when the singular parameter ¢ — 0%. The solution is approximated by
products of error functions, and this approximation characterizes the effect of the discontinuities
on the small e— behaviour of the solution and its derivatives in the boundary layers or the internal
layers.

Palabras clave: singular perturbation problem, discontinuous boundary data, asymptotic expansions,
error function.
Clasificacién para el Cedya 2005: EDPs

0.1. Introduction

As it has been shown recently [1]-[5], the error function plays a fundamental role in the ap-
proximation of 2D singularly perturbed convection-diffusion problems with discontinuous Dirichlet
data. In the problems there analyzed it is shown that the solution is approximated by a finite com-
bination of error functions as € — 07. For example, in the problem defined on the first quadrant
2 = (0,00) x (0,00) and with a discontinuous Dirichlet boundary condition at the corner point
(0,0) (see Figure 1) [1]:

=
—eAU+ v - VU =0, (z,y) € Q, P)
U(x,0)=0,U(0,y) =1, UeC(Q)ND*N),

where Q = Q\ {(0,0)}, the solution can be approximated, for 0 < § < 7/2, by

Us(z,y) = Ug(z,y)(1 + O(Ve)) ase— 0T, r>rg>0

Ug(z,y) = %erfc [\/Zsin (41’25)] . (1)

We have used the polar coordinates x = rsing, y = rcos¢ (0 <r < 00,0 < ¢ < 7/2).

After the two-dimensional study performed in [1]-[2], we wonder if it is possible to extend
our two-dimensional analysis to three-dimensional problems with discontinuous data and if the
error function is also useful in the approximation of these kind of problems. Then, we analyze
several 3D parabolic and elliptic problems defined on different domains. We only detail here a 3D
parabolic problem defined on a half space (z,y,t) € Q1 = (—00,00) x (—00,00) X (0,00) with a
discontinuous initial condition over a rectangle and a 3D elliptic problem defined on the first octant
Qs = (0,00) x (0,00) x (0,00), with a discontinuous Dirichlet data at the X and Y axes.

with
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Figura 1: Domain Q2 and boundary conditions in problem (P).
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Figura 2: Graph of the first order approximation Ug/4(x,y) to the solution of problem (P) for e = 0,1 and
B = /4. The convection vector ¥ "drags”the discontinuity of the boundary condition at (0,0) originating a
parabolic layer along the characteristic defined by v and emanating from (0, 0).

0.2. A 3D parabolic problem in a half space

We consider a problem defined in the upper half space: (z,y,t) € Q1 = (—00, 00) X (—00, 00) X
(0, 00), with a “ rectangular source of contamination” located on the rectangle (a,b) x (¢, d) (see
Figure 3):

U e C(Ql), Uz, Uy, Us, Ugg, Uyy € C(€1), U bounded on bounded subsets of 0,
—(Uze +Uyy) + 01Uy + 02Uy + Uy =0, in Qy, (2)
U(mv Y, 0) = X(a,b) (x)X(c,d) (y)a for (.’I}, y) € R

In this formula, a < b, ¢ < d and the positive numbers b — a and d — ¢ represent the length
of the sides of the “source of contamination”. Observe that the initial condition is discontinuous
at {x = a,t = 0,c <y <d} {z =bt=0c<y<d}{y=ct=0a<ax<>b} and
{y =d,t =0,a < z < b}. The set € is the closed set Q; with the regions of discontinuity of the
boundary data removed: ; = Oy \ {{(z,¢,0),(x,d,0),a <z <b}U{(a,y,0),(b,y,0),c <y <d}}.
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Figura 3: Domain 4 and initial conditions of problem (2).

The change of variable U(x,y,t) = elv1#+v2y=t/2/) (g 4 ) in (2) yields the following pro-
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blem for F(z,y,t):

F e C(Ql)7 Fo,Fy, Fy, Fop Fyyy € C(E11), F bounded on bounded subsets of €,
Fop+ Fyy— 1F, =0, in Q, (3)
F($, Y, 0) = e—[v1r+v2y]/(25)x(a’b) (x)X(c,d) (y)7 for (.13, y) € R2.

We add a radiation condition to (2) in order to assure the uniqueness of the solution. Hence,
we consider the following problem:

UecC(), U, Uy, Ui, Uge, Uyy € C(€1), U bounded on bounded subsets of Q.
—e(Uge + Uyy) + 01Uz + 02U, + U, =0, in

U(z,9,0) = X(a,n) (€)X (c.a)(¥), for (z,y) € R?,

U, U, Uz, Uy, U, Uyy = 0(1/1), as r — 00,

where 7 = /22 + y2. This problem has at most one solution.
A solution of problem (3) may be derived by using the Fourier transform in (3) with respect to
2 and y. Therefore, we obtain the solution of (P;) expressed in terms a double integral:

b d
Uz, y,t) = —elvra+vav—t/21/(20) / o (@=9)?/(det) y—v15/(20) g / o (=) /(1et) =v2u/(26) gy,
dmet
(4)

a c

That may be evaluated exactly in terms of error functions:

1 vit+a—x nmt+b—x

P L A Ay e L B
U(z,y,t) 4{erc( N ) erc( W )}
y {erfc (vzHc—y) = erfe <vzt+d—y)}
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PN

RN

O
\\\\::\w
N

s
% <
(e
RS Z
05252

%

K

0oz

o
oo

L
Uiy i W

L5

9%

e,
0,700
oo,

<
0% S oS5
GRS

>
% 2R
ORZ LT
IO S
REE 27

22
o %

2z
RLLLLL
S,
LR

%
o

2
LR oY o T W
R RN
L R
ZRRARRL LR

&

Rz
R
0o,

S0

ote 00

o
Ny
Y

0
&

s
LR AL

LR 2L 2
L S S e L7
B e 22
BRI LLLILRL R
BRI ILS %

S S L&
LR LR
LRLRRLL

LR

2

%
L
IR
LR RRRRLLRLRLE
e,
%

Figura 4: Graphs of the solution of problem (Py) given in (5) fore =0,1,a=—-b=1,¢=-d=1,v1 =0,5
and different values of t.

0.3. A 3D elliptic problem in an octant

We consider the first octant of R with discontinuities at one-dimensional corners of the boun-
dary of the domain Qs = (0,00) x (0,00) x (0,00), with an “infinite source of contamination”
located at the plane z = 0 (see Figure 5) and with the convection vector v = (0,0, 1):

U € C(S2) ND?(Qy), U bounded on bounded subsets of Qy,
AU+ U, =0, in O, (6)

U(z,y,0) =1,U(0,y,2) =U(x,0,2) =0, for (z,y,2) € Qs.

Obsgrve that the Dirichlet data are discoptinuous at the X and Y axes. The set Qg is the closed
set 2 with the X and Y axes removed: Qs = Qo U {(x,4,0);2,y > 0} U {(0,y,2);y >0,z >0} U
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Figura 5: Domain Q2 and Dirichlet conditions of problem (6).

{(z,0,2);2 >0,z > 0}. .
After the change U(x,y,z2) = e " /) F(z,y, z), problem (6) is transformed into the Yukawa
equation for F'(z,y, z):

F € C(S) ND?(y), F bounded on bounded subsets of Qy,
AF — {5F =0, in Qy, (7)
F(z,y,0) = 1,F(0,y,2) = F(x,0,2) =0, for (z,,2) € (.

This problem may have not a unique solution unless we impose a convenient condition upon

U(z,y,z) (or upon F(z,y,z)) concerning its growth at infinity. Then, we add a radiation condition
to (6) and consider the following problem:

U € C(Q2) ND?(Qy), U bounded on bounded subsets of (s,
—eAU + U, =0, in 0,
Ulw,y,0) = 1,U(0,y,2) = U(,0,2) =0, for (w,y,2) € Dy, (P2)
V2 (112)/(20 :
U(x,y,2) =0 | —e\"* , as rp — oo with k =1,2,3,
NG

where 7y = Va2 + 22, ro = \/y?2 + 22 and r3 = /22 + 32

As a difference with problem (P;), the solution of (P) cannot be evaluated in terms of known
functions, but may be approximated in terms of error functions when ¢ — 0. For this purpose we
define the region:

Q5 =2\ {(z,9,2) € Q2,0 <2 < 20,0 < 2 < 2}
U{(z,y,2) € Q0,0 <y <yop,0<z<2z}}.

The unique solution of problem (P,) may be derived by using the Fourier sine transform with
respect to x and y:

/@0 oo peo g -
Ulr,y.2) = — / dt / dssm(xtt/ (2€)) sinlys/(2€)) - ovrzemssz/2e) ®)
T oo oo S

After the change of variable s — u defined by s = v/1 + t2u in the s—integral we obtain:
e/ () /°° sin(xt/(2e)) ,, /°° sin(yv1+ 2u/(2€)) _.virEviEe /o

U(x,y,2) = u.

2 t U

— 00

The integral in the u variable is just the solution of a similar two-dimensional convection-diffusion
problem defined on the quarter plane (y, z) € (0,00) x (0,00) where it is shown that:

/y2+22_2 -

+ R(y, z,€),

62/(26) /00 s1n(yu/(2e)) eizm/@é)du — orf

T oo U 2e

with R(l/v z,€) = O(y/€) uniformly in y, 2 for y? + 22 > ry > 0:
Ry, z10)] < —CIVE /i 00, o)

(y2 + 22)3/4
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with C a positive constant independent of y, z and €. Therefore, we can write

U(m,y,z) = Uo(l',y,Z)+U1($7y7Z)7 (10)
with
z/(2¢) [0 gin(xt/(2 V14 t2
Us(z,y,2) = e . /_OO sin(x t/( 6))8—2\/1+t2/(2€)erf\/2—:[ [y + 22 — z)dt
and J20)
2/ 1o sin(wt /(2 -
Ur(2,y, 2) = o€ . / sin(x t/( 6))6—2\/1+t*2/(2e)R(y’2’26/ /1 +12)dt.
0
The function U; admits the following bound uniformly valid in Qs with y? + 22 > ry > 0:
C.Z‘y _ 24 22]/(2¢
|Ui(x,y,2)| < We[z Vyr+22/(2€) (11)
On the other hand we write
UO('r7y7Z) = UOO(xay7Z)+U01(‘Tay7Z)a (12)
with
Uoo(z,y, 2) = erf V22 Fy? — z e/ (29 /oo Mefz [TH2/(26) gy
e 2e T o t
and

z/(2¢ o Sl
Uoi(z,y,2) = P /e / Sm(lﬂt/@e))e*zm/@e)
0

™ t
V142 22y — 2 (13)
x |erf T[\/y2—|—22—z]—erf 273/
€ €

From here we can obtain a bound for Up; similar to (11) and use the solution of a similar 2D
problem defined on a quarter plane to analyze Uyy. We finally obtain that, for (z,y,2) € Q3, the
solution U(z,y, z) of problem (P) is

U(z,y,2) = erf\/ G —;:2 — Zerf\/ Ve —;ey? —Z [1+0We)l. (14)

U(x,y.1) U(x,y,4)
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