Asymptotic Expansions of Generalized Stieltjes
Transforms of Algebraically Decaying Functions

By José L. Lopez and Chelo Ferreira

Asymptotic expansions of Stieltjes and generalized Stieltjes transforms of
functions having an asymptotic expansion in negative integer powers of their
variable have been exhaustively investigated by R. Wong. In this article, we
extend this analysis to Stieltjes and generalized Stieltjes transforms of functions
having an asymptotic expansion in negative rational powers of their variable.
Distributional approach is used to derive asymptotic expansions of the Sticltjes
and generalized Stieltjes transforms of this kind of functions for large values of
the parameter(s) of the transformation. Error bounds are obtained at any order
of the approximation for a large family of integrands. The asymptotic
approximation of an integral involved in the calculation of the mass
renormalization of the quantum scalar field and of the third symmetric elliptic
integral are given as illustrations,

1. Introduétion

The generalized Stieltjes transform of a locally integrable function £(¢) on [0, co)
is defined by the integral ([1], Ch. &) ‘
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where z is a complex variable in the cut plane |arg(z)] < 7 and p> 0. If
flt) ~ @) as t — oo, then a + p> 1 is required. The standard Stieltjes
transform corresponds with p = 1.

When

o0
fO~> a1 o0,
k=0

where 0 <o < 1 and {a, k=0, ..., oo} is a sequence of complex numbers,
asymptotic expansions of S(1; z) and, in general, of S(p; z) for large values of z
have been derived by R. Wong. An asymptotic expansion of S(1; z) is obtained
by using the distributional approach ([2], Ch. 6); whereas, Mellin transforms
techniques are used in [3] to derive an asymptotic expansion of S(p; z).

These expansions have been used in [4] and [5] to obtain uniform and
nonuniform asymptotic expansions of symmetric standard elliptic integrals for
real values of their parameters.

On the other hand, mathematical calculations in quantum mechanics and in
quantum field theory require the computation or, at least, the approximation of
integrals of the form

0 © £
fo Err /o Fr P T 1)

where s is a positive integer and

(2)

where 0 <a<1,K€Z and f{t)= @™ ) as t — oo. This kind of
integral appears in one-loop calculations of physical observables and effective
actions in quantum field theory, where f{#) is a rational function ([6], Ch. §,
Sec. 4.2), ([7], Ch. 10, Sec. 8). In particular, as has been established recently,
the determination of the effective Chern-Simons coupling constant requires the
calculation of integrals of the form (1), where z and/or w are large real
parameters [8—10]. In general, the regularization techniques used to define the
quantum theories require the introduction of a large parameter (regularizator)
and then, the parameters z and/or w in (1) are large ([6], Ch. 8, Sec. 1), ([7],
Ch. 7, Sec. 5). On the other hand, the first integral in (1) fors =2 and p= 1/2 is
nothing but the Glasser transform of f(#), [11], ([1], Ch. 27).

Asymptotic expansions of integrals (1) cannot be derived directly from
Wong’s methods when s > 2. The purpose of this paper is to generalize Wong’s
distributional method for Stieltjes transforms to the case s > 2 to obtain a
technique valid for the integrals (1) with f(£) verifying (2). By means of a

n—1
FO =Y a4 40),
k=K
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simple change of variable and an obvious change of notation, we rewrite these
integrals in the form

© /() S0
) Gt ® /0 G+ wy 3)

where 0, 0> 0, |Arg(z)] < 7 and |Arg(w)| < 7. In the first integral ¢x + p> 0 and
in the second one o + p + ¢> 0. In both integrals f(f) is a locally integrable
function on [0, co) that satisfies

0 iikakz-’cff"a A, “

wheres € N0 <a < 1/5,K € Z, {ay, k = 0,...,00} is a sequence of com-
plex numbers and f,(¢) = @(¢"/*~*) when ¢ — oo.

In Section 2, we generalize Wong’s method for Stieltjes transforms to
integrals of the form (3) with SO verifying (4) by using the distributional
approach ([2], Ch. 6). In Section 3, we show the asymptotic character of the
expansions obtained in Section 2 and study error bounds for the remainders.
The asymptotic expansion with error bounds of an integral from quantum field
theory and of the third standard symmetric elliptic integral are shown as
llustrations in Section 4. A brief summary and a few comments are postponed
to Section 5.

2. Distributional approach
In the following, we use the notation introduced in [2]. In particular:

DEFINITION 1. We denote by & the space of rapidly decreasing functions
(infinitely differentiable functions ©(f) defined on [0, co) that, together with
their derivatives, approach zero more rapidly than any power of r‘? ast — 00),

DEFINITION 2. We denote by < A, o> the image of a tempered distribution A
(a continuous linear functional defined over &) acting over a function ¢ € 7.
Recall that we can associate to any locally integrable finction g(f) on {0, c0)
with finite algebraic growth at infinity; i.e., g(t) = @(t*), >0, a tempered
distribution Ay defined by

<Apo>= [Telipar
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Because f(7) in (3) is a locally integrable function on {0, oc), it defines a
distribution

<f, p>= /{;oof(t)go(t)dt.

The distributions associated with %%, k=0, 1, 2, ..., n—1 are given by ([2],
Ch. 5)
<tk o= —) ] %) (1) dt

if0<a<1and

oo
<t™Flps>=-—— / log(£)e* 1) (1)dt.
0

To assign a distribution to the function f,(f) introduced in (4), we first define
recursively the kth integral £, ((2) of £,{¢) by f,0(f) = fu(f) and

k+1
fani®=— [ hstian= 0= [T ofna o

For 0 <o < /s, it is trivial to show that £, ,,,(?) is bounded on [0, T'] for any 7>
0 and is @( ) as t — oo. For a = I/s we have f,,/(f) = @) as
t — oo and f,,/s(£) = @llog()] as t — 0". Therefore, for 0 < o < 1/s, we can
define the distribution associated to f,(f} by

<t,p> = (_l)n/S <fy n/s&‘:o{ 1) >= l)ﬂlé‘] Sofs(2) ‘P(H/S)(I)
We recall now the definition of the Mellin transform.

DEFINITION 3. For a locally integrable function f(£) on (0, c), we denote by
M [f;z] the Mellin transform of f(1) or its analytic continuation. It is defined by

M|[f;z] = /Oootz“f(t)dt

when the integral converges.

Once we have assigned a distribution to each function involved in the
identity (4), we are interested in finding a relation (if any) between these
distributions. In fact, this relation is established in the following two lemmas.

LEMMA 1. For 0<a<lfs,seN,n>K+1, andn—sZsSs , the
identity

nfs—1
f—Za ke 4 Z (= 1[) M[f;k+ 1165 4 f,
=K k! (6)
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holds for any rapidly decreasing function v € &, where § is the delta
distribution in the origin.

Proof: Letfy(r) = (8) ~ Xl aurtis—e (empty sums must be understood
as zero). Then, for »n = 0,s, 2s,...,

hts—1 a

Fuusl) =l = 3
k=n

and

s—1]
1
. t — . t — _I H/S -'—-ai-.,-k___'—-_.
f+, /s() ff'z, /.s‘() ( ) ;(Q“"k/s)n/s HFlsta

Multiplying this expression by go(”’s)(t), integrating by parts and defining

H, = (~1 )"/‘<fn,.1/s, P (7)
it follows that

® e
Hn»f»—s = Hn - (—l)n/ff;ﬁs,n/sﬁ-l (t)(p(n/.s) (t) - Zan+k < t—a—(n+k)/s, N
0 ={

Now, from (4) and using that £(7) is locaily integrable in ; = 0, we obtain
Trsontes () = B ) 25 £~ 05 a0d.fy o1 (1)  O1) s Therefore,

s—1
Hyvs = Hy + o, /541(0) <@ s Z B OO (8)
k=0

From the definition (5) of 7, A? and ([2], Lemma 7, Ch. 3], we have

(="
Jrvsnfsr1(0) = —WM[f; n/s + 1.

Finally, applying the ideﬁtity (8) nis times, using this last identity and
Hy= <f o> - ZE:lxak < t‘k/s“‘, ¥ >, we obtain (6). n

LEMMA 2. For o — I/s,se N,n> K 11 andn=gs, 25, 35, -+ the identity

n—1i nfs—1
f=3"quen/s g > A1) 4 8, | (9)
k=K k=0

holds for any rapidly decreasing function P €, where, for n = 0,82, ...,

— (_I)H/S : nfs e n/s =2 (n/s)!a,,_,_k
dn+s'_m [\/0\ 2 ﬁ(t)dt+.[ z ﬁ!"l-s(t)dt""gmm
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+ {L:/S Hifl (n/s —k + z)k—l%'J

2r & T GT -4, (10)
= (—(_}%ﬁ {zligl [M[f,z+ 1]+ ;_%J
+:Z;§[[(k n 15%53! Do G 1)1/5 = 1]“"*"
S )

Proof* Let fo() =f(t) = Xplx axt %75, Then, for n = 0, s, 25, ...y
n+s—1

Juas(t) = fo£) - Z (kfllc)/s

and

n Qntk 1
fn H I) J‘;z,n t) - 1) /s
+s /s( /s( ( Z[(k-f— I)/s] o/s k)5 (12)
From this it follows, by integration, that

/3
fﬁww@.mwmm+i%ﬁ$imm—@wﬁ

s—2 1~ (k+1)/s
p it ‘
X + s,
Z; e+ 1) s =10y (13)
where we have defined the integration constant
s n i
dn-i-s = - hm [j;ﬁs ?:/s+1(t) + ( l)n/ ( 73)' IOg(t)J (14)

Multiplying (12) by ™ o), integrating by parts and defining again A, as in (7)
it follows that :

_ o=t 4 wis)p|
Hn+s Hn [( 1) ﬁi+s,rz/5+1(r) + ( / ), 1 g(I)J(p (t) 0

s—1

_ Zan-Hc < t—{n+k+1)/s’ © > N
k=0 '
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Now, from (4} (with o = 1/s) and using that f(¢) is locally integrable in £ = 0, we
obtain that fr-s, wse1(8) + (=1 a0 ilog(inis)! is ©@log(¢)] as t — oo and
@(1) as t — 0 (its limit in £ = 0 is — d,..). Therefore,

5
Hyys = H, — nts < 6{n/s)’ P> — Zan+k < t-—(n—}-k+1)/s, w>
k=0
If we apply this identity a/s times and use Hy = <f, o> — 3 7l a, <t~ &S
>, then we obtain (9), but with d,. ; given in (14). It remains to show that d,,+ ;
may be also expressed by the more tractable expressions (10) or (11). Setting
¢t =1 in (13) and using the recurrent definition (5) of £, ;(£) we obtain

nfs Qn-tk
n+s f ﬁzn/s i‘)df-i—f .ﬁ:+sn/s(t dt+( 1) Z [(k-l— 1)/.5‘ _ 1]n/s+l (15)

On the other hand, for k=1,2,3, ..., nlsand n =g, 2s, 3s,...,

n+s 1

ﬂe+sk(1) f;zk(l) Z (j+1) /S_

and, by integrating by parts »/s times and taking into account the asymptotic
properties of £,,(#) in £ = 0 and ¢ = oo, we can check that, for n =, 2s, 3s, .. .,

R0 =—Z(—1) (2= k42), alt)+ (0" os5) [ Sl

and
[ tms(r)dt-f( N (G-k+2) f;+s;;<1)+(—1)f(§)!

f Jntsjs (t

Introducing the three last identities in (15) we obtain (10). Using the definition
(4) of f,(#) and its asymptotic properties in ¢ = 0 and ¢ = co, we obtain

1 oo n+s—1 ‘
nfs nls — I . il
1 F (Bt P (f)dt =1 ;
/0 40 +f1 Frs(?) z:’:}s[M[fZ“H;z+1-(k+z>/s}

and (11) follows. _ [
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To apply Lemmas 1 and 2 to the first integral in (3), we choose a specific

function in &7,
‘ e .
=——c¢cd,
997’?( ) (I +Z)'0

where p, > 0 and z ¢ R™. We will also need the following lemma,

LEMMA 3. Let £() satisfy (4). Then, for k=0, 1, 2,... andn=s, 2s,3s, .. .
the following identities hold,

lim < f,p, >= “ir)_dr fora+p+K/s>1

"7“‘0 7(10?]' 0 (t+Z)'a P ?
k

. @ _ (=1)(p),

A i =

where (p); denotes the Pochhammer symboi,

0o 1Tk +p+v—~ D1 - v)
n T 1"( p)zk+p+r/—1

lirré <tV for 1 —p<v<i,
TI—)

lim < log(t), p+1) s (& )Hl( Jellog(z) ~ v — (k + p)]

b gl vy T e \P)iltog Y Pl

where 7y is the Euler constant and Y the digamma function and

lim < f W) = (1Y () " ungsl) dt forl—p<a<l
S Pnis Jy et zye P -

Proof: The first identity is trivial by using the dominated convergence
theorem. The second one follows after a simple computation. On the other

hand,
k ; -
k A ; o0 e N
<t ) S ()t ( ) J ._./ — &
i =D J:Zo J )T Ok 0 Mt +z)tFeT
Forl — p<y <1, the integrand of each integral on the right-hand side of the
above equation is absolutely dominated by the integrable function IR
V', t >0 and, hence, is finite. Therefore, using the dominated convergence
theorem and after strai ghtforward operations, we obtain the third identity. On the
other hand,

k41 o0 —nf
k+1Y\ ; e " log(z)
< log(t}, p*+1) 5 —1)k+ E ( , ) J ; —
g( ) (’07? ( ) =" J ] (p)k+1—1 o (f z)k+,0+l—j

Forj<korj=k+1 and P> 1, each integrand in the right-hand side of
the above equation is absolutely dominated by the integrable function
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log(d)ft + z}/~4=r-1 7, ¢ > 0 and, therefore, finite, For J=k+1landp< 1,
we divide the interva] [0, 00) in the above integrais at the point r = 1. I the
interval {0, 1], the integral is finite for 7 2> 0. In the interval [], 00), we
perform the change of variaple 7 = u and divide again the resulting u-interval
[, o0) at the point uy such that Inz + ug) = 1 (assume 7zl <1 andn <1 +2|7h,
In the u-interval [7, o], we use the bound |y + mzZl® > ju + 72, and in the z—
interval [0, o], we use the bound lu + P > 1. After straightforward
operations, we observe that the integral on the t-interval [ Loco] is
Ol log’(n)] as p — o, Therefore,

Using now formula
identity follows from the dominateq convergence theorem, the local integr-
ability of Jrnis(£) on [0, o] and the behavior Junjs(t) = Pt *)asr— 00, m

To apply Lemmas I and 2 to the second integral in (3), we must choose
another particular function of &,

e &
(t+az)’(r + bz)” €<
where gz, bz, ¢ R~ and P 7, 1> 0. We will also need the following lemma,

Pnlt) =

LEMMA 4, Ler S satisfy (4). Then, Jork=0,1, 2,... andn= 8, 25,35, ...,
the Jollowing identities holq

- ® /()
1 ) Py >= T a———d .
ng% <f, &, > /0 (t+az)p(t-{—bz) ¢ fora+p+a+K/s>I

(1) & (k) (o) (@) *
+ J

i ) o A1)
?]71_1,% <8, Py’ o= Zh+pto ZO arHipo+i—;
J:

lim «< ¢ 95("{) S (“I)kr(l —V)P(k+p+o-+,/__ 1)
n—0 1y -

I‘(k -+ 0+ O-)Zk+p+a+z/-l
Xi k (p)j(o-)k—j 7 1~ vk+o-—j 1@
T \J ) artitv-Tporks; k+p+o . b

for I——p—a<1/<1,

"(7F)

Where



T e

196 J. L. Lopez and C. Ferreira

is the Gauss hypergeometric Junction,

(—1)%+! el (k+1) ({41,

(k + o+ O-)Zk+p+o = j aPti—1potk+t—f

-3)

lim < log(t),¢£k+l) >=
7—0

' o Lk+1+o—;
x[(log(az) g ¢(k+P+C’))F(k+1+p+g

Li+1+o0—j
Ff H
* (k+1+p+0

Where

is the derivative of the Gauss hypergeometric function with respect to the
parameter v and

& (OO Frmis(®)
i < f , =(n/s5) = (-1 nfs (H/S)/ ' : n/s—j/nnls .
??1_1;% nn/s So'r.? ( ) ; ¥ 0 (r + aZ)_]'Fp(t + bZ)rz/s—JH-o-

forl —p—o<ag<i.

Proof:  The proof of the first, second, and last equalities is similar to the
proofof the corresponding equalities in Lemma 3. The proof'of the third equality
isalso similar, but considering the integrable function £~ + az| 7| bz|™77
withi <j=0,1,2, ..., kinstead of £¥)e+ 2747 and using formula ([12],
p. 303, Eq. 24). The proof of the fourth equality is similar to the proof
of the fourth equality in Lemma 3 using the bound |z + az| Pt + bz 77 < Jr +
azl ™" {t + bz| TP apg using the derivative with respect to «v of formula
([12], p. 303, Eq. 24) instead of ([12], p. 489, Eq. 7). ‘ "

With these preparations, we are able now to obtain asymptotic expansions of
the integrals (3) for large z. This is achieved in the following theorems,

THEOREM 1. Let J®) be a locally integrable function on [O,oo] which
satisfles (4) with 0 < ¢ < Us. Then, for p >0, 7 ¢ C\R™, a + p + KJs
1, andn = s, 2s, 3s, ... ‘

00 -1 . —a—k/g nfs—1 1k
fo f(2) dtzzakl"(p-l-a—l-k/s DI(1 ~ o k/)+2£_1)_

(t + Z)P = P( p)z,o+a+k/s-l s ke
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STk /5 +p+ o~ 1)ay, 2T L MIfik+ ]
) [Z LkF /s + ) simgas 7y + 2 o

J=0

+ Rn,s(p; Z): (16)
where the remainder lerm satisfies
Jrnys(2)dt

o0
RH, (p;z) = (p)n _5'/ _‘_——7
5 / 0 (t+z)n/s+p (17)
empiy sums must be understood as zero and f, (&) is defined in (5).

Proof: It follows from Lemmas 1 and 3 when using the reflection formula
of the gamma function angd formula

< t‘k/s'*'a, (pn = < tﬁy, QO,(?[k/s-’-aD > lf k/S + o ¢ N

kvl (18)
withy=k/s+a—~[k/s+a]. _ [

THEOREM 2. [er SO be g locally integrable Junction on [0, o] which
satisfies (4) with o = 1/s, Then, for p>0,z ¢ C\R™, p+(1 + K)s>1andn= s,
25, 3s, ...,

AQ) dtr_ia,cr(f’*“”)/s“UPU—("“)/S)

o (t+2)° T(p)zoH(t+8) /51

nfs—1 1y
+3 { ot e oo gty

0
DU Tlot kit (4 1)s— DI = (j + 1))
PTGy 2% T (G DL

() !
+dsk 1 > +Rn,s(p§z))
(&+ )‘Zk'i-.ﬂ (19)

where, for k = 0, 1,2, .., the coefficients dsr1y are given &y (10), (11) or

(_I)H/S ) /T y fts—-2 akT(n—k—I}/3+1
s =) )4 #7/s A
Arts (/)T ) T o (Bt + ]; (k—n+ 1}/s—1

s=2 (7/s) @y a”_k___‘
~lnps-1 IOg(T)J + ; ([_(ﬁm i (k :— 1)/5)
N n/s nflw}’

= = U+ 05—k, . (20)
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empty sums being understood as zero. The remainder term R, <(p; z) is given
by (17).

Proof- From Lemmas 2 and 3 and formula

—1 y
i (k+1)/seN.

or formula (18) with a = Vs if (K + 1)/s ¢ N, we immediately obtain formulas
(17) and (19), but with the coefficient dy1y given in formulas (10) or (11).
Introducing

< t"‘(k'*‘].)/s’(‘an >:

n—1

50 =0 =

k=K

in the integrands on the right-hand side of (10) and after simple manipulations
we obtain (20). n

THEOREM 3. Let f{t) be as in Theorem 1. Then, for az, bz € C\R™, p, o> 0,
at+p+aotKis>1 andn=s5,2838 ...

0 nfs—1i b Ts—1
[ &K (-1 Bi,
A (t+ az)’ (¢ + bz)° dt = Z P 20:‘—"_“Za+j/5_1 + G

k=0 =

—1
Ay
+ "_—'—"_'"‘R X P, Z
;sz+a+a+k/s—l ns( ? )’ (21)

L@
b ?

where the coefficients Ay, By, ; and Cy are deﬁned by

AkEakF(l —a—k/s(p+otatk/s— I)F(l —a—kis,o

T(p+ o)artorkis=1b p+o

nagy;  Dk+ptotati/s—1)

Bl = at(a +7/5)m) Tlo + k+J/T(k + p+0)

kN ( l—a—j/sk+o—1
ORC), a—jlsk+o a
X Z( l) aP+I+C¥+j/S—1bU’+k—[F k + p +0 ) 1 - -b—

=0
and

nfs—1 k '
S MfE+] N (0)[{0)ky
Ce = Z i Z(J) ap+j'bk+0'—j’

£=0 J=0
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emply sums must be understood as zero and the remainder term satisfies

i H/S . 0 ﬁz,n/s (t)dt
Rn,s(p, ; )—. Z( )(p)( )n/s—-J/O‘ (t+az)f+p(t+bz)n/s+a—f’ (22)

J=0

where f,, (2 is defined in (5).

Proof:  The proof is similar to the proof of Theorem 1, but using Lemma 4
instead of Lemma 3. N

THEOREM 4. Let f(f) be as in Theorem 2. Then, for az, bz € C\R™ s P, 0> 0,
pro+(1+K)s>1andn=g 2s, 3s, .

o =1 nfs—1
S Ay (-1)
fo (t+az)’(¢t + bz)" ; Zotor(1i it T g htote

s—2
Crj
[Bk[log(az) Y=Yk +p+o)] + B+ Z (J+l)/S— + DkJ

+ Ry 5(p, 0;2), (23)

where empty sums must be understood as zero,
a
-3 )

AkEk

(I-—(k+1)/s)P(p+cr+(1+k)/s_ 1) —~(k+1)/s,crl
P(P + a)art(l+e)/s~1po ( p+o

B, = - Gstirn) %(’H‘l) (02101 s

kl(k +p+ O') I aPti-1po+ii1-]

_a
b H

F(Lk+l+a—l
k+1+p+o

B = HsGt)-1 kii k"‘l (@)1,

k !(k +p+o) & afti=-1po+k+1-7
><F,(I,k+1+rf—l _3)
kt1+p+to b)’

=g I'(1 - (j—l-l)/s)f‘(k-i-p-f-cr-!-(]-f-l)/s—I)
B ek (G +1)/8) Tk +p+0)

k : ‘
k 1=+ 1)/s,k+0~1
% Z( ) .0+1+E’(‘)J£§7s)—k1_la+k—l F ( U /
=\ /) artil botk- k+p+o

a
1-2)
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and
k
_ K\ (0)0)y
Dy = (—1)%dypqy ;(j)wa
where dgg1y is given in (10), (11), or (20). The remainder term R, ((p, 0;2) is
given in (22),

P}fooﬁ The proof is similar to the proof of Theorem 2, but using Lemma 4
instead of Lemma 3, ]

3. Error bounds

In the following theorem, we show that the expansions (16), (19), (21), and (23)
given in Theorems 14, respectively, are, in fact, asymptotic expansions for
large z.

THEOREM 5. In the region of validity of the expansions (16), (19), (21), and
(23), the remainder terms R, (p; z) and R, {p,0;2) in these expansions satisfy,

i # . Cy
|Rns(p32)| < W;:T, |Ras(py0i2)| < [t 24)
fs>lor0<a<l and
Cnlog |z| Cylog|z
[Rus(p;2)| < TTI"*—”——’ |Rus(p, 032)| < W (25)

if s = a =1, where the constants C, are independent of |z| (it may depend on
the remaining parameters of the problem). '

Proof: On the one hand, £,(¢) = @(r/°=®) for t — oo (with 0 < a < 1/
5) then, there is a certain £, € (0, 00) and a constant C) ,, such that | £,()] <
Cy, t77% Y ¢ € [ty, 00). Then, introducing this bound in the definition (5)
Of fo.nis(f) we obtain the bound | £, ()] < C .t %V ¢ € [#,00], where Ca,, is
a certain positive constant and 0 < o < 1/s. On the other hand, f, ..(f) is
bounded on any compact interval in [0, co] for 0 < a < 1 and f (9
is bounded on any compact interval in (0, co) and @(logfyast — 0" fora=s
=L Then7 Vie [0, tO]& |f1‘1,nfs(r)| < C3,nt_a for 0 <a<1and |f;r,n(t)| < C3,n
(Jlog 4 + 1) for o = s = 1, where C; ,, is a certain positive constant.

If we divide the integration interval [0, oc] in the definition (17) of R, ;(p; 2)
at the point 7, and introduce these bounds in each of the intervals [0, 7] and
[t0, 0], we obtain the first bounds in (24) and (25).
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Using the inequality | traz| ™" e+ bl ™7 <t az)P0 [£+b2]7""7in (22) and
the above mentioned argument, we obtain the second bounds in (24) and (25).m

The bounds (24) and (25} are not useful for numerical computations unless
we can calculate the constants C. in terms of the dates of the problem [p, o, a,
b, Arg(z) and f(#)]. The following two propositions show that, if the bound
@& < Cppt™ " holds ¥ ¢ € [0, co] and not only for ¢ & [y, oo] then, the
constants C,, may be calculated in terms of Cin

PROPOSITION 1. If for s> 1 or 0 < a <1, the remainder L0 in the
expansion (4) of the finction S satisfies the bound /@] < cut™ %y 4 ¢
[0,00] for some Dositive constant c,, then, the vemainders R, (p; z) and R, s(p,0;
z) in the expansions (16), (19), 21), and (23) satisfy

1 - a, £ + a + - 1 N z
Cn?'rl“(f-f—p-!-a—l)ﬁ'[ (ﬁip—f-l)/pz sm2(A‘§())]
,Rn,s(p§ z)l < - 2 v
D(2+ a)T{p)]sin(mar) 121
(26)
and
an,s (0,03 Z)J

l~o2+a+pto—1]
L2 —1 s L1 =
el 4+ p+o+ o )F[ (§+p+0+1)/2 ’2(1 ICZI)J

< n
LS + @) + o) sin(ma)|JezfFFoHo+a~T

(27)
where ¢ = Min{lal,|b|} and r = Min{Re(az), Re(bz)}.

Proof: Introducing the bound |, < ¢, in the definition (5) of
Jnnis(®) We obtain :

@) < =22

m v fe[0,00].

Introducing this bound in the definition (17) of R,(p;z) and using the
duplication formula of the gamma function and ([12], p. 309, Eq. 7) we obtain
the first bound. The second bound is obtained by using the inequalities |¢ + az]?
Jt+ bzl > 2 + 26+ |z in the definition (22} of R, (p,0; z), formula ([12],
p- 309, Eq. 7) and the equality

n/s ) .
n/s . - o) 28
S ()i =00, )
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PROPOSITION 2. If, for s = a. = 1, each remainder f,(f) in the expansion (4) of
the function f(2) satisfies the bound |£,(5) < ¢,t™" "' V ¢ € [0, oo] for some
positive constant c,, then, the remainder R, \(p;z) in the expansion (19) satisfies

&l (n+p~1/2)F [léﬁf ot 1_)/12/ 2,Si“2(Ar—§@)]

L(n+ 1/2)T(p)lf"~/2

IRu1 (032)) < =R{"(p;2),
(29)

where &y = Max{CpCo—; + |@n_;|} and

<
v
hi

L+
zZ

(p)n { E(cn—l + Ian—l D + ¢y

l‘R”’l (,0, Z)l < szn'l'P (n _ 1)!(_)(2,)n+,0 o |:10g IZ]

(n + p){[2¢ + Re(z) + [Re(2)) (||~ — 1) + (|Re(z)| — Re(z)] log ||} F

+ 2n+p+1)z+¢
4¢ 4 Re(z) + |Re(z)| — 2¢l¢] 2|e +2|F- = R2(p: 2
2¢(n + p + 1)z " e+ )P — 1] IZI] } =Rlpi2) (30)

Where € is an arbitrary positive number,

F,

2—an+p+a
(n+p+3)/2

w229

and

1 if  Re(z) >0
O(z) = { |sin(Arg(z)| if e> —Re(z) >0
(1 +efz] if ~Re(z)>e>0.

For large z and fixed n, the optimum value for € is approximately given by

2= Cn 2F 4 + [Re(z) + {Re(z)|]Fo
n{Cn1 4+ |@n1] | (n+ p)* — 1 2m+p+ Dz | (31)

The remainder R,,\(p,0; z) in expansion (23) satisfies

IRn1(p,0:2)] < RO (0 + 0;az) + RW (p + 03 b2) (32)
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Jori=1,2 . Ifa b and z are positive real numbers, then
N | Pl
‘er,l (,O;Z)‘ < {nf(cn—l + |an_| () +Cn[Sn(Z7 €p) + Tu(z, €, P)]};%Zﬁ%} (33)
where € is again an arbitrary positive number,

— wtin ] 72l(e 27 oy
Sn(Z; 6,,0) = Mln{sz(ﬂ + 1) + 7y

and
e z
Lizep)=— > p 1 1; .
M(Z 10) (n+p)(€+z)n+p (n+p 5n+p+ ’E‘{‘Z)

For large z and fived n, the optimum valye Jor € is given by

TP R 3

The remainder R,, 1(p. 0, 2) in expansion (23) satisfies the bound (33) with p
replaced by p + ¢ and » by ez, : .

Proof:  From |f,_, () <ecpit vy ¢ [0, oo] and () = £, () — @yt ™"
we obtain |£,(5)] < (c,_ Ve, DYt e [0, co]. To obtain the bound (30) we
divide the integral defining f, .(f) in (5) by a fixed point ¥ = ¢ > ¢ and use the
bound |£,(9] < (c,~1 + | @y_1Df ™" in the integral over [z, €] and the bound | S@)
<™ in the integral over [, 00). Using u — ¢ < u in the integral over [, €]
we obtain : o

[fon(2)] < Zr_ll—)![(cn-l + ]an_ll)log(f) +£€’i] Vi €[04, -.e >((;.5)

On the other hand in, ¥z € [0, oo] we introduce the bound £ < e, Vin the
integral definition of Jnn(®) and perform the change of variabie y = 1, We obtain

ey 1 ‘
(@) < Ar Y 1€ (36)
We divide the integral in the right-hand side of (17) at the point ¢ = ¢ and use
the bound (36) in the integral over [e, oo] and the bound (35) in the integral over
[0, €]. We obtain ' .
Pl
IR (p32)] < % .
1 1 -1 ol
dt log(r=1dz f dt J
Cn | 4 ne(Cay + la, oo te | —— |
[n /(; ]et + Zln+p E(C 1 , n ID o fEt + erz-ha g | t]et + zln+p

(37)
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Removing a factor 21" from the denominator in the integrand of the two first
integrals on the right-hand side of (37) and using the bound letfz+ 1| > O(z), we
easily conclude that those two integrals are bounded by [IZ2l9@)] 7. On the
other hand, we perform the change of varjable ¢ — lz[¢ in the third integral on
the right-hand side of (37) and integrate by parts to obtain

o dr log (2|
n+p —
i /1 et + 2™ |1y ejgpee T2+ p)

§ /oo {et + cos[Arg(z)]} log ¢dr .
B { (et + cos[Arg(Z)Dz‘*"Sinz[Arg(z)J preora

Now, with the change of variable ¢ —s g + Iz~ and using —loglz| < log(#/e +
Y <te+ Z1vse [0, 00] and ([12], p. 309, Eq. 7) we obtain (30).

To obtain (29) we use [ et and 0] < (e, + l@n_y[) £, Then,
we have £,(1) < ¢, ™" "2if t > | and Il < (Cuy + i) 12 i1 <1
Therefore, £,(z) Sty 4 o [0, 0o]. Then, Jo(?) satisfies the bound required
in Proposition 1 with s = l,a=1/2 and ¢, replaced by¢,. Repeating now the
calculations of the proof of Proposition 1 we obtain (29).

If we get rid of irelevant terms for large z, the right-hand side of (30), as
function of ¢, has a minimum for e given in (31).

Bounds (32) are obtained using the inequality [t + az)™7) + bz™7 < I +
azl T+ |t 4 bz 7P i the definition of R, (p, 0; 2} and formulas (28), (29),
and (30).

Bounds (33-34) and the bound for R, 1(p, o; z) for real positive q, b, z have
been obtained in [10]. n

The foliowing two lemmas introduce two families of functions £(r) that
vetify the bound | £,(¢)| < ¢, v € [0, co]. Moreover, for these functions
J(#), the constants Cn can be easily obtained from F.

LEMMA 5, Suppose f(?) satisfies @with0 < o< 1 /s, and consider the
Junction &) = uosf(y~s —Z;;K at. If g(w) is a bounded analytic
Junction in the region of the complex Ww-plane consisting of all points ar g
distance < r from the positive real axis (see Figure 1), then,

(@) < Cemnpmnto=s

where C is a bound of lg(w)l in that region and 0 < ¢ < p.

FProof’ From the asymptotic expansion (4) and the Lagrange formula for the
remainder in the Taylor expansion of g(u) in u = 0, we have

n—1
8) = aul + R (u),
k=0
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Im(w)

Figure 1. Analyticity region for the function g(u) considered in Lemma 5. The integration
variable 2 in (5) is real and unbounded; therefore, the analyticity region for g(i) must contain the
positive real axis. The circle of radius® ¢ centered at £(u), with 0 < £() < u, used in the proof of
Lemma 5 must be contained in this region and therefore, ¢ < 7,

where
_ 1)
R,,(u) = n'“Tu"-— _ i, 66 (O,u).

Using the Cauchy formula for the derivative of an analytic function,
" 1
a"glu) _ Gl / g(w) dw,
du” 2wl fo (w— §)”+1

where & is a circle of radius € around § into the region of analyticity of the
function g(w) (where it is also bounded). Then, for fixed & and ¢, performing the
change of variable w = ¢ + ce”, and using |g(€ + ee®) < Cfor 6 [0, 27) with
C independent of 4, ¢, and €, we oblain the desired result. [

LEMMA 6. If the expansion () (with 0 < o < 1/s) satisfies the ervor test, then
AOI<al™= and  |£()] < lay_, | O-Ds-a

Proof: A proof of the first inequaiity can be found in ([13], p. 68). The second
nequality follows from the first one, from sign [£,(#)] # sign [ £, (9] and

n—1|

AR GRS

COROLLARY 1. Jff(#) satisfies the hypotheses of Lemma 5, then R, {p; z) and
R, (p, o3 2) satisfy the bounds given in Propositions 1 and 2 with ¢y = Ce ™
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Moreover, these expansions are convergent when the parameter 1z (or Pk

with ¢ = min{|al,)bl}) is longer than the inverse of the width of the region
considered in Lemma 5 (see Figure 1), more precisely, when

Sl =21 if p<l or gl >1 it p=21

in Theorems I or 2,

eflezl =1 if p+o<i or Slez| >1 i p+ozl

in Theorems 3 or 4.

For o =s = 1, the convergence of expansions (19) and (23) also requires that
Jim,_.oot” taz " =0 and lim, oot taycz) " = 0, respectively.

COROLLARY 2. If the expansion (4) of f(t) verifies the error test, then R,
(p; 2) and R, s(p, 2) satisfy the bounds given in Propositions 1 and 2 when
replacing c, by (@l and ¢, _1 by 0. Moreover; the expansions given in Theorems
1 and 2 are convergent when the coefficients a, in the asymptotic expansion 4)
verify limu—ooht” ~lg,z7™ = 0. The expansions given in Theorems 3 and 4
are convergent when the coefficients a, verify T, oo’ =Yg {cy ™ = 0,
¢ = min{lal,|bi}.

4. Examples

An important family of functions f(¢) in many applications, (Feynman diagrams
in quantum field theory ([6), Ch. 6), ({7], Ch. 7} or symmetric elliptic integrals
({141, Ch. 12) for example are defined by integrals of the form (3) with f()
given in (37).) has the form

| i
f) = EW’ | (38)

where s € N, x1, .-, Xv 2 0, 1 X1 -0 - pn—1Xn—1" 0, finEN > 0and uy <s
if xy = 0. This family of functions trivially satisfy the hypotheses of Lemma 5
with 7! = Max{xy, ..., Xn}- Therefore, the bounds of Corollary 1 apply to
the remainders in the expansions given in Theorems 1-4 when f(¢) has the
form (38). However, we can show that they also verify the hypotheses of
Lemma 6 and then Corollary 2 applies, too. Define

N
H= Zuk-
o k=1
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For js ¢¢ N, the asymptotic expansion of J@Win =00 ig given, for n = s, 25,
35, o n > [u] by (4) with o = (u—[u])is and K = [,

-1

i
fo=>" POy A ()
k:[lu,] t( 1t [ﬁ”/ (39)
where empty sums must be understood as zero. For j = 0,12, ...
.1 gk s
e+ = Tim - a7 ()] (40)

and fo(£) = @(e=0+llsy g 4, oo, Then, we have the following lemma.

LEMMA 7. For 4 EN,n>u), andvt e [0, 0], the remainder term St in
the expansion (39) of the function (1) defined in (38) satisfies the ervor test.
More precisely, sign| f(t)] = sign(a,) = sign(~1 Ve ang then,

A0S e s

,an—ll
()] < ot dons JSor a > u 41

Proof:  The Taylor expansion of u~* (@ yatu=10ijs given by
—l¥-1

N n
I = IO na)™ = S g
k=]

k=0

Applying the binomial formula for the derivative of a product we realize that
the nth w-derivative of u *f(u™") has the same sign as (~1Y'V y ¢ [0, oc].
Then, sign(a,) = sign(—1Y"b gor 4, 2 [1e] and, by the Lagrange formula for the
remainder s~ # J(#™%) we obtain that sign( /(] = _sign( -1y for = [u] and

On the other hand, for # €N, the asymptotic expansion in ¢ = oo of the
function f(7) defined in (38) is given, forn = 8,25,3s,...and n Z i~ 1,by(4)
with & = /s and K=y — 1

H-=-1

203
f(t) :k;] [F£1)/s +f;t(t): (41)

where empty sums must be understood ag zero. For k& = 0, 1, 2,...,

k

Ghsims = lim 2o 1o

=0 k1 gk (42)



208 J. L. Lépez and C. Ferreira

and f,(f) = @ +05) as 1 — oo, Then, we have the following lemma.

LEMMA 8. Forpe Non> u—1andVte [0, oo}, the remainder term £,(f)
in the expansion (41) of the function J @) defined in (38) satisfies the error test,
More precisely, sign[f,(9] = sign{a,) = sign[(—1Y""**] and

fﬁ(t)lg%ﬁ Jor  n>p-—1, [12(2)] ﬂ%sl—[ Jor  n>pu.

Progf:  Similar to the proof of Lemma 7 when replacing [u] by 1 — 1. |

COROLLARY 3. Theorems 1 and 3 hold Jor the function f(f) given in (38}
FugNwitho=(u— (1]Vs, K = [u] and a; as given in (40). Moreover,
Jorn=5 2535, ...and n > (1] . the error terms R, ((o; z) and R, p, o}
z) in the expansions (16) and (21) satisfy the bounds given in Proposition 1
with ¢, = |a,|.

COROLLARY 4. Theorems 2 and 4 hold Jor the function f() given in (38) ifu
e Nwitha =14 K= u — 1 and ay, given in (42). Moreover, for n = s, 2s, 3s,
...andn > p — 1, the error terms Ry (p, 03 2) in the expansions (16) and (21)
satisfy the bounds given in propositions 1 and 2 when replacing ¢, by |a,| and
Crn—1 by 0.

Two specific examples that show the accuracy of the expansions given in
Section 2, and the error bounds of Section 3 are given below.

4.1. The tadpole in the theory of the scalar field in 3 + 1 dimensions

The mass renormalization of the scalar field in 3-+1 dimensions regularized by
means of high derivatives ({15], Ch. 4, Sec. 4) requires the calculation of the
integral '

_ 2 [ Pdp
Lsp(m, A) = ',",?4/0 &+ m)(p> + Ay

where m is the bare mass of the scalar field, A is the regulator parameter, and
the parameters p> 0 and s € N verify sp> 1. Physical observables are defined
for large values of the regulator parameter, and then an approximation of the
integral for large values of A is required. By means of a simple change of
variable, this integral reads

1 o0 ‘ IZ/S—fdt
Liplm, A) = 25 /0 @+ o)+ MDY
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Therefore, it has the form considered in Theorem 2 with z = A%

and
tZ/S—l 0 (___mZ)k“-S
O =—m———en S (43)
m* (113 4 m2) S fk+1)/s

Ifs =1 then I ,(m, A) may be approximated by Wong’s methods. Therefore,

we consider the case s > 2. Then, the asymptotic expansion of f(#) for large
¢ has the form considered in Theorem 2 with K=ys—2and

Q=aq =---=g;3=0

& = (_mz)k_s: k=5—-2 5~ Ls,... (44)

Then, applying Theorem 2, we have

n/s—1 (_1)k(s+1)-l(p) m2(sk—l) A 2s

k=0

N i ISP 4 kg (1 1) /s — DI~ (j+ 1)/
i=h mAU-O=A1(j + 1) /5], T (p) AZBGH=115+1]

ds(k+1) (P)k .
Tt [ T Ruse(miA), (45)

where jo = max[0, s(1 — K)—2], dy1y is given by (10), (11), or (20) and the
remainder term is given by (17) with z = A%, Using (11), ([14], p. 41, Eq. 3.2)
and the duplication formula of the gamuma function we obtain

p oy = (_l)k+.5‘ s{k+1)-2 (—-l)jmzj +k'322 (_I)sk+jm2(sk+j)
D T s j E=U+D/s+1 7 T LG+ D s = 1)y,

i ,=Zl pre [(Z+1)/s - j),

k s(k+1)-1 (—I)[(k ~j+2)-_1m2[}
The function (43) has the form (B8 withN=2, y; =1, o= -— 2 and ay, given
in (44). Therefore, applying Corollary 4, ‘we obtain, forn > s — 2,

im0 ((n + 1) /s + p — 1]
< L(p) sin(r/s)T[(n + 1) /5] A26G-Da+T) * (46)

jRn,s,p (m; A)

This bound shows that exp.

ansion (45) is convergent for m < A if p = 1 and for
m< Aifp<].
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4.2. The third symmetric elliptic integral with two parameters large
The third symmetric standard elliptic integral is defined by ([14], Ch. 12)

dt
Ve )+ (t+2)(t+p)

3
RJ(x:y': Zap) = _2"

where the parameters x, y, z, and p are non-negative. The integral (2/3) R;(x, az,
bz, p) with z large (and |az| < |bz[) has the form considered in Theorem 3 with
s=1,p=oc=a=12,K=0and

1 n—1
0= ey~ L T

Therefore, the asymptotic expansion of (2/3) R;(x, az, bz, p) for large z
follows from Equation (21) in Theorem 3. Coefficients a; = (—1) “4](x,p) are
trivially given by 4J(x, p) =0 and, for k=1,2,3, ..,

=y, .,
M) == 3 L @)
=
The Mellin transform M[ £ &k + 1] in the coefficients Cy in formula (21) can
be obtained from ([12], p. 303, Eq. 24). Therefore, applying Equation (21} we
obtain

3 220 [ 4l (x, p)Bila,b) | 2(—1)**K*12Ci(a, b)T(1/2 — k)
Ry(x,az,bz,p) :—2—;[ sy e Py

0
k+1,1

X F
3/2

x):l —i—RJ(x az,bz,p), (48)

where, for k=1, 2, 3, ..., the coefficients Bi(a, b) and Ci(a, b) are given by

By(a.b) = 2":1"]—!—1/2)1“:% j+1/2)F(1/2,k—-j+1/2\1_%)

o3 Mk —jYaibbrlz k+1

and

£ (1/2),(1/2)..
go( ) aibk—f .
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Function f, (?) satisfies the conditions of Corollary 3 with =3/2, Therefore,
for x, p, az, bz, €, C\ R~ and n = 1, 2,3,.., the bound (27) holds for (2/3)
R(x, az, bz, p) setting s = | P=0=a=1/2 and Cn = |4, P)| given in (47).
Therefore,

MA@, [1/2,n 4172 r
ot < S| 2(-)] ()

where » = Min[Re(czz),Re(bz)].

s, Conc]usions

those theoremg has been proved in Theorem 5. This kind of Integralg
frequently appears in the berturbative calculations of physical observables in
quantum field theory (a Specific Cxample has beep Considered in Section 4.1).

In Propositiong ] and 2, we derjved error bounds for these CXpansions when

then the constant ¢, may be casily obtained from £(7) (Lemmas 5 and 6 and
Corollaries | and 2), ' '

In particular, in Corollaries 3 and 4, an error bound for the remainder term of
the expansions given in Theorems -4 has been obtained for the family of
functions £ (#) defined in (38). This family (which verifies Lemmas § and 6) is

obtained from the CITOT test, and, as numerical Computations show (see Tables 1,
Z and 3), they exhibit remarkable accuracy,
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