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Abstract

The double Zeta function of Barnes, &3 (v, z, w), is considered for large and small values
of z and w with w > 0, |Arg(@)| < # and v # 1, 2. Two integral representations are
obtained for & (v, z, w). These integrals define the analytical continuation of the double
Zeta function, primarily defined for $(v) > 2 and %i(z) > 0, to the whole complex z-plane
and complex v-plane with | Arg(z)| < 7 and v # 1, 2. Six asymptotic expansions for large
and small w or z are derived from these integrals. The expansions are all accompanied by
error bounds at any order of the approximation. Numerical experiments show that these
bounds are very accurate for real values of the variables.
© 2002 Elsevier Science (USA). All rights reserved.
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1. Introduction

The double Zeta function 2 (v, z, w) is defined by the double infinite series [4]:
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oo 0O
H(v,z,w) = Z Z(z +m+nw)Y,

m=0n=0

Re(z) = 0, Re(w) > 0, Re(w) > 2. (1)

The double Gamma function of Barnes I3(z, w) introduced in [3] is closely
related to the double Zeta function,

d . [ d
log I (z, w) = %Q(v, Z, w) - z}l_rg})[%s“z(v,z, w) +10gz].
v=0

v=0

An important particular case of the function I(z, w) is the function G(z) =
(2r)*2Iy"(z, 1) (also called the double Gamma function) introduced in [2] as
the infinite product

o.9]
G+ 1= (2,1.)2/23—[(1-%)’)22%’]/2 H[(l + E)ke_z-l-zzﬂk],
k=1 k
where y is the Euler-Mascheroni constant. It satisfies the recursion relation
G(z + 1) = I'(z)G(z) and, for integer positive z, it verifies G(1) = G(2) = 1
and G(m) =112!...(m — 3)(m — 2} form = 3.

Barnes introduced these functions, studied many properties and applied them
to the theory of elliptic and theta functions [2—4]. Some other mathematical
applications of the double gamma functions may be found in [8,9,17,18]. The
double gamma functions are used in [17] to prove the classical Kronecker limit
formula. On the other hand, the theory of the double gamma function is used in
[8,9,18] to evaluate some series involving the Riemann zeta function.

A second field of applications is the study of determinants of Laplacians. In
fact, multiple gamma functions evaluated at 1/2 may be expressed in terms of the
functional determinant of Laplacians of the n-sphere, which have been a recent
subject of research due to their relevance to superstring theory [20]. Toeplitz
determinants with special rational generating functions may be evaluated in
terms of the double gamma function and the Gauss hypergeometric function [5].
Several properties of the Gamma and double gamma functions may be deduced
from the application of the zeta regularization to the determinants of certain
operators [21]. The double gamma function plays a key role in the derivation of
the determinant of the Laplacian on spinor fields on a Riemann surface in terms
of the value of Selberg zeta function at the middle of the critical strip [16]. Some
other applications of the double gamma function to the study of determinants of
Laplacians may be found in [7,14,15]. For a deep’lunder_standing of the important
role that these functions, in particular the double zeta function, play on zeta-
function regularization methods see [10]. '

Asymptotic expansions of &2(v, z, w), I(z, w) and G(z) have been investi-
gated, among other authors, by Matsumoto, Billingham and King, and Ferreira
and Lopez. Complete asymptotic expansions of ¢2(v, z, w) and I (z, w) in de-
creasing powers of w are obtained in [12,13] from an integral representation
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of a generalization of these functions. These expansions are valid for z, w > 0,
3 — v ¢ N and R(v) > —N for some fixed N € N. The first terms of the asymp-
totic expansions of log I3(z, w) for large or small z or w have been obtained
in [6] by using the method of matched asymptotic expansions to solve the dif-
ference equation satisfied by this function. The first terms of uniform asymptotic
expansions are also obtained there. A complete asymptotic expansion of log G(z)
with error bounds has been recently obtained in {11] from an integral representa-
tion of log G(z). Several complete convergent expansions of log G(z) in powers
of z are given in [8]. These expansions of log G (z) for large and smali z are valid
for | Arg(z)] < 7 and |z} < 1, respectively.

On the other hand, complete asymptotic expansions of {2(v, z, w) for large
and small z and small w are not known. The purpose of this paper is to obtain
complete asymptotic expansioas of {2(v, z, w) in these limits with error bounds.
For completeness, we also investigate asymptotic expansions of {3 (v, z, w) for
large w. The expansions obtained here for large w are alternative to Matsumoto’s
expansions and are valid in a Jarger domain of z and v.

In Section 2, we obtain two integral representations of £2 (v, z, w) from which,
in Section 3, we derive complete asymptotic expansions of this function in the
limits mentioned above. We use the error test and Caunchy’s integral formula to
obtain error bounds at any order of the approximations. Numerical examples are
shown as an illustration in Section 4. A brief summary and a few comments are
given in Section 5.

2. Analytic continuation of the double zeta function

The starting point to derive asymptotic expansions of {2(v, z, w) is a suitable
integral representation. It may be obtained by substituting

1 1
(z+m+nw)? I

[s.4]

ftv—le—(z+m+nw); dt
V) ‘

0

in definition (1) and interchanging sums and integral,

1 tv—le-«zt

dt.
Iw) / 1—e (1 —e ¥}
0

(v, z,w) =

This integral defines an analytic function of either v, z or w for R(v) > 2,
R(w) > 0 and R(z) > 0 [19, p. 30, Theorem 2.3].

We can continue analytically £2(v, z, w) in both, v or z, to larger regions in the
complex plane. For this purpose we consider only positive values of w. In order
to continue £2(v, z, w) to a larger domain in the z-plane we consider an angle
¢ verifying |p| < 7 /2 and | Arg(z) + ¢| < m/2. Then, using the Cauchy residue
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Im{t)

2Tiaw) 4

o -2Tialw)

Fig. 1. Hankel's contour involved in the integral representation (3) of {2(v,z, w). It surrounds
the half-line [0, coe'®) in the counterclockwise direction and does not enclose any pole £2nmi,
H2nwi/w, n € N, of the integrand in (3). Then, in this pictere, a(w) = Min{1, w1y

theorem we obtain that, for fixed » with R{v) > 2 and fixed w > 0, the analytic

continuation of &(v, z, w) in the z variable to {z € C, | Arg(z)] < =) is given by
P

tv—le—zr

1
G2y, z, w) = T Of (1 — e=1)(1 — g—¥?) dt. (2)

From this integral, a straightforward computation shows that, for fixed z
€\ R~, the analytical continuation of {2(v, z, w) in the complex v plane to the
region v € {C, v ¢ N} is given by

__r)v—le—zt

_irQl- v) (
aw g =S [ St @)
Ly

where the contour £y, is the Hankel’s contour shown in Fig. 1. This Jast formula
may be proved by shrinking the contour L, around the straight [0, ocet?).
Therefore, we have the following propesition.

Proposition 1. For fixed w > 0, the analytical continuation of the double zeta
function ta2(v, 7, w) defined in (1) fo {zeC, tArg@)| <myand{vel v# 1,2}
is given by ’ )

tv—i e~

£2(, 2, w) = S(v) [ Tereorer= L @
Cp
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where the integration path Cy is the straight line [0, coe'?) YR > 2 or the
Hankel’s contour Ly given in Fig. 1ifveN. The parameter ¢ is an angle ver-
ifying lp| < /2 and | Arg(z) + ¢] < /2, and

I(vy~! ¥Ry > 2,

S(v) = {i(zﬂ_)—lein’(l—v)[v(l —v) fvéN.

3. Asymptotic expansions of the double zeta function

The integral representations given above are the starting point to derive asymp-
totic expansions of &a(v, z, w) for large or small z or w. These expansions are
given in Theorems 16, Empty sums must be understood as zero in the remaining
of the paper.

Theorem 1. For y » 0, |Arg(z + w — Dl<mand v # 1,2, an asympiotic
expansion of £3(v, 7, w) Jorlarge w and N = 0,1,2,4,6,.. . 4s given by
"f Ba tu(v, 14+ (z = D/w)
nl

wn-}.v—..l + RN (U, Zs w), (5)

Ev,z, w) =¢(v,z) +

=0

where B, are the Bernoulli numbers, £ (s, a) is the Hurwitz zetq Junction and

Webien 4y 1, ) Fnst2 vy,

) (6)
(=" —2)! lfn=2-—v,n=2,3,4,....

gn (U’ z) = {
In this formula (V)n denotes the Pochhamer symbol of v. The error term verifies
Ry(v,z,w) = (’)(w_N‘m(”)"'l) as w — 0. More precisely, for N =0, 1, 2,4,
6..... B(v)>2~ N and Rez+w—1)>0 an error bound for the remainder is
given by

w+NRz—1

|RN (o, 7, w)]s{%i[ y(N+§Rv—2,27r(w+§)?z—l))

+ y(N+mv ~1,27(w+ %z — 1))J

+ LN +%Rv— 1, 20 (w + Rz ~ 1))
ZJ’IN_I(I _ e‘2’”")x
XKoo !
I (W)|(w + Rz — HF+-T
where y(a, x) and Ia,x) are the incomplete gamma Junctions [1, Egs. (6.5.2)

and (6.5.3)]. For N =0, 1, 2,4,6,..., RW) > 2 — N and (Arg(z+w— 1)) <,
an error bound for the remainder is given by

(7
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| R (v, 2, w)}
FN + %y = D[+ 4] + N+ Ro — 2] cot{F — 12
= 2005 | T () N T(cos @)V (Jw + z — 1] cos)N+iv—1 7
with ¢ = —(1/2) Arg(z +w - 1).

(8)

Proof. We introduce the decomposition
1 e~
l-eg™V

r=1+1_e—wr (9)
in either of the integral representations given in Proposition 1. Then, using [19,
p. 75, Ex. 3.16] we have

e P —le—(z+w—l)r
t2(v, 2, w) = £ (v,2) + S() f A e o (10)
Co
We intreduce now the expansion [1, Eq. (23.1.1)]
; N-1 Bi
;t-:—l=kz=(:}ﬁt @, Itl<2m N=0,1,2,46,..., (11)

where ry (1) = ©@V) ast — 0, into the integrand of Eq. (10). Interchanging sum
and integral and using again [19, p. 75, Ex. 3.16] we obtain (5) with

tv—Ze—(z+w—1)r
Ry(v,z,w) = S(v)/ ——y () dt. (12)
1—emwt
Co
In [11, Section 3.1] it is shown that sign(rz, 1)) = —(—=D¥ for N =2,3,4,...
and O < ¢ < 2. It is easy to show that also, ro(¢) > 0, ri{f) < 0 and r2(t) > 0.
Therefore, two consecutive error terms ry (f) (with ¥ =0,1,2,4, 6,...) in the

expansion (11) have opposite sign. Applying the error test (see {22, p. 381) we
find, '

B
o] < B8,

On the other hand, for any ¢ € C we consider the explicit expression of ry ()
given by the Lagrange form for the remainder of the Taylor expansion (11):
N, N=0,1,2,4,6,..,

o 1 4" X
¥ = —
NVUZ NG\ 1|,

where £ € (0, t). By the Cauchy’s integral theorem,

0t <2m, N=0,1,2,4,6,.... {13

i du N

1
rN(t)zﬁf(u——é)NH(eu_l)t » N=01246... (9
c
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Im(u) 1

Re(u)

Fig. 2. The circle of radius r = 7 cosg centered at £, with £ € (0,1), used in the Cauchy definition
of ry(f) must be contained in the shaded region. This region is defined by the set {u € C,
[ — 1} < wecose, 0 £ |r| < o0, Arg(z) = ¢}.

where C is a circle with center at the point & that does not enclose any singularity
of (e* — 1)L, In order to find bounds of Ry (v, z, w), we require bounds of ry(¢)
valid for fixed Arg(t) = ¢ with |¢] < /2 and 0 < j#] < co. Therefore, we make
the change of variable u = & + 7w cos @e'? (observe that 7 cos ¢ < the distance of
the ¢-axis to the first singularities 271 of (e — 1)~1, see Fig. 1), obtaining

(N

Irv ()| < Cle) N=0,1,2,4,6,..., (15)

(mcos@)V’
where C(p) is a bound of |u/(e* — 1}| in the shaded region depicted in Fig. 1.
The maximum of the function |u/(¢* — 1)| in that region is located on the contour
of the region. When |¢| < /2, a simple bound may be chosen:

7 w el
Clp) = 7 cot(4 - ) (16)

When |Arg(z + w — 1)| < 7/2 and R(v) > 2 — N we can take ¢ =0 in
the integral (22) with Cp = {0, 0o0) (and S(v) = I'(v)~1). Then we introduce the
bound (13) in that integral for ¢ € [0, 2m) and the bound (15) for ¢ € [27, 00).
Taking C(0) = 7/2, the bound wz (1 — e~ y~1 £ 1 + wrt in the first integral and
(1—e~¥")~1 < (1 — ¢727¥)~1 jn the second one, after trivial manipulations we
obtain (7). Nevertheless, for | Arg(z +w — 1)| < 7 and R(v) > 2 — N we can
take ¢ = —(1/2) Arg(z + w — 1) in the integral (22) with C = [0, coe'?). Then
introducing the bound (15) in (22) and using jw# (1 — e~ < (cos )™ 4 |wi|
we obtain (8).

Using again formula (14) with £ € (0, ¢), Arg(f) = g, it is easy to show that

lrn@)| < Ev@itl, teLly, N=0,1,2,4,6,..., (17)
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where Cn(¢) is independent of |#{. Introducing this bound in (22} with Cp = Ly
and ¢ = —(1/2) Arg(z + w — 1) we obtain that, for v ¢ N,

My (v, w, ,2)
whz— 1|N+ERU—1 ?

|Rv (v, 2, w)| < I

where My (v, w, @, z) is bounded for large w. Therefore, (5) is an asymptotic
expansion also for R(v) £ 2 — N withv#1,2. O

Theorem 2. For w > 0, |Arg(z)] <=, v # 1,2 and N =2,4,6,..., an
asymptotic expansion of {2(v, z, w) for small w is given by

& (1B, !
nE,zw) =) L@, 00" T+ Ry @, 2, w), (18)
n=0 :

where §,{v,z) are given in (6) and Ry(v,z, w) = O as w — 0. More
precisely, for N =2,4,6,..., R(v) > 2 — N and R(z) > 0, an error bound for
the remainder is given by

| Ry (v, 2, w)| < {l_&‘r_l[y(N +%v -2, Zni(z))m(z)

N!
2
+ y(N + Rv —1, Jréﬂ(z))]
w
[N+ % — 1, Z22) wh—1 19
2,,1\'—1(1 _ ezn/w) 1F(u)i(9‘tz)N+?R”—‘ )

For N=2,4.6,..., R(v) > 2 — N and | Arg(2)| < 7, an error bound for the
remainder is given by ’

(2] + N +Rv — 2NN + Ry — 2wV !
2e#3?| T (v)|w N~ (cos )V (Jz] cos ) Vv —1

7 _ ¢l
COt(Z - —2—), (20)

with ¢ = —(1/2) Arg(z).

| Ry (v, 2, w)| <

Proof. We introduce the expansion [1, Eq. (23.1.1)]

N—-1 k
wt B
1-— e““wt = kzo k! (w‘t) +rN(w1"), |wt| << 277:,

N=0,1,246,..., 21
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where ry (1) = O@V) as t — 0, in either of the integral representation given in
Proposition 1. Interchanging sum and integral and using [19, p. 75, Ex. 3.16] we
obtain (18) with .

U2 put
Ru(v,z,w) = S—g’l T rwnr. 22)

1—
Co

The terms of the expansion (11), with ¢ replaced by w¢, coincide with the
terms of the expansion (21) from 5 = 2 because Bap1=0forn=1,2,3,....
Therefore, the remainder ry(wt) in (21) satisfies the bounds (13) and (15)
for N =2,4,6,.... On the other hand, the bound (17) holds for every N.
When |Arg(z)| < 7/2 and R(v) > 2 — N, we can take ¢ = 0 in the integral
(22) with C = [0, co). Then we introduce the bound (13) of ry(wr) in that
integral for wt & [0, 27r) and the bound (15) for wt € 27, oc). Using the bound
1 —e™~1 <1+ ¢ in the first integral and (1 —e™")~1 < (1 — e~ 2m/wy=1 iy
the second one and after trivial manipulations we obtain (19). For |Arg() <
and M(v) > 2 — N we can take ¢ = —(1/2) Arg(z) in the integral (22) with
C = [0, 00e’). Using the bound ¢ (1 —e~*)~1| < (cos @)1+ t] for r € [0, coel®)
and after trivial manipulations we obtain (20). Introducing the bound (17) in 22)
with ¢ replaced by wt for Cy = Ly with ¢ = —(1/2) Arg(z) we obtain that, for
véN,

|Rw (v, 2, w)| < My (@, 2, )w™ ™,

where My (p,z,v) is independent of w. Therefore, (18) is an asymptotic
expansion for small w also when Ry<2-Nwithv#£1,2. O

The bounds given in this theorem, although accurate when z is'close to the real
axis, do not hold for N == 0, 1. The error bounds given in the following theorem
are valid for every N e N.

Theorem 3. For w > 0, [Arg(z ~w)| <m, v# 1,2 and N = 0,1,2,4,6,..., an
asymptotic expansion of {5(v, z, w) for small w is given by
N-1 B
@.2,w) =3 60,2 — ww"™ + Ry(v, 2, w), (23)
n!
n=0
where £n(v, 2) are given in (6) and Ry, z,w) = O(wN‘I) as w — 0. For
N=0,1,2,4,6,..., %) > 2 — N and Nz —w) = 0, ar error bound for the
remainder is given by

[Ry (v, z,w)| < {%"’—'[y (N + 9w - 2,270 (z/w — 1))9(z — w)

+ },(N + %y -1, 2rR(z/w — 1))]
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I'(N+%v—1, 2nR(z/w - 1))
+ 2(1 ~ e-z:r/w)]rN—l }
wh-1
IF(v)I(?Ti(z — w))N -1
For N=0,1,2, 4,6,, R =2 - N and [Arg(z — w)| < T, an error bound
Jor the remainder is g:ven by

(lz—wl+ N+ 9%y — DN + fty ~ 2y -1

(24)

[Rw (v, 2, w)| < ZegpS'uI]"(u)f]rN_l(COS(O)N(IZ — w(cos ) NFRv—1
T gl
x COI(Z - —2—), (25)

where ¢ = —(1/2) Arg(z — w).

Proof. We write
1¥=2,—(z—w)r f
=20 [

1—e= euwr_q

and introduce in thig integral the expansion {1, Eq. (23.1.1)

(wr) + ry(we), N=O,I,2,4,6,...,
k—-O

where ry (1) = Oy as r — 0. The remaining proof is similar to the proof of
Theorem 2, but now the bounds (13) and (15) hold from N = ¢, [

Theorem 4. For w > (, | Arg(z)) <, v 1,2 and N = 0.1,2,..., an gs-
ymptotic expansion of 02(v, z, w) for large z is given by

_.1~

(v, 7, w) = Z —;!—(_:%)- + Ry (v, z, w), ' (26)

n=0
where Ry (v, 7, w) = O(z‘N”m(")"‘z) as z —» 00 gnd
5 D" -2), " BB,
B, (v,
n(v, w) = w—T(w-2) ¢ Z Tk =k

For N=0,1,2,. » |A18(2)| < 7 and RW)>2— N, an error bound for the
remainder is gzven by

(27)

e~ PN £y — 2)
w(ma(w) cos p)¥ | " (m))(I7) cos @) N+itv—2

X {:rr (a(w)cosqa+%cot(§—l§| )

[Ry (v, 2, )| <
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|z|cose |zfcosg

+ (14 w)(é— cot(% - -I-gl) + a(w) cosqo):H, (28)

where ¢ = —(1/2) Arg(z) and a(w) =Min{1, w™} was introduced in Fig. 1.

N+$}%v—2|: N+%Rv—1

Proof. We introduce in the right-hand side of (4) the expansion

t wt g,
FppE i a— = Z b (v, w)!k +ry(w,t),
k=0
N=0,1,2,3,..., 29

where ry(w, 2) = O(Y) as t - 0 and
k

e, w) = (=1 Y

j=0

wk_ijBk_j
Sk~ j)

Interchanging sum and integral we obtain (26) with

i

RN(v,z,w)=%v)ft”"3e_”m(w, 1)dt. ' (30)
Co

We consider now the explicit expression for ry(w, t) given by the Lagrange
form for the remainder of the Taylor expansion and the Cauchy’s integral theorem,

w u?du N
D= o Cf WDV

N=0,1,23,..., (31

where C is a circle with center at the point & .(0,¢) that does not enclose
singularities of (1 —e™*)~1(1 — e~%*)~!, In order to find bounds of Ry (v, z, w)
we reguire bounds of ry(w, r) valid for fixed Arg(r) = ¢ with |¢| < /2 and
0 < |t| < 0o. Therefore, we proceed here as in the proof of Theorem 1, but now
we introduce in (31) the bound [u(1 —e~*)~!| < C(g) + |u}, where C(gp) is given
in (16) and u belongs to the shaded region of Fig. 2. Then, it is easy to show that,
forN=0,1,2,4,6,...,

N
.| [0+ +141[C) +r -+ wie]

t € [0, 00e'®), (32)
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where r = wa(w) cosg. Introducing this bound in (30} with C = [0, o0e'?) and
RW) > 2 — N and after trivial manipulations we obtain (28). Using a similar
argument we have that ry (w, t) satisfies a bound similar to (32) forany ¢ ¢ Lo,

|, )] < Ty (w, )™ (1 + ), tec,,

where EN(w, @) is independent of {t]. Then, introducing this bound in (30) with
Co =Ly and ¢ = —(1/2) Arg(z) we obtain that, for v ¢ N and |2l 2 20 > 0,

My (v, p, w)

[Rv(v,z, w)] € TNz

where My (v, ¢, w) is independent of lz|. Therefore, (26) is an asymptotic
expansion for large z also when RO L2~ N with v #1,2. O

Although the expansion given in the preceding theorem is quite simple, the er-
ror bound is not quite sharp because the coefficient in frontof (Jz| cos @)~ -9()+2
is large. A more accurate error bound for large 7 is given in the following theorem.

Theorem 5. For u > 0, |Atg(z ~w~ 1)l <7, v £ 1,2 and N =0, 1,2,..., an
asymptotic expansion of £o(v, z, w) for large z is given by

N-1 E’ @,z w)
£2(v, 2, w) = Z; = :} — I;2n+v—6 + Ry (v, z, w), (33)
n=

where Ry (v, 7, w) = O(7 =2V ~RW)+6-245y)02-N Nasz 00,

n
- Bak 215, Ban 2k~ 248y,
Bn 3+ 4y =
@2, w) g_,; @k —2+ 8121 — 2k~ 2 4 8,1

(U —6 4 AnJc)Zn w2ﬂ—3—2k+5n—k

X 34
(=644, 1)6-2,, (z—w— 1)Ank G4
and we have defined Sk =280+ Skt Apg =8 + Sp—p and
_J1 ifrnzo0,
O = {0 ifn <0, ©3)

For N =0,1,2,.., 9{(1})>6-—2N—(2+3N)@(2—~N) and?ﬁ?(z—-w—-tl)

>0, an error bound for the remainder is given by

Cn(v,z,w,0)
WL )[Rz — w — 1) 2N+ 645y °

[Rv (v, 2, w)] < (36)

where
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Cn(v,z,w,9)
= [C“)(w)y(ZN +9R(v) — 64 8x, 2ra(w)R(z — w — 1))

CP (W, @) (2N + () = 6 + 8w, 2ra()R(z - w - 1)

X O(N — 3)
W Y(2N + Rv) — 4+ 8y, 2Zra(w)R(z —w — 1))
+Cv) B —w = D
3 TN + K@) — 4+ 8y, 2ra()R(z — w — 1))
+Cy (w, 9) B —w_DP N EY)
N
My, N | Bage—2-+8) {Ban —2k—2+8, i | DNty
Cn (w)_Z(Zk—2+6k)! @GN -2k~ 24 bu) - O8)
D, ) = QY w2 (r cos 9)? + w?] 1 — (22
(7 cos )N 1— (e )2
x cot(% - %) (39)
2
C{w, ) =CPww,0) + 307 cos :;)QNHM«SN °°‘2(% - %) (40)

a(w) is defined in Fig. 1.
For N=0,1,2,..., M) >6—-2N -2+ 55)E(2—N)and | Arg(z —w —
1)| < 7, an error bound for the remainder is given by
e SO QN +Rw) — 6+ 8)
w| I (@) (Jz — w — 1| cos @) 2N +H(v)—6+dy

x[ C2 (w, 9)ON —3) + C(w, p)

|Rw (v, 2, w)| €

y (2N +R(W) —~ 54+ 332N + R(v) —~ 6+ 6x5) @1
(Iz — w — 1] cos p)? ’
where @ = —(1/2) Arg(z — w — 1).
Proof. Write
S(U) -3 —(z—w—1u 4 wt
(2('”’ Z, w) = T/tv e T mew[ _1i dr (42)

Cy
and consider the expansion

N—-1

Bonewatsy  opedys, | =
= -t " n, N=0,1,2,....
Z&n 2+ 60! +rvin)
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This expansion verifies the error test (see the proof of Theorem Dfor0 <z <27,
and therefore, from (13),

. [Ban—2+sw!  an_24g
K 0 ¢ N 0<t<2m.
[P (o) (2N — 2+ 6y)! St=em
Nevertheless, from (15),

. Clp) - ;
VO] < s oz 1PV, 1 €10, 006%), (43)

where C(p) is given in (16). Consider now the analogous expansion for wt x
(ewt _ 1)—1,
N-1
wi Bopn—n+s,

- 2n—24-8, = —
T B m(wt)" +I‘N(1Uf), N—.O,1,2,...,
n=0

and multiply both expansions term by term. We obtain

N-1
t wt
et_lewt_l=Z¢n(W,f)+?’N(w,[), N=0,1,2,..., 44)
n=0

where, forn=0,1,2,.. .,

n

Bog-2+44, Bonon-245, ,
@, L) = 2n "
n(w, 1) = (wr) EO(2k—2+5k)!(2n—2k—2+3,,_k)!

18nik—4
X T

(45)

The terms of this expansion are an asymptotic sequence for small 1: &, (t) =
O =2ty a5 t 5 0. The remainder term ran(w, t) is given by

N-1
_ Bon-34s, =248 = _ _ .
rn(w, 1) = E mt Fy—a(wt) + iy (0)ro(we), . (46)

n=0
and, therefore, ry (w,t) = O@N~4H2HNOC-N)y 45 4 _, . Introducing the
expansion (44) in the right-hand side of (42) and after trivial manipulations we
obtain (33) with
S ‘
Ry(v,z,w) = (710[:”"3e‘(2_w_1)‘r1v(t) ds. (47)
Co

Using that sign(7, (1)) = (—1)" for 0 < ¢ < 27 and sign(By-245,) = (=1)" we
have that sign(ry (w, £)) = (= 1)¥, Thercfo;e, using the error test and the bound

1988 e 1 + @ (N — 3)] (48)
fork=0,1,2,...,N,t [0, 00), we obtain
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v (w, ] < | @ (w, )] < CP )PV 122 + O - 3)],
0t < 2ma(w). {(49)

Nevertheless, introducing the bound (53) in (46) for either 7, (t) or 7n(w?), using
(1, Eqgs. (23.1.14) and (23.1.15)] and (48) we obtain

I (o, )} < [CR) (w, )t + CDw, O — 3|l 4+,
t €10, 00e'?). (50)

When | Arg{z +w — 1)} < 7/2 and R(v) > 6 — 2N — (24-6§)O(2 — N) we can
take @ = 0 in this integral with C = [0, 00). Then we introduce the bound (49) in
that integral for ¢ € [0, 2w a(w)) and the bound (50) for 7 € [2wa(w), o). After
trivial manipulations we obtain (36)-(40). Nevertheless, for | Arg(z+w—1)| <=
and R(W) > 6 —2N — (2+8x)@ (2~ N) we can take ¢ = —(1/2) Arg(z+w —1)
in the integral (47) with C, = [0, 00e'?). Then introducing the bound (50} in (47)
we obtain (41).

Using the Lagrange formula for the remainder ry (w, ¢), the Cauchy’s integral
formula for the derivative of an analytic function it is easy to show that, for
N=0,1,2,...and ¢ = Arg(t),

ra(w, )] < Ca(w, It PV (14 1), 1€ Ly,

where C (w, @) is independent of |¢]. Introducing this bound in (47) with C, =
L, we obtain that, for v ¢ N and |z]| 2 70 > 0,

My (v, 0, w,2)
Ry 0,2, )] < T rmGi—ari
where My (v, @, w, z) is bounded for large |z|. Therefore, (33) is an asymptotic
expansion for large z also when R(v) < 6 — 2N — (2 +é¥)O(2 — N) with
v#1,2. O

Remark. Observe that the expansions given in Theorems 1-5 are all finite for
v=0,-1,-2,-3,....

Theorem 6. For Rz +w >0, |z] <w, v# L,2and N=0,1,2,..., a con-
vergent expansion of {2(v, z, w) for small z and/or large w is given by

(_11) Lm+v,w,w)z" + Ry, z, w), (51

n!

N-1
(v, z,w) =1(0,2) + )
n=0

where Ry (v, z, w) = O¥) as 7 — 0. Moreover, for R(v) > 2~ N and N =
0,1,2...., the remainder term is bounded by
(N + %))

NI ()} L(N + R, w+ RO (—%(2)), w)lz|N

|Rn (v, 2, w)| <
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T (N +R(v) —2)}z¥
T NIT)|[w + R(2) @ (—R(2) PHIw-2
. [1+ N4+ -2
w+ RO (~R())

(52)

(rur gt awo1 )

w4+ RO (—R(2))
where & {(n) is defined in (35).

Proof. Introduce the decomposition (9) in either of the integral representations
given in Proposition 1 with ¢ = 0. Then we obtain

L, z,w) = ¢ (v, 2) + L (v, 7, w),

where
tv_l e~ Wi

&a(v, z,w) ES(v)f a= e dt.
Go

e~ )(1l ~ e~t)

If we introduce now the expansion
N1
_ (=1
2t n_n
e = Z —r 7" +ry ()
=0
in this integral, we obtain (51) with

v—1 ,—wt
Ry(v,z, w)=S(v)[ (I’ SR ICI (53)
G

—e (1 —ew)

Using the Lagrange form for the remainder ry(£z), we obtain
e tDO(-RE)
N!
Introducing this bound in the integral (53} we find that, for w 4+ R() O (—N(2)) >
0, Ry (v, z, w) = Oz} as z — 0, and moreover, that limpy.oo Ry (v, z, w) =0
if, besides, |z] < w. On the other hand, for N -+ R(v) — 2 > 0, after trivial
manipulations in the integral (53) we obtain the first inequality in (52). The
second inequality follows if we use besides the inequalities £(1 — ¢~ € 1 + ¢

and wr(l — e ™) < 1 + wt in that integral. O

lrw 2| < ezl

4. Numerical experiments

Tables 113 show numerical experiments about the approximation supplied by
Theorems 1-6 and the accuracy of the error bounds.
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In ajp these tables, the Second <olimp Tepresents the value of (v, z, w). The
third ang sixth Columng Fepresent, respectjvely, afirst and , second aPproximation
Ziven by the corresponding theorem, Fourtp and sevep columpg Tepresent

the respective relative eiTors Ry (v, z, w)/g'z(v, % w). Fifip and Jag; columpg
Tepresent the Tespective €rror bounds given by the corresponding theorem,

doubje Zeta function 2(v, 2, w) ; defined f, @, ) o ) )
Orw >, these Integra] define the analytica) Continuatiop of &5 (v, & W) 1o the
Complex » ang v S With @ <7 an

Theorems 1-6. These Taylor €Xpansiong verify the CITOF test iy 5 Iargedomain
of y, 5 and q, Accurate CITor boungs for the a8ymprtotic SXpansiong have beep
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