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The generalized Epstein-Hubbell integral recently introduced by Kalla & Tuan (Comput.
Math. Applic. 32,1996) is considered for values of the variable & close to its upper limit
k = [. Distributional approach is used for deriving two convergent expansions of this
integral in increasing powers of 1 — k2. For certain values of the parameters, one of these
expansions involves also a logarithmic term in the asymptotic variable 1 — k2. Coefficients
of these expansions are given in terms of the Appell function and its derivative. All
the expansions are accompanied by an error bound at any order of the approximation.
Numerical experiments show that this bound is considerably accurate.
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1. Introduction

The Epstein—Hubbell elliptic-type integral is the two parameter integral defined by (Epstein
& Hubbell, 1963)

ﬂ s
rzj(k)gf (1—k%cos®)™/"2do 0k <1, j=0,1,2,.... (1)
A .

This integral appears in the application of a Legendre polynomial expansion method
to computations involved in certain radiation problems (Berger & Lamkin, 1958). In
particular, to the computation of the radiation field off axis from a uniform circular disc
radiating according to an arbitrary distribution law (Fubbell et al., 1961).

On the other hand, the Epstéin—Hubbell elliptic-type integral is a generalization of the
complete elliptic integrals of the first and second kind (Al-Zamel & Kalla, 1996):
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where K and E are the complete elliptic integrals of the first and second kind respectively
{Abramowitz & Stegun, 1970, Byrd & Friedman, 1971).

The literature contains several generalizations of the Epstein—Hubbell integral (1). The
most general one was proposed recently by Kalla & Tuan (1996):

cos?*~1(9/2) sin®~1 (8/2)

ds,
(1 — k2 cos0)#*1 [1 — psin? (8/2)] [1 + S cos? (8/2)]”

n
KD e 50= |

(2}

whereo, B, A, v, 1, 0,8 € C, R, RB > 0, p—1 € RTU{0}if ik > 1,5 +1 ¢ R~ U{0}
ifRy 21and 0k < 1.

This integral and some other particular cases (including the Epstein—Hubbell
integral (1)) have been investigated by several authors. Some important results are the
following: limit relationships for the generalized Epstein-Hubbell integral S, (k, 1) =

(b Aol
22AA(0 Oz.u) 2
of A(“ ) (p, d; k) is obtained in Khajah (1999) by using the tau method approximation
w1th a Chebyshev polynomial basis. A survey of properties and evaluation techniques for
the integral (1) can be found in Al-Zamel & Kalla (1996), as well as important properties
of several generalizations of this integral.

Complete power series expansions at k = 0 of the integral (1) or its generalizations
may be obtained by means of a series expansion of the integrand at £ = 0. In particular, a
basic representation of (1) by means of the Gauss hypergeometric function may be found
in Saxena & Kalla (2000) and Todorov & Hubbell (1994), whereas Kalla et al. (1986)
contains a series expansionatk = Oof R, (k, &, ¥) = E“ v =) (0, 0; k). On the other hand,
an asymptotic formula for AE @.8) (p, 3: k) inthe nelghbourhood of k = 1 has been derived
by Kalla & Tuan (1996). Although derived in a clever way, the expansion is given by means
of triple series in which the explicit calculation of its coefficients is not straightforward.
Therefore, complete asymptotic expansions at k = 1 of these integrals have not been fully
investigated.

We consider in this paper the problem of finding complete asymptotic expansions of
Ag v u)(p, 8; k) in the neighbourhood of k¥ = 1. We face the challenge of obtaining easy
algorlthms for computing the coefficients of these expansions as well as error bounds at any
order of the approximation. The asymptotic method used for obtaining the expansions will
be the distributional approach applied on generalized Sticltjes transforms (Wong, 1980,
1989 Chapter 6; Lépez, 2000, 2001). Then, the generalized Epstein—Hubbell integral
A(f‘y ) {p, &; k) should be wntten as a Stieltjes transform. For that purpose we perform in
(2) the change of variable ¢ -3 = tan(f/2), obtaining

(0, 0; k) are given in Pinter & Srivastava (1998). A numerical evaluation

- ‘
ASBD (0,58 = (1+87 (1 —#») ™+ f O _ o, 3)
vkt : 0 (t+k)Ft:
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where
w1 (1+ t)l+}’+,u—ﬂ—ot+%
(t + Mt +8)

Fity=¢

1+ &2

1""‘ _E > k *
o g k -

@

I

P

Then, up to a factor, the Epstein—Hubbell integral is the generalized Stieltjes transform
of F(1). For Ma) = 0, 6 ¢ RTU0}ifR|A 2 1and s g RTU{O}H Ry 2 1, F(t)is a
locally integrable function on [0, o0) and satisfies

n—1
F@t)=Y A~ 53 4 ), )
k=0

where

[

ko1 )L+y-|-,u,—ﬁ—a+% A =V \ zi—jsk—i
=33 j W) ©

=0 j=0

and F,(f) = O+ ‘%) when ¢ — ©o. Therefore, the asymptotic methods developed
in Wong (1980, 1989, chapter 6) and Lépez (2000, 2001) apply to this integral, although
only for real values of the parameters: asymptotic theorems there consider only real values
for the parameters of the integrals. Therefore, in order to apply these theorems to the
integral (3), they must be generalized to the case of complex parameters. In Section 2,
the extension to the complex case of distributional asymptotic methods for generalized
Stieltjes transforms is performed, including theorems about error bounds. In Section 3 we
apply these methods to the generalized Epstein—Hubbell integral (3), obtaining asymptotic
expansions with error bounds. Several numerical examples are shown as illustrations. A
brief summary and a few comments are postponed to Section 4.

2. Distributional approach

The purpose of this section is to obtain asymptotic expansions with error bounds of
generalized Stieltjes transforms

[T _f®
swo= [ Ao ™

for large z. The parameters w and z are complex and f(z) is a locally integrable function
on [0, co) which satisfies

n—1
FO=Y ar ™+ £, ®)
k=K .

where K € Z,0 < Ms € 1, {ap, k = K, K + 1, K + 2,...} is a sequence of complex
numbers and f,(2) = O ~""%) whent = oo.
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2.1  Asymptotic expansion of §¢(w; z) for large z

In the following, we use the notaticn introduced in Wong (1989). In particular, we denote
by S the space of rapidly decreasing functions and by (4, ¢) the image of a tempered
distribution A acting over a function ¢ € &. Recall that we can associate to any locally
integrable function g(¢) on [0, co) a tempered distribution Ay defined by

(Ag, @} = fo g de.

Since f(z) in (7} is a locally integrable function on [0, 20), it defines a distribution
e o]
o= [ rowena.

The distributions associated with 1 %5, k == 0,1,2,... ,n — 1 {Wong, 1989, Chapter 5)
are given by,

1 o0
(55 o) = a[ e®ydr if 0<®Rs <1,
k Jo

where (s} denotes Pochhammer's symbol,

1 ® _
{t75 ) = (iSs) f 1B e® D ydr ifl#s=1+i3s
k+1

and

k-1 L k1)
{t )= A log(t)e () dr.

To assign a distribution to the function f, (r) introduced in (8), we first define recursively
the k—esim integral f, £ (t) of f,(£) by fn0() = fu(t) and
_ 1)k+1

oo
Srkr1(t) = —f Jode(u) du = f ( — 1) fo(at) du. ©
t

For s # 1, itis trivial to show that fy, , (¥) is bounded on [0, T] forany T > O and is O(t )
ast — oo, Fors == 1 we have f, ,(t) = O Y ast - coand fnn(t) = O(log(t)) as
t — 0T, Therefore, for 0 < Rs < 1 we can define the distribution associated to f, () by

(far @) = (—1>"<f.,.n, "y = (1) fo Fun@e® @) de.

Once we have assigned a distribution to each function involved in the identity (8), we
are interested in finding a relation (if any) between these distributions. In fact, this relation
is established in the following two lemmas.

LEMMA 1 For0 < ®s < 1,n 2 K 4+ 1, and n € N, the identity

n

f=

- ks n—‘l (_I)k . ®
a4 Y e+ 1180 + £,
k=0 )

gl

k

holds for any rapidly decreasing function ¢ € S, where 8 is the delta distribution in the
~origin and M[f; k + 1] denotes the Mellin transform of £(r): J #* (£} dt, or its analytic
continuation.
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Proof. Tt is a trivial generalization of Wong (1989, Chapter 6, Lemma 1) from real to
complex values of s, O

LEMMA 2 Foris = 1,n 2 K 4 1 and r € N, the identity

n-1 f]
f= Z apt ™ 4 Z bk+15(k) + £,

holds for any rapidly decreasing function ¢ € S, where, forn =0, 1,2,...,

—1y# n+tl ka7
burs =) U r fn(t>dr+f ; fn+1(r)dr+an2(” 2 1} (10

n+s—k)
=1y E =k + 2y
= [M[f n 1]+ “"‘;—(nﬂ—k)k } (11)

if ¥s £ 0or
(-1 )n P n =1
br1 = "— P h@dt [ i@ d +a D7 (12)

k=1
(~1)" ll. [
= 1m
n! 70

L I o (13)
—n n P k )
Proof. Let fo(t) = f(t) — Yrly axt ™% 5. Then, forn =0, 1,2, ...,

if¥s =0

Far1(0) = fult) —

tn+s

and
a, 1

() t° '

Frttn(®) = fonlt) = (=1)"

From this, by integration, it follows that

t
>/.0 S, (1) due = Jerlne108) + (—1)"angn (s, ) + bpy1,

where log(r)/n! if J5=0
_ [ log(t)y/n! o=
gnls, )= { _t‘igs/(iffﬂ‘s)n+i if [s £0,

and where we have defined the integration constant
bry1 = = 0 [frs1n1() + (~1)"angats. 0]

From here, the proof is the same as the proofs of Wong (1989, Chapter 6, Lemma 2 and
Theorem 2) from formulae (2.21) and (2.35) respectively: just replace log? by r!gy,(s, £)
“and dp41 by by41 in those proofs. y O
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To apply Lemmas 1 and 2 to the integral (7) we choose a specific function in §:
—nt
<
(t+2)v
where n > 0 and z ¢ R™ U {0}, We will need also the following lemma.

LEMMA 3 Let f(z) satisfy (8). Then, for 0 < s < 1, %k = 0,1,2,... and
n=1,2,3,...,the following identities hold;

e(t) =

?

o
I3
lir%(f,¢n)=f IAQ) dt forR{s+w)+ K > 1,
n—

t+ v
k
\ oy (=D (w)x
1}1_%(5, Py = w0

(=D rk+w+s—DI'A—s
p(w)zk+w+s—-l

( )k+1
Zk+w

lim (£%, 7)) = for Ris +w) +k > 1, s#]1,
n—r

(+1)y

lun (log(t) o (w)k(log(z) — ¥y — ¥k +w)) for R(s + w) >0,

where y is the Euler constant and ¢ the digamma function and

lzm(f My = (—1)"(w) T _fun® g, for R(s + w) +n > 1

n,ns Py Wy o (£ +7)rtw .
Proof. This is a trivial generalization of the proofs of Ldpez (2000, lemma 2), Lépez
(2001, lemma 3), from real to complex values of s and w. O

With these preparations, we are able now to obtain asymptotic expansions of the
integral (7) for large z. This is achieved in the following theorems.

THEOREM 1 Let f(t) be alocally integrable fun_cﬁon on [0, co) which satisfies (8) with
O0<Rs < 1,5 1.Then, forz e C\R™,z#0, Rs+w)+ K >1andn=1,2,3,...,

f°° fO o5 _CDiralwts+k=1)
o G+v T L T+ I w)sin(rs)zesti]

T Sl (14)

k+w
k=0

where

ap = [MU R+ 107k i Bs £ 1,
L (O M if s =1

and, for k =0, 1,2, ..., the coefficients by are given by (10), (11} or
=Dt fT n & apTr*
butr=—1 {rlimoo[o tf(t)dt+§k—-n+s—-1

n+1
n—k+2np—1
Z (n+s—ky } (16)

as)
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The remainder term satisfies

o0
Ry(w; 2) = (w)"_fo Jnalt)dt

(t + Z)n+w ’

empty sums must be understood as zero and £, () is defined in (9).

(an

Proof. For Rs 7 1 this follows from Lemmas 1 and 3 using the reflection formula of the
gamma function. For s = 1, from Lemmas 2 and 3 we obtain immediately formulae (14)
and (15), but with by4.1 as given in formulae (10) or (11). Introducing
n—1 ax
RO =1O=-) o5 (18)

k=K

in the integrands on the right-hand side of (10) and using simple manipulations we
obtain (16). g

THEOREM 2 Let f(¢) be alocally integrable function on [0, co) which satisfies (8) with
s=1Then, forzc C\R™,z#0,Rw+ K >0andn=1,2,3,...,

00 —1 -
[ SRS 1
0

! =
t+2)¥ &% Tt

n—1 lk
+Z[ e log@) ~ w(kw))ﬂkﬂ(m]
=0

+Rn(w; 2),
(19

where, fork =0, 1, 2, ..., the coefficients by, are given by (12), (13) or

D1 = (—nl!) [Tlew [ f " () de + Z — a log(T)} + an Z ; } . (20)

empty sums being understood as zero. The remainder term R, (w; ;) is given in (17).

—k

Proof. From Lemmas 2 and 3 we obtain immediately formulae (17) and (19), but with
brq.1 as given in formulae (12) and(13). Introducing (18) (with s = 1) in the integrands on
the right-hand side of (12) and using simple manipulations we obtain (20). g

2.2  Error bounds
In the following theorem we show that the expansions (14) and (19) given in Theorems 1,
2 respectively are in fact asymptotic expansions for large z.

THEOREM 3 In the region of validity of the expansions (14) and (19}, the remainder term
Ry {(w; 2) in these expansions satisfies

Cr
|Rp(w; 2)| < T @D
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if0<iﬁs<1and

Cploglzl

T @

|Ry(w; )|
if s = 1, where the constants Cy, aré independent of |z| (but may depend on the remaining
parameters of the problem).

Proof. On the one hand, f@) = o ") fort =+ © (with 0 < 35 < 1); then there
is a certain fp € (O, oc) and a constant Cy » such that FAGIES Cl‘nr‘”‘ms forallt €
[to, ©0). Then, introducing this bound in the definition (9) of frn(f) WE obtain the bound
I fnaO) € Cz,nt‘m for all ¢ € Tin, oo), where C2,n is a certain positive constant. On the
other hand, frn (t) is pounded on any compact interval in [0, 00) for s # 1 and fanlt)is
bounded on any compact interval in (0, ©0) and O(logt) ast —> ot for s = 1. Then, for all
: € [0, fo] we have | fun ) S Cant ™ for0 < Hs < 1 and | fan®) < Can(logtl+ 1)
for fis = 1, where Cypisa certain positive constant.

1 we divide the integration interval [0, 00) in the definition (17) of R,(w; z) at the
point fo and introduce these hounds in each one of the intervals {0, tp] and o, o0}, We
obtain the bounds (21) and (22). O

The bounds (21) and (22) are not useful fox numerical computations unless we are able
to calculate the constants Cp in terms of the data of the problem (w, Arg(z) and f@n.
The following two propositions show that, if the bound | fo (O] € Cl,nt‘"‘% holds for all
t € [0, c0) and not only for t € [tg, 00) then the constants Cp may he calculated in terms
of Ci,n-

PROPOSITION 1 If, for 0 < Ms < 1, the remainder fa(®) in the expansion (8) of the
function @) satisfies the pound | f (O] € cnt‘"’m‘ for all 7 € [0,00) for some positive

constant cy. then the remainder Ry(w: z) in the expansions (14) and (19) satisfies

[Rulw; D)) < cnrr(fwhad (0 + S 4+ Rs — DA, w)
e A + Ru) sih(nms)||zln+mw+ms_1

<F (1 _gsn+Rs+Rw -1 0 (Argz(z))) ,

(n+ fw + 1)/2

where

1 if Arg(2)Sw 2 0,
Iz, w) = { elag@swl  if Arg(2)3w ; 0. @

Proof. Introducing the bound | fu(Ol < cnt‘"‘ms in the definition (9) of fanll) We obtain

cn T (Rs) ‘
O € ——— o v e [0,00)
Fan ] € T Ty [0, 00)
Introducing this bound in the definition (17) of Rn(w; 2) and using the duplication formula
of the gamma function and (Prudnikov ef al., 1990, p. 309, equation 7) we obtain the
desired result. W]
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PrOPOSITION 2 If, for s = 1, each remainder f,(¢) in the expansion (8) of the function
F (&) satisfies the bound | £, (£)| € ¢z~ for all ¢ e [0, o) for some positive constant
¢y, then the remainder R, (w; z) in the expansion (19) satisfies

Enm([wn (2 + Fw — 1Az, w)

Iin+HT(n+ Ruw) |z}

La+Rw=1] . ,[Ask
XF((?z+€)‘tw+1)/22’Sm( > )), (24)

| Ry (w; )| €

where h(z, w) is defined in (23) and ¢, =Max{c,, cn—1 <+ |an-.1]}, and

(w|n [elen-1+lan-1D)+cn  cn
IRn('w’ Z)l = |z|n+mw (n _ 1)'9€(Z)n+mw n!
(n + Rw)[(2e + Rz + |Kz)zI™' — D + (Rz| — Rz2) log |z]]
+ B
24+ Rw+ Dz + €]
de + Rz + |Rz[ — 2¢jz| 2le +z|F_y ']
hiz, w), (25
e+ Rw+ DRl 0T s R - D ) e @

€ —n~Rw

log Iz

where € is an arbitrary positive number,

_ o f{2—k.n+Rw+k| . o[ Arg(z+e€)
F"=F( (n + Hw +3)/2 ‘ (T @6)
and
1 if fz 2 0,
O¢(z) = | |sin(Arg(z)| ife = —Rz >0, 27)
|14+ ¢/z]| if —Rz>e>0. ‘
For large z and fixed n, the optimum value for ¢ is given approximately by
2_ o [ 2F, . (B2t [ReDFo } o8
nlcn—1 +lan-11) L=+ Rw)* —1 ° 2+ Rw + 1)jz| |~

Proof. From. | fu—1(t)] € cp—1t™" forall ¢ € [0,0) and fn(2) = fu_1(t) — ap—1t™"
we obtain | f, (1) < {(en—1 + |ag—1)¢7" for all t € [0, 00). To obtain the bound (25) we
divide the integral defining f, »(¢) in (9) by a fixed point # = ¢ > ¢ and use the bound
| £2(2)| € (cn—1 + lan—1])2 ™" in the integral over [¢, €] and the bound | £, (¢)| < cut™"1
in the integral over [¢, 00). Using # — ¢ < u in the integral over [#, €] we obtain

[Fras®)] < (€1 +lanablog (3)+ 2] vien,ele>0. @9

1
{n — 1)!

On the other hand, for all 1 € [0, co) we introduce the bound | £, (£)| < cat™"! in the
integral definition of fj, () and perform the change of variable 1 = tv, We obtain

n 1
| Fan(®)] < ,51-,-}- vt € [0, 00). (30)
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We divide the integral in the right-hand side of (17) at the point # = ¢ and use the
bound (30} in the integral over [e, co) and the bound (29) in the integral over [0, €]. We

obtain
w e dt I dr
[Ry(w; z)| € (D én — Ry
n! 1 0

tlet + z|n+€ﬂw let + Zl"'*"mw
1 -1
log(z=*)dr
+ne(cn—1 + lan—1|)f0 W]h(z, w). (31)

Removing a factor [z|**®* from the denominator in the integrand of the two last integrals
in the right-hand side of (31} and using the bound [et/z + 1| 2 G (z) we easily obtain that
those two integrals are bounded by (|z| &, (2))™"%%_On the other hand, we perform the
change of variable t — |z|¢ in the first integral in the right-hand side of (31} and integrate
by parts obtaining

v & log
n+Rw _ .
12' ﬁ tlet +Z|n+§Rw 1+ €/Z|"+SRW + e(n + Rw)
X f ” (et + cos(Arg(z))) log ¢ dt
-1 [(ef + cos(Arg(z)))? + sin? (Arg(z))]P+ow)/2+1°

Now, with the change of variable ¢ — /¢4 |z| ™! and using —log |z| < log(t/é+z]™ D) <
t/e + |z|™! — 1 forall 1 € [0, 00) and (Prudnikov et al., 1990, p. 309, equation 7) we
obtain (25).

To obtain (24) we use | £, ()| < cat™ ! and | (1) € (ca—1 + lan—1[)t™. Then
we have f,(1) < cat™™ 2 ift 2 1 and folf) < (Cnt + lan_tt™™ 2 if £ < 1.
Therefore, f,{t) < E,.,t‘"‘% for all ¢ € [0, oc). Then, f,(z) satisfies the bound required
in proposition 1 with Ry = -% and ¢, replaced by ¢,. Now applying Proposition 1 we
obtain (24).

If we get rid of irrelevant terms for large z, the right-hand side of (25), as a function of
€, has a minimum for € given in (28). O

The following two lemmas introduce two families of functions f(¢) which satisfy the
bound | £,(H)] < et for all ¢ € [0, 00). Moreover, for these functions f(¢), the
constants ¢, can be easily obtained from f(z).

LEMMA 4 Suppose f(¢) satisfies (8) with #ts > 0 and K = 0 and consider the function
g() = u~* f (™). If g(w) is a bounded analytic function in the region W of the complex
w-plane comprised by points sitnated at a distance less than ¢ from the positive real axis
(see Fig. 1), then :

@I < Cre=s,

where C is abound of {g(w)| in W and 0 < r < o.

Proof. From the asymptotic expansion (8) and the Lagrange formula for the remainder in
the Taylor expansion of g(u) at 4 = 0, we have

n—1
gy =) au + Ru(u),
k=0
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FI1G. 1. Analyticity region W for the function g(x) considered in Lemma 5. The integration variable # in (9) is
real and unbounded and, therefore, the analyticity region for g () must contain the positive real axis. The circle
of radius » centred at £(u), with 0 < £(u) < u, used in the proof of Lemma 5 must be contained in this region
and, therefore, r < o.

where .
Roy =~ L8Y 1 g e 0,0,
n!  du® =t
Using the Cauchy formula for the derivative of an analytic function,
d"glw) _ a! g(w)

de?  2mi Jo (w— gyl dw,

where C is a circle of radius r around & contained inside the region W. Then, for fixed &
and r, performing the change of variable w = & + re'?, and using [g(§ + ret?)| < C for
6 € [0, 2n) with C independent of 8, r and &, we obtain the desired result. O

LEMMA 5 H the expansion (8) satisfies the error test, then
1H@OI<laal™™™ and £ < lagogm @D,

Progf. A proof of the first inequality can be found in Olver (1974, p. 68). The second
inequality follows from the first, from sign{ f, (¢}) %‘sign( Jn—1(£)) and

fn(f) = fa—1(t) — o 1+s

O

COROLLARY 1 If f(¢) satisfies the hypotheses of Lemma 4, then R, {w; z) satisfies the
bounds given in Propositions 1 and 2 with ¢, = Cr~". Moreover, the expansions given in
Theorems 1 and 2 are convergent when the parameter |z| is longer than the inverse of the
width of the region considered in Lemma 4 (see Fig. 1); more precisely, when r|z| > 1 1f
Rw <lorr|z] > 1ifRw 2 1.

For ®s = 1, the convergence of these expansions requires lim,—sqo 2% g, =0
also.

COROLLARY 2 If the expansion (8) of f(¢) satisfies the error test, then R, (w; z) satisfies
the bounds given in Propositions 1 and 2 replacing ¢, by |a,| and c,—; by 0. Moreover,
the expansions given in Theorems 1 and 2 are convergent when the coefficients a, in the
asymptotic expansion (8) satisfy lim,— oo 2% laz ™" = 0.
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3. Asymptotic expansions of the Epstein—Hubbell integral

In order to obtain asymptotic expansions of the generalized Epstein—Hubbell integral (2)
for £ — 1 we just apply Theorems 1 and 2 to the integral (3). Error bounds for the
remainders are obtained from Corollaries 1 and 2.

COROLLARY 3 For fla, R > 0, p~ 1 ¢ Rt UO}If®A = 1,841 ¢ R~ U0} if
Ry >1,B—u+j ¢ Zand [Arg(0)] <,

n—1 1 n
) In+u+5) (—1)" By
(1487 (1 — kP2 ALY (p, 85 k) = .
(,y,p) mz=;) F(ﬂ' + %) km.{.'u.;.%
n- M-l (- (m + B) Am

= D(u+ DI+ B — p+ L) sin(rr) kwté

+ Ry (k), (32)

where k is defined in (4), M = |R(B — . + %)J and the coefficients A,, are defined in (6).
Coefficients B, are given by

MIF; 1 :
MiFim+1] it (p-n+1) ¢ 2,
m!
Bn=yMFim+1] Amy| 1 " m-j+2),. 1
1 — - i —_ = Z,
m! + m! |l —k j=1 (m+ux—j); 1f§R(B M+2)E

where k& EFr(ER(,B—u—E-%))+iS§(,B—u+%) and

M[F;m+1]=

1

B(ﬁ—m—u—%,m~%~a)F a+mk,y
1 -
at+p—u—zl P

proY

p—1 6-1
'3 )-(33)

a, b, ¢
Here, F
ere 1( d

X, y) is the Appell hypergeometric function of two variables (Prudnikov

et al., 1990, p. 789) and the parameters 5 and § are given in (4).
IfR(B—n+ %) ¢ Z and n = M, a bound for the remainder is given by

cam (i + ADuln + R+ 1) — DA, 1)

Ry (k)| € -
Ol S T e T + 1) sin( Rec) ||k [r—M+%8
1—§Rfc,n+§RK+§R,u—% . 5 ( Arg(k)
<F ( m+Bu+322 |\ T2 ) G

where we can take ¢, = |A,—as] if the following conditions over the parameters hold:

a, BuclR, ﬁ+oz2)t+y+,u+%, Az0, 20, p<landé>—1.
(35)

In any case, we can take ¢, = Cr ", where

C > Sup, ey | (1 + @Y HEe=BYE(1 & ju)~r (1 + §u) Y|, (36)
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W is the region considered in Lemma 5 for gu) = ut~F ~iF (™1, and

0 <r <Ma{1 1570, 15600, E&ﬁa[iw sl o an

where h(k, p) is given in (23).
On the other hand, if R(8 ~ 1 + %) €Zandn 2 M, n € N, two bounds for the
remainder are given by

Gamt (it + 30 (1 + Ree)h (R, 1)
T+ DI+ B+ 3)|p+3w

Lon+%u . o { Arg(k)
F ((n j_ Ry + %)/2l sin (—»2 )) (38)

|R. (k) <

and

(e + 5Dm {E(Cn—-l A D el € s [log 7

|E|n+§}tu+% (n — 1)!@E(E)n+fﬂ,u+% #! k

+ (n + R+ 2)[(2e + Rk + (REP(k|~! - 1) + (|RE| — Rk) log | k1] Fi
2n + Ry + )k + ¢l

N de + Rk + |Rk| -2_e|12[F0 2le + k| F_; _

2¢(n + Rp + ki e((n + R+ 12 — k|

| Ry (k) <

}]hédw.em

In these formulae ¢, =Max{|Ay—uml, |An—ps—1|} with ¢y = |Ap_py| and ¢y = O if
conditions (35) hold. In any case, we can take &, =Max{c,, cp—1 + [Ap-p—1l}, with ¢, =
Cr™" given above. In (39), ¢ is an arbitrary positive number, 6.(z) is given in (27) and
Fy is given in (26) setting w = pu + % and z = k. For large & and fixed n, the optimum
value for € is given approximately by (28) setting 7 = kandw = w4+ % Moreover, the
expansion (32) is convergent when Max{{5(£(A)~1, |§)g(3) ), 1) < k.

Proof. To obtain the expansion (32), just apply Theorem 1 to the integral (3) with f(z) =
F(r) givenin (4), s = &, am = Ap—pys givenin (6), z = k and w = ®+ % After the
change of variable # = u(1 — u)~!, the Mellin transform of F () reads

1 1 kto—1 AN ™A —3Z N\
MF k+1]= —= f “ 3(1+1_pu) (l—l-l_ u) du.
2487 Jo (1 — gyetr—B+3 0 8

Then, (33) follows from Prudnikov et al. (1990, P 306, equation 5).

If (35) holds, then, by Lépez (2000, Lemmas 3 and 4) the function F(¢) satisfies the
error test. Therefore, by Corollary 2, the remainder in the expansion (32) satisfies the
bounds given in Propositions 1 and 2 with € = |Ap-prl, ca—1 = 0. In any case, by
Lemma 5 and Corollary 1, the remainder.in the expansion. (32) satisfies the bounds given
in Propositions 1 and 2 with ¢, = Cr™, C and r satisfies (36} and (37) respectively.
Therefore, the bounds (34), (38) and (39) hold.
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Introducing (37) and

p—pf—a+i
n
where C is a constant independent of », in (34) and (38) we obtain that lim,_, oo R, (k) =

if Max{I516(0 71, 1815~ 1) < B, C‘

Tables 1, 2 and 3 show numerical experiments about the approximation supplied by
(32) and the accuracy of bounds (34), (38) and (39).

COROLLARY4ForiRo:éRﬁ>Op—1¢]R+U{O]1f§R)L 1,8+ 1 ¢ B- U {0} if
Ry 2L B-pnt+j3 EZandlArg(k)§<n

l4nl < € [Max [1, 1515001, g™ T

P& T4 A= p~m+ b

1487 (1 = kDR @D () 5k = A !
(1+8)7( YRG0 8 B ;) - T+ Tt

+"-1 (—1)™ (1 + 1)

e [Antup 1 (08B =y =y n+ it b) + B + Ra(h). 40

m=0
where the coefficients A, are given in (6) and the coefficients B,, are given by

m g (= 1y +i=B~1 P'm + o)
Bu=Appps) D 5 F I 1)15%§
Sk TB+a—p—-Dintp—p+ DS
mtohy ;3—-1 6—1
X Wento)~p(m+pu—p+3)F
{ 2 a+p—pn— % R
m+a, i p—1 5-1
+ i' yl £ — 3 3 }' (41)
atf—pu—-z| P 8
where F] (a,‘i;, ¢ ) denotes the derivative of the Appell hypergeometric function
with respect to the parameter a.
Fornzp—u— and n € N, two bounds for the remainder are given by (38) and

(39} in Corollary 3 replacmg MbyB—pu— m Ay_y. And again, the expansion (40) is
convergent if Max{|gi£(A) L, 16l(p) 7L, 1} < k, where £(z) is defined in 3.

Proof. To obtain the expansion (40), just apply Theorem 2 to the integral (3) with f(£) =
F(r) givenin (), s = 1,am = A,y 01 g z=Fkandw=p+ 4.
On the other hand, the coefficients Am in the expansion (3) of F{f) may be written as
1 4™
_ p—p~3 -1
Am= —— [r F(1 )]

Using the Cauchy formula for the derivative of an analytic function, we obtain

mtu+y—p (] — p—p-4 ¢
Aprnriop = T a-n F( ) . (42)
m+pts dertetz—p (m+.u+§—ﬁ)! 1—1¢ —l
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TABLE 3 The second, third and sixth columns represent the integral Agﬁ) ) (0, 8: k),
approximation (32) for n = 2 and Jorn =3 respectively, The fourth and seventh columns
represent the respective relative ervors, and the fifth and last columns are the respective
relative error bounds given by Min{ (38),(39)}

Parameter valyes:
=07, =05, y =01 +02 A=02 4 =i, 0 =001, § =0.01.
First order Relative Relative Secend order Relative Relative

k A Approx. error error bound  approx. €error error bound

05 216114 1.61551 0347 2-426 1.65664  0.092 1.528
—0-4714%91 —0.4415; ~0-47183i

0-6 195106  1.54907 0.198 2-048 1.83023  0-059 1.012
—0.64402i —0-573961 ~0-63062i

0-7 165145 1.39146 0.149 1-664 1.59233  0.033 0-598
—~0-81032i —0.72221i —0-79503i

0-8 122241 1.09061 0.1 1.27 1.2013 0-015 0.295
—0-927281 —0.84789i —0-91728i

09  0.5951 0-56193 0-0523  0.89] 059227  0-005 0-098
—0-86791 ~0-8247; —0-8643i

095  0-1928 0:18734 0.028 (-6983 019247  0.002 0-037
~0.62804i —0-61026¢ ~0-6265i

The coefficient B, in (40} is just by, given by (13) with an =4, g The Mellin
transform in this formula is given by (33). When 7 — n, there are two singular terms in
this limit; An+#+%_ﬁ/(z —n)and B(B —z7— 1 — % Z+a). Setting 7 = p + 17, expanding
these terms at = () and using (42) we obtain (41).

The bounds (38) and (39) are obtained as in Corollary 3 (using only Proposition 2). [J

Table 4 shows a numerical experiment about the approxiration supplied by (40) and
the accuracy of bounds (38) and (39).

4. Cenclusions

Asymptotic expansions of generalized Stieltjes transforms of complex valued functions
have been derived in Section 2, including error bounds, They extend to the complex case
the known methods given in Wong (1980, Chapter 6), Wong (1989), 'Lépez (2000) and
Lépez (2001) for real functions, Using these methods we have derived two expansions
with error bounds of the generalized Epstein—Hubbell integral (2} in Corollaries 3 and 4.
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have been obtained from the error test and, as numerical computations show (see Tables I
and 4), they exhibit a remarkable accuracy.
Expansions given in Corollaries 3 and 4 constitute a simple form of the asymptotic

formula for A2 (o, 8; k) derived by Kalla & Tuan (1996). Apart from the simplicity
of the expansion, the approach presented here supplies a simple algorithm for the
calculation of the coefficients of these expansions and accurate error bounds at any order
of approximation,

Distributional approach should succeed for deriving complete uniform asymptotic
expansions of Epstein~Hubbell integrals too. This challenge is postponed for further

investigations.
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