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Abstract

The Hurwitz-Lerch zeta function @ (z, s, a) is considered for large and small values of a € C, and
for large values of z € C, with |Arg(a)| < 7, z ¢ {1, o0) and s € C. This function is originally de-
fined as a power series in z, convergent for Jz| < 1,5 € Cand | —a ¢ N, An integral representation is
obtained for ¢(z, 5, @) which define the analytical continuation of the Hurwitz—Lerch zeta function
to the cut complex z-plane C \ [1, 00). From this integral we derive three complete asymptotic ex-
pansions for either Jarge or small ¢ and large z. These expansions are accompanied by error bounds
at any order of the approximation. Numerical experiments show that these bounds are VETY accurate
for real values of the asymptotic variables.
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1. Introduction

The Lipschitz—Lerch zeta function is defined by means of the infinite series:
0 ekmix
R a, x, = o g
@x,9) Z (a+ k)
k=0
with 1 —a ¢ N and 3x 2 0. If S > O the series converges Vs € C and represents an
entire function of 5. If 3x = O the series converges absolutely for 9ts > 1. This function
was introduced and investigated by Lerch (8] and Lipschitz [9] in connection with Dirich-
let’s famous theorem on primes in arithmetic progression. If x € Z the Lipschitz-Lerch
zeta function reduces to the meromorphic Hurwitz zeta function £(s,a) [11, Section 2.3,
Eq. (2)] with one single pole at 5 = 1. Moreover, ¢(s, 1) is nothing but the Riemann zeta
function ¢ (s).
Erdélyi used a different notation [3, Section 1.11, Eq. (1)] for the Lipschitz—Lerch zeta
function:

§,x,a€C,

&0 k

¢'(z,s,a)“——tz d

— 1-— , , . 1
k=0(a+k)~" a¢N, seC, |z) <1 (1)

This function is called Hurwitz-Lerch zeta function and is related to the Lipschitz—Lerch
zeta function by the equality & (€27, 5, ¢) = R(a, , 5).

Properties of the Lipschitz and Hurwitz-Lerch zeta functions have been studied by
many authors. Among other results, we remark the following. Apostol obtains functional
relations for the function R{a,x,s) and gives an algorithm to compute R{a, x, —n) for
n € N in terms of a certain kind of gencralized Bernoulli polynomials [2]. The function
R{a, x,s) is used in [5] to generalize a certain asymptotic formula considered by Ra-
manujan. Asymptotic equalities for some weighted mean squares of R(a, x, s) are given
in [6]. Integral representations as well as functional relations and expansions for @(z, 5, a)
may be found in [11, Section 2.5].

Asymptotic expansions of R(a, x,s) have been investigated by Katsurada [4] and
Klusch (7). Klusch studies some properties of this function resulting from the Taylor ex-
pansion of R(a + &, x, 5) in the neighborhood of & = 0. Moreover, the author establish the
common source of various classes of summation formulas involving infinite series of zeta
and Hurwitz zeta functions which are collected and unified in [10]. On the other hand, Kat-
surada derives power series and asymptotic series for R(a, x, s) in the parameter @ using
Meliin transform techniques. Error bounds are not given there, |

However, complete asymptotic expansions including error bounds of P(z,5,a) for large
and small ¢ and large 7 are not fully investigated. The purpose of this paper is to generalize
the above mentioned expansions for R{(a, x, 5} to expansions for &(z, 5, a) including error
bounds. Moreover, we investigate also asymptotic expansions of €(z, 5, a) for large 7 with
error bounds. '

In Section 2, we derive the integral representation of ®(z, 5, a) from which, in Section 3,
we derive complete asymptotic expansions of this function in the limits mentioned above.
We use the error test and Cauchy’s integral formuia to obtain error bounds at any order of
the approximations, Numerical examples are shown as an illustration in Section 4.
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2 Analytic continuation of the Hurwitz—Lerch zeta function

" The s"'tar.t.ing point to derive asymptotic expansions of @(z,s,a) is a suitable integral

representation [11, Section 2.5, Eq. (4)]:

x5 1 e~ a4

1 —ze™*

: 00
ot .—_=_.5' 1
- &(z,5,a)= o) [ dx, Ma>0, Rs>0, z¢[1,00). (2)

| ThlS integral defines the analytic continuation of ®(z, s, a) defined in (1) to z € C\[1, c0).

But the parameters @ and s are restricted to the half-planes fa > 0 and 9is > 0.

We can continue analytically ¢ (z, s, @) in both, a or s, to larger regions in the complex
plane. In order to continue (z, s,a) to Ra <0, we consider an angle ¢ in the set (see
Fig. 1)

Ag=|p e (—n/2,7/2), |Arg(a) + | <7/2}.

In what follows Arg(x) means the principal argument of x: Arg(x) € (=7, 7).
We define the z-set: S

0 = C\[I,c0) if Ra >0,
= 1{zeC, Iz] <1} ifNa<gO.

If |z} < 1 then the sector {w € C; 0 < Arg(w) < ¢} does not contain any of the poles
of the integrand in (2): x,, = logz + 2inm, n € Z. Then, using the Cauchy residue theorem
we obtain from (2) that, for fixed s with Rs > 0 and fixed z with |z| < I, the analytic
continuation of ®(z, s, a) in the a variable to iz < 0 is given by
i 7

x.s'—le--ﬁx

X, @eA,

] X
P(z,5,a) = S
0

1 —ze—*

)

Fig. 1. For a fixed angle ¢ ¢ (—m/2, 7r/2}, the parameter ¢ defined in A, must be contained in the shaded region
of panel (a): Arg(a) € (—7/2 — @, /2 — ). For a fixed parameter « in Ag, the angle ¢ must be contained in the
shaded region of panel (b): ¢ &€ (—n/2. 7/ N {(~r /2 — Arg(a)}, /2 — Arg(a)). Observe that ¢ = — Arg{a}/2
is always in Ag. .
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A straightforward computation obtain from (2) that, for fixed a € C \ R~ the analytical
continuation of ®(z,s,a) in the complex s plane to the region s € C\ N is given, for

z € £2, and | Arg(a)| < 7 by

ir(l — _pys—1 ,—ax
@(z,s,a)=l (2:: s)[( ) dx,
Ly

3)

1 —ze™*

where £, is the Hankel’s contour shown in Pig. 2 with ¢ =0 if la > 0 and ¢ € A4
if ta < 0. This contour must not enclose any pole x, of the integrand, and the branch
of Arg(x) through the contour is chosen as ¢ < Arg(x) € ¢ + 2n with Arg(—x) =
Arg(x) — 7. This last formula may be proved by deforming the contour £, into two half-
lines which proceed from oce? to 0e'® and from O’ {$+21) 10 c0et (P+27), Therefore, we
have the following proposition.

Proposition 1. The analytical continuation of the Hurwitz-Lerch zeta function d(z,5,a)
definedin(1)toz € 25, a € C\R™ ands € C, is given by

xs—-le—ax
1

cD(z,s,a)=L(s)f—-—-——-—dx, (4)
ciP

—ze™*
where
o L@ g6 >0
(i) L{s)= {i(zn)—leir(l-5)r(1 -5) ifs¢N,

L [10,006%)  ifR(s)> 0,
(if) Co= [L‘,(,, (Fig.2) ifs¢N,
p=0 fR@=>0

(iif) { pe Ay if(@) <O0.

Im(x)] méxf
logz4 logzg
\\ \\ N Rex)
% ]
logz-2mi4 logz-2mi
@ b)
Fig. 2. Ha

nkel’s contour involved in the integral representation (3) of @(z. s, &) with @ = 0 if Ra > 0 (panel (b))
and @ € A, if Ra < 0 (panel (@), It surrounds the half-line [0, 0ce’®) in the counterclockwise direction and, for
7 € 24, it does not enclose any pole xp =logz + Inmi, n € Z, of the integrand in (3).
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3. Asymptotic expansions of the Hurwitz—Lerch zeta function

The integral representation (4) given above is the starting point to derive asymptotic ex-
pansions of @(z, s, a) for either large or small @ or for large 7. These expansions are given
in Theorems 1-3. Error bounds are obtained for Jts > 0. Empty sums must be understood
as zero in the remaining of the paper.

We recall here the definition of the polylogarithm function Li,{z) [11, p. 114] that we
use in the following theorem:

XLk
. . Z
Li,(z) = E ‘E‘,‘;, 2| <1, neZ. (5)
k=1

For —n € N or n = 0, this function may be continued analytically to the whole complex
plane as a meromorphic function of z with a single pole at z = 1:

. 1 . d .

Lig(z) = ——,  Li_a(2) =z—-Lij.x(z), neN. (6)
-z dz

Theorem 1. For | Arg(a)| < x, s € C and z € §2,, an asymptotic expansion of ¥(z,5.a)

for large a and fixed s and z is given by

1 phin (=1)" Lip(z) {s)n

1
P(z,5,a)= Tz > o ot T RN G s, a),

n=1

N=123,..., )]

where Lin(z) is given in (6) or in (5) for |z| < 1. The error term verifies Ry(2,5,a) =
a—N—%) as |a| — oo with Arg(a) fixed. More precisely, for Ws > 0, an error bound for
the remainder is given by

2NHLC (M (N + 9is)

Rn(z,5,0)| < 8
[RN(z. 5. 0)] NI ()] G Vs 8)
where
_ | 1Arg(z)| izl 21,
r(Z)_[*loglzI‘ Flal <1,
B _[iAg@)/2 iflzl > 1,
Cly=Il-e ! ? Bly= loglz|/24iArg(z) iflzl< 1. ©)
Proof. We introduce the Taylor expansion
N-1 .
1 (—1)*Li_y{z
;:;;=§:————ﬁlf+mux N=123,..., (10)

n!
n=0

into the integrand in (4), where ry(x) = @(x") as x — 0. This is obtained by noting (6)
and the fact that (upen ze™ = &) :

ay_t _(_ P_)_’_’
(Bx) 1—ze~{,q ‘sag -8,
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the contour C in the definition
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Interchanging surn and integral we obtain (7} with

Ry(z,5,a) = L(s) f xlemax oy drx,
C

]

In the remaining part of the proof we restrict ourselves to s > 0. Then,

oog'?
i

Ry(z,5,a) = o)
' 0

x’“le”‘”m (x)dx,

where ¢ = 0if %z > 0 and ¢ =—Arg(a)/2if Ra < 0. For any
of ry(x) is given, using the Ca

uchy’s integral formula, by

) = xNj‘ dw
Tnix _Zr_iuc (@ —x)wN(1 - ze—w)’

x € Canexpli

In this formula, C is a simple closed loop which encircles the points 0 and x
terclockwise direction an

bounds of Ry (z, 5, al,
@ with [¢| < 7/2 and 0 < Ix] < 00. We define (see Figs. 3 anc
= {Arg(z)/Z,' if 2] > 1,

~loglzl/2 iffz) <1.
This number r is smaller than the distance of the x
loglzf+i Arg(z)+ 2imn, n e Z, We use the Cauch

Cif |x] > 2r: we deform to two circles C) and
0 and x, respectivel
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lw—x|z2rforwec (see Fig. 4).
x|

v (0] <2024,

¥
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{a)

(b)
Fig. 4. The path.C used in the Cauchy definition of T () in (12) for Xl <2r, are Contained jn the shaded region
defined as in Fig. 3,
where C(z) is 3 bound of [T~ zemw~1
The 1

X € C ang 2eCy [1,00), the Taylor expansion of &(z, S,a) — g at
@ =0is givey, by
1 (s)
P(z,5,a) = o+ ZO(—I)”;—,'*'LLH.,- (Da" + Ry (2. s, a),
=
N=1,2,3,... (14)
The expansion js Convergen; Jorlaj < 1. The error lerm verifies Ry(z, s, a) = gV ) as
a = 0. More precisely, for g ¢ {0, 00) ang Rs > 0, an €rror bound for the remainge, is
8iven by
(N 1 9i5) N 1, ¥Rz <0,
e = : 1
[Rw(z,s, a)| g NITG) l21M (z)a® M) IIZI/.'S‘z! ¥z > 0, (15)
forae and Rs > 0, gy €rror bound for the remainge; IS5 given by
LNV +95))7 m @e"
ety < ' 16
[Ru(z, s a)f < = TRET la | (16)
Proof, we introduce the decomposition |
ze™*
—
I —ze~x
tation of P(z,5,a) given in (4) wimh ¥ =0. Then
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We expand o—ax in power series of g,

N—-I( axy
e - E T Fratax),
n!

Interchanging sum and integral and using [1], Eq. (71), P. 114] we obtain ( 14) with

AY, (ax)

~rex - dx.

x5~1
Ry(z, S, a) = zL(s)f 7
Cy

By(z,s5,0)= 2 ) . a7

Forqg e [0, 00), the remainder *w(ax) in the ©Xpansion of p~ax verifies the error tegt,

N
r'n(ax) \1@—-, N==I,2,3,....
Irn(ax))

On the other hang, using tha; g Se < I fory €10, 00), we fing that |1 €T s Mz~
for x ¢ [0, co) with M (z) given in (15), Introducing these bounds ip (17) we obtain the
bound (15) for Ry(z, s, a).

Orany ¢ ¢ C, an explicit €Xpression of ry(ax) is given, using the Cauchy integra]
formuig, by

(ax)¥ €™ %dw
— — "% 8

Remark 1, We can yge the €Xpansion ( 14) to obtain the Taylor CXpansion of the Hurwity..
Lerch zetq functionx alany q ¢ z+ Just Introdyce the €Xpansion ¢ 14) into the right-hand
side of the €quality [] 1, Eq. (2), p. 1213 '
-1
m z"

1 1
14 sy = e 14 1, = B :-_-1,2, e,
(zsa+m) z"’{ (z,5,a) e Z m} m 3

TnImsne ...
i CHBI96_YJMAA 9298
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Theorem 3. For z € C\ [0, 00), {z] > 1, Ra > 0 and Ns > 0, an asymprotic expansion of
D(z,s,a) forlarge z and fixed a and s is given by

N-1

i An(z,5,a)
D(z,5,a) = 7:(3 ;0 T + RY(z,5,a)
Qog(—2* [ B.(s, ) )
M ,,};6 (log(~yyr+1 T K@ 5.a) [, e
where N, M = 1,2,3,...,
Aniz5.0) = I'(s,(a—n-— l)log(—;)) - F(S)' @1
(@—~n—1)
and
1/s =1\ [¥a+1)/2) - y(a/2) frn=0,
BH(S,Q)EE( ) rR27E(n + 1,a/2)-—§'(n+1,(a+1)/2)] (22)

ifn>0,

In these formulas I (s, W) is the incomplete gamma function (1, Eq. (6.5.3)), ¥(a) is the
digamma function (1, Eq. (6.3.1)] and £(s, @) Hurwitz zetq Junction [11, p. 88, Eq. (1)].
The error terms R}v_(z, s,a) and Rﬁd (z,s,a) verify RA, (z,s5,a) = O(z_N_l)for N<ga—-1
and R%,(z, 5, a) = Olog2) ™~ for M= 1,2,3, ... » when z — 0o, More precisely, for
O<s<landze (=00, = 1), error bounds Jor the remainders are given by

I'(s)—TI'(s,(Ma—-N - D log(~z))

|Ry (2,5, a)| %]

(14 N — Ra)sgN+1 I
) M |(s—1 ;(M+'i,ma/2)—g(M+1,(9%a+1)/2)
lRM(z,s,a)!gm(M) ey . (23)

Nevertheless, for conplex values of the parameters, error bounds for the remainders are
given by
I'(Rs) — I'(Rs, Ra — N — 1) log(—2)1)
1
3 1 < *
IRN(Z 5 a)J = (I LN = mﬂ)ms’ZlN+l
s—1 [F(M + DI (=Rhs - 1)

M (M - %)

I'@ts + D1 F(M = %s, %5, Ra)] 1 _
(ma)msﬂ Ilog(—-z)l‘”“ ’

where 1F1(a,b,2) is the Kummer confluent hypergeometric Junction. Moreover, the
N-expansion in (20) is convergent Joriz| > 1.

[Riy(z,5,0)| < 1FI(M +1, %5 + 2, %ia)

+ (24)

Proof. Consider first z ¢ (=0, —1). For $is > 0 and Ra > 0 we have
oo
xs—le—-ax

I'(s) ] 1—ze-x ax.
0

D(z,5,a) = (25)
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We perform the change of variable x ylog(—z) and divide the integral (25) into two
parts:
l -— 5
P(z,5,0)= EE?((—;)i)l[ll (2,5,a) + oz, s, a)],

where

y.s'—-le-—ay log(~z) % y.s-—le—ay l_og(—-z)
Ir(z,s,a)E/1+e(l_y),og(_z) dy, Iz(z,s,a)sf}_,_e(,,_y),og(_z) dy.

—

To obtain a convergent expansion of /)(z, s
t—z, multiply and divide by (—z)~

1 N—] \ )
= X 0 o)

n=l
-1 Ne =Nt
r!{-’ ((_Z)_f) = ( 1 '1- ((__;;)—z : (26)

Interchanging sum and integral and taking into account that

1 .
[(1 __ t)s—-le—:(n+l—-a)log(—z) dt
0

a—n ~s () ~T'(s,(a—n-1Dlo (—z))
= ('_1_) (108(—3)) Z’H'l—“(a -_— l)sg '

we obtain
it A (z,5,a)
— _ -5 n 2 udy 1

where the coefficients A,; (z,5,a) are defined in (21) and

!
R}_,(z, 5,a) = (log(~z))* f (1 - z)s—l(—z)r’—““*”r,{,_((—z)-’) dt. (28)
0 ;

On the other hand, to obtain an asymptotic expansion of J,
form the change of variable Yy 141/ log(
series of 7/ log(~z),

(i) =5 () ) i) o
log(~2)/ &\ n J\log(—p) M\log(=z) )’

(2,5, a) for large z we per-
—2) and expand (1 +¢/ log(—2))*~! in power

where
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M
5 t 1 d¥ -1 ( t )
LA ISy § |
™ (log(—-z)) a0 o=

= (S N 1)(1 +g)s M (_—t )M (30)
T\ M log(—z) '

forsome & € (0,¢/ log(—2)). Interchanging sum and integral and taking into account that

jo‘oe""t" o L [la@+ ) - v/ ifn =0,

T S a2 (i La/D) - L+ L@+ DY ifn >0,
0

we obtain

M-1

I(z,s,a) = (—2)™ Z By{z, )
n=0

2 |
Gog(—ay1 T RSO G

where the coefficients Bp{z, s) are defined in (22) and

R, (2.5, 4) = —— 7 e 2 ' \a (32)
Mm% 54l = log(—z)o 1+ M\log(—2)/)

The expansion (20) is the sum of the expansions (27) and (3 1). The remainder in {20) is
the sum of the remainders in (28) and (32).
For z < —1 and 0 <5 < 1, both the expansions (26) and (29) verify the error test.
Therefore we find, for N, M = 1,2, 3,00
s—1
M

1 —t —Nt 2 4 ‘M

er (( Z) )l < ( Z) s \TM ('—"—_“_log(__z)) < | d———u-—(!.og(-—Z))M .
Introducing these bounds in (28) and (32), respectively, and after trivial manipulations we
obtain (23).

Now we consider z € C. The left-hand side of (20), as defined in (25), is an analytic
function of z for z € C\ [1, 00). Functions An{(z, 5, a)z=@* and (—z) % (log(=2))’ ~n—1
in the right-hand side of (20) are analytic functions of z forz € C\ [0, o). The remainders
R}V(z, s,a) and Ri,(z, s, a) in the right-hand side of (20) and defined by (28) and (32),
respectively, are analytic functions of z for z € C\ [0, 00) and [z{ > 1. The right-hand side
of (20) coincides with the left-hand side for z € (—o0, —1). Therefore, they also coincide
in{zeC, lz| > 1, z¢[1,00)} !

For any z € C, z ¢ [1,00) and |z] > 1 we consider the explicit expressions of
r }V ((~z)"") and r},‘, (z/log(—2)) given by (26) and (30), respectively. They have the fol-
lowing bounds: ‘

|y ((—z)“)l < Lz
2 4 l(s...l)l(l | t l)s—M‘ { 1 fs>2M4+1
2 (L) < HODIH sl e " +1,
’ (log(—z)) {1 log(—2) tog(=2) ifs/' !

Introducing these bounds in (28) and (32) and after trivial manipulations we obtain (24).

and

e e
e o e AT e T



C. Ferreira, J.L. Lopez /J. Math. Anal. Appl. 298 (2004) 210-224 221

The coefficients and remainder in. the expansion (27) verify An(z,s,a) = O(1) and
Rl(z,5,0) = O@ V=) when z — oo while N < a — 1. Therefore, (27) is an asymptotic
expansion for z — co while N < g — 1. Moreover, using {1, Eq. (6.5.32)] we see that
limp . oo R}V (z,5,a) =0for [z] > 1 and then (27) is a convergent expansion. 0O

4. Numerical experiments

Tables 1-9 show numerical experiments about the approximation supplied by Theo-
rems 1-3 and the accuracy of the error bounds. .

In all these tables, the second column represents the value of @(z, s, a). The third and
sixth columns represent, respectively, a first and a second order approximation given by
the corresponding theorem. Fourth and seventh columns represent the respective relative

errors [Ry(z,s,a)/®(z, 5, a)] or (IR‘}V @, s,a)l+ IRﬁf(z, s,a)|)/|®(z, s, a){. Fifth and last
columas represent the respective error bounds given by the corresponding theorem.

Table 1
z2=-2535=125 .
a P(z, 5, a) Ist(N=1) Rel. Rel. error nd (N =2) Rei. Rel. error
ord. appr. error  bound ord. appr. eror bound
10 0.017565 0.016066% 0.085 0.36 0.0175014 0.0036 Q.05
100 0.000911614 0.0609035 0.008% 0.039 0.00091157 4.0e-5 5.6e—4
500 0.000121058 0.000120842 0.0018 0.008 0.000121058 L7e-6  225¢-5
1000 5.08534e—5 5.0808e~5 8.%-~4- 0.0039 5.08533e—5 43e-7  5.6e~6
5600 6.79668e—6 6.79547e—6 1.7e—4  8.0a—4 6.79668e—6 1.8e~8  2.26e—7
10000 2.8574e—6 2.85714e—6 89%e-5 4.0c~4 2.8574e—6 43e—9 56e-8
Table 2
z==0L5+41i,5=125-0.5i
a Dz, 5,a) Ist(N=1) Rel. Rel. emor  2nd (N =2) Rel. Rel. error
. ord. appr. error bound ord. appr. error bound
10 0.00200079 + 0.000814248 +  0.085 0.47 0.00191876 + 0.0037 0.08
0.0223825; 0.020869; 0.0223934;
100 —0.00105842 4+ —0.00105314 + 0.009 0.05 - ~0.00105844 + 4.5e—5 8.9e—4
' 0.00052902¢ 0.00051981; 0.00052898; .
500 ~0.000148034 — ~0.000147759 — 1.8e—3 0.0] —0.000148033 — 1.7e~6 3.6e—5
5.32356e—5; 5.33036 e—5i 5.32358e -5
1000 —5.08776e~5— —5.08183e—~5— 9.0e~4 5.0¢—3 —5.08776e—5—- 4.3e-7 9.0e—6
4.21875e—5i 4.21812e—5i 421875 e~5i
5000 —6.4774%-7— —6.46771e=7— 1.8e—4 |.0e—3 ~6.4774%—7~ 1.7e—8 3.6e~7
8.81076e—6i 8.8095e—6i 8.81076e—6i
16000  1.00227¢—6— 1.00238e~6— 9.0e—5 5.0e~4 1.00227e—6 ~ 43e—9 9.0e-8
3.5764e—6i 3.57608e~6i 3.5764e—6i
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Table 3
=02 12505 =0.75, Argla) = wf4
lal - @, 5,4) tst(N=1 Rel. Rel. error  2nd (N = 2) Rel. Rel, error
ord. appr- exror bound ord. appr. error bound
10 —0.00241498 — - _0.00236462 —  0.065 0.78 ~0.00295554 — 0007 027
0.128186i 0.1198i 0.127443i
100 —0.000430345 — ~0.000420495 —  0.006 0.08 --0.000431003 — 6.6e-5 0.003
0.021441i 0.0213038e—6i 0.0214397¢—6i
500 ~—0.000126378 — —0.000125757 — 0.001 0.017 —0.000126386 — 26e~6 12e~4
0.00637947i 0.00637133i 0.006379464 '
1000 —7.49614e—5 - —T747757e—5— 0.0006 0.008 —~7.49626e—~5— 65e—7 3.0e—5
0.00379083i 0.00378841i 0.00379083i
5000 —2.23743¢—5~— _2.23631e-5— 1.3e—4 1.7e-3 —2.23743e—5— 26e—8 1.2e—6
0.00113314i 0.001133# 0.00113314e-9i
10000 —1.33005e—3 — _132972e—5— 643 8.0e—4 ~1.33005¢—5 — 6.0e—9 3.0e~-7
ﬂS’iZﬁ 0.000673686i 0.000673729i
Table 4
z=1-135i,5 =0.75
a ®(z,5, 0) 1st(N=1) Rel. Rel. error 2nd (N =2) Rel. Rel. errof
: ord. appr. €1Tor pound ord. appr. error pound
0.1 5.02909 — 5.03413 — 002 0.03 5.02573 — 0.0021 0.0027
1.29793i 1.42109 1.28722i
0.05 8.86483 — 8.86813 — 0.007 0.009 8.86393 — 0.00033 0.0004
1.356951 1.4210%i 1.354135i
0.01 31.0327 — 31.0335 - 0.0004 0.0005 31.0327 - 3.9¢—6 4,666
' 1.40782i 1.42109i ' 1.40771i
0.005 52.5933 — 52,5937 — 1.3e—4 1.5e—4 52.5933 — 5.8e—7 6.7e~7
1.41443i 1.42109i 1.4144i
0.001 17123 - 177.23 — 7.6e—6 9.0e—6 177.23 - 7.0e—9 8.0e—~9
1.41976i 1.42100i 1.41975i '
00005 29848 — 298.48 — 2925e—6 27e—6 298.48 — 1.16e—9 1.19¢-9
1.42042i 1.42109i 1.42042i
Table 5
7=08~05i,s=15 Arglay =7/8
lal ®(z,5,48) Ist(N=1) Rel. Rel, error md (N =2) Rel. Rel. error
i ord. appt- error bound . ord. appr. error bound
g 0.1 26911 — 21.0492 - 0.0045 0.06 S 26,8939 — 0.0005 0.0075
I 18.486i 18.5388¢ 18.4881i
pit L 0.05 75.0515 - 75.1247 — 0.00086 0.01 75.0471 - 5.0e-5 7.0e—4
50.635% 50.6619i 50,6365
0.01 832.21 — 832.225 — 1.6e—-35 2.0e—4 83221 — 1.9e~7 2.5¢e—6
o 556.535i 556.54i ' 556.5351
0.005 23525 — 235251 — 2.92—6 3.5e—-5 2352.5 ~ 1.7¢—8 2.0e—17
- 1572.36i 1572.36i 1572.36i
0.001 26294.1 — 26294.1 — 5.0e—8 6.0e—7 26294.1 — 60e—11  8.0e—10
17569.61 17569.6i 175696
0.0005 74369.7 - 74369.7 — 9.0e—9 1.0e-7 74369.7 - 53e-12 7.0e-11
49692.7i 49692.Ti 49692.7i '
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Table 6
a=23,5=15 )
z D(-z,5,a) 1st ord. appr. Rel. Rel.error  2nd ord. appr.  Rel. Rel. error
(N=M=1 emor bound N=M=2) error bound
10 0.0496236 0.0621341 0.252108 0.35 0.04472 00988  0.15
100 0.0064151 0.006712 0.046 0.05 0.006366 0.0677 0.0
1000 0.00067 0.0006744 0.006 0.0068 0.006698 0.0005  0.0007
10000 6.7414de—5  6.74648e—5 7.5¢e—4 7.8e—4 6.74123e—5 3.0e—5 4.2e-5
100000 6.74604e—6  6.7465%—6 82e—5 8.3e—5 6.74603e—6 1.75e—6  2.3%—6
1000000 6.74654e—7  6.7466e—7 8.56e—6 8.66e—6 6.74654e—7 97%~8 1.3e—7
Table 7
a=32+12{,5=3.1~015;
z P(—z,5.a) 1st ord. appr. Rel.  * Rel.error 2nd ord. appr. Rel. Rel. error
(N=M=1 error bound (N=M=2) eor bound
10 0.0013519 — 0.0014445 — 037 065 0.0016019 — 0.17 0.32
0.0040017¢ 0.0055717i (.0033243;
100 9.8022¢~5— 8.46496e—5—  0.036 0.098 2.99479%e—5—  0.0056 0.016
5.1738e~4¢ 5.30846e—4i _ 5.19642e—4i
1000 8.72304e—6-~  8.60328¢—6-  0.003 0.01 8.61373e~6— 6.3e~5 4.0e—4a
5.29676e—5i 5.30886e—5i 5.2967e—5;
10000  8.6136%—7—  $.6015e—7— 32e—4  1.0e-3 8.61373e-7— 19¢-7 7.0e—6
5.3077e—6i 5.30892e—6¢ - 5.3077e—6i
100000 B8.60274c—8—  8.60152e~8— 32e~5 1.0e—4 8.60273e-8—  7.8e—9 1.0e—7
5.3088e—7; 5.30892e-7; '5.3088e—7i
1000000  8.60164e—9~  8.60152¢e—9— 32¢—6 1.0e—5 8.60164e~9—  6.65e—11 1,4e—9
5.30891e—38¢ 5.30892¢—8i 5.308%1e~8i
Table 8
a=23,5=11, Arg(z) = —n/5
|z} P(—z,5,a) ist ord. appr. Rel, Rel. error  2nd ord. appr. Rel. Rel. error
N=M=D error bound (N=M=2) error bound
10 0.0527126 + 0.0601857 4 0.22 0.29 0.0514345 + 0.07 0.1
' 0.0299105¢ 0.0410424i ' 0.0257576i
100 0.0059631 + 0.0060599 0.033 0.037 0.005958¢ + 0.004 0.0056
0.0041668; 0.0438851i 0.0041377;
1000 6.05129e—4+  6.06195e—4+  0.0041  0.0043 6.05106e—4+  2.18e~4 297%—4
4.37488e—4i 4.40352¢—4i 4.37326e—4i
10000  6.06094e—5+  6.06205¢—54 4.5e—4 4.6e—4 6.06093e~54+  l.le—§ 1.5e—5
4.64715e—5i 4.4043¢ —5i 4.40101e—5i
100000  6.06194e—6+ 6.06206e—6+ 4.77e—5 4.83e—5 6.06194e~6+  5.89%e—7 7.97e~7
4.40de —6} 4.40434e—06i 4,404e—6i
1000000  6.06204e—7+  6.06206e—7+ 4.89e~6 4.9e—6 6.06204e—7+  3.0e-8 4.08:~8
4.40431le—7¢ 4.40434e—7; 4.40431e~7%
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a=24-05i,5 =36, Arg(z) = mf2

Iz] D(—z,5a) - 1st ord. appr. Rel. Rel.error 2ndord. appr.  Rel, Rel. error
N=M=0 error bound N=M=2) error bound
100 0.00202396 —  0.00218045 — 0.1 0.24 0.0019784 — 0.03 0.094
6.0527%—4i 7.71334e~4f 5.6363e—4i
1000 221931e—4-  225901e~q— 0.02 0.047 22112%—4—  0.003 0.01
7.95909e—5¢ 7.68608e—5; 7.69636e—5i
10000 2.25914e—5—  226534e~5-—  0.0027 0.007 2.25862e~5— 3.0c—4 0.001
7.8998e—6i 7.91478e—61 7.90473c—6i
100000 2.26465e~6—  2.26529e—6—  2.6%e_4 8.6e—~4  226466e~6- 22e—35 7.7e—5
7.90974e—7i 7.90909e—7i 7.90926e—7i
1000000 2.2652e~7—  226526e~T7—~ 2.3%e—5 9.76e—5 2.2652e--7 — 1.45e—6 5.2e—6
: 7.90905¢—8i 7.90893e—8; 7.90906e—8;
10000000 2.26525e—8—  2.26525¢~8~  2.00—6 1.0e—5  2.26525e~8— 8.8c—8 3.2¢—7
7.90896e—9¢ 7.90895e—9; 7.90895¢~9;
Acknowledgments

The financial support of The Government of Navarta, Res. 134/2002, The Government of Aragén, Cod.
245/69 and DGCYT (BFM2000-0803) is acknowledged. The useful comments and suggestions for improvement
of Nico Temme and of the anonymous referee are also acknowledged.

References

(11 M. Abramowitz, LA. Stegun, Handbook of Mathemat_ical Functions, Dover, New York, 1970.
[21 TM. Apostol, On the Lerch zeta function, Pacific J, Math. 1 (1951) 161-167.
(3] H. Bateman, Higher Transcendental Functions, vol. I, MecGraw-Hill, New York, 1953,
[4] M. Katsurada, Power series and asymptotic series associated with the Lerch zeta-function, Proc, Japan
Acad. 74 (1998) 167-170.
{5} M. Katsurada, On an asymptotic formuia of Ramanujan for a certain theta-type series, Acta Arith, 97 (2001)
157-172,
[6] D. Klusch, Asymptotic equalities for the Lipschitz-Lerch zeta-function, Arch. Math, 49 (1987) 38-43,
[71 D. Klusch, On the Taylor expansion of the Lerch zeta-fur;ction, J. Math. Anal. Appl. 170 (1992) 513-523,
[8] M. Lerch, Note sur Ia fonction R{w, x,5)= E,?io ez"‘”"”/(w + k), Acta Math, 11 (1887) 19-24.
i9] R. Lipschitz, Untersuchung einer aus vier elementen gebildeten reihe, J, Reine Angew. Math. 54 (1889)
127-156.
(10} H.M. Srivastava, Sums of certain seties of the Riemann zeta fonction, J. Math, Anal. Appl. 134 (1988)
129-140,
(11] H.M. Srivastava, J, Choi, Series Associated with the Zeta and Related Functions, Klnwer Academic, London,

2001.

T

—_—



