Asymptotic relations in the Askey scheme

for hypergeometric orthogonal polynomials

ABSTRACT

It has been recently pointed out that several orthogonal polynomials of the Askey
table admit asymptotic expansions in terms of Hermite and Laguerre polynomials [4],
[6]. From those expansions, several known and new limits between polynomials of
the Askey table were obtained in [4], [6]. In this paper, we make an exhaustive anal-
ysis of the three lower levels of the Askey scheme which completes the asymptotic
analysis performed in [4] and [6]: (i) We obtain asymptotic expansions of Charlier,
Meixner-Pollaczek, Jacobi, Meixner and Krawtchouk polynomials in terms of Her-
mite polynomials. (i) We obtain asymptotic expansions of Meixner-Pollaczek, Jacobi,
Meixner and Krawtchouk polynomials in terms of Charlier polynomials. (iii) We give
new proofs for the known limits between polynomials of these three levels and derive

new limits.
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1. Introduction

It is well known that there exist several limit relations between polynomials of the
Askey scheme of hypergeometric orthogonal polynomials [3]. For example, the limit

—1)" 2—n/2
lim o "/2L%xva +a) = (e

a—00 n'

Hy(x/V2), (1)

shows that, when the variable is properly scaled, the Laguerre polynomials become the
Hermite polynomials for large values of the order parameter. Moreover, this limit gives
insight in the location of the zeros of the Laguerre polynomials for large values of the
order parameter.

It has been recently pointed out that this limit may be obtained from an asymptotic
expansion of the Laguerre polynomials in terms of the Hermite polynomials for large «

[4]: .

C_k Hn_k<X)

L(r::(x) = (_1)n B" — Bk mv

(2)
where the value of X, B and some other details are given in Section 2.1. This expansion
has an asymptotic character for large values of || (see Section 2.1). The limit (1) is
obtained from the first order approximation of this expansion.

The asymptotic method from which expansions like (2) are obtained was introduced
in [4], [5] and [6]. More precisely, the method to approximate orthogonal polynomials
in terms of Hermite polynomials is described in [4], whereas the method to approximate
orthogonal polynomials in terms of Laguerre polynomials is described in [6]. Based
on those methods, asymptotic expansions of Laguerre and Jacobi polynomials in terms
of Hermite polynomials are given in [4]. Asymptotic expansions of Meixner-Pollaczek,
Jacobi, Meixner and Krawtchouk polynomials in terms of Laguerre polynomials are
given in [6]. Moreover, asymptotic expansions in terms of Hermite polynomials of other
polynomials not included in the Askey scheme, such as Tricomi-Carlitz and generalized
Bernoulli, Euler, Bessel and Buchholz polynomials are given in [4] and [5].

Those asymptotic methods are based on the availability of a generating function for
the polynomials and is different from the techniques described in [1], [2]. The method
introduced in [1] is based on a connection problem and gives deeper information on the
limit relations between classical discrete and classical continuous orthogonal polynomials
in the Askey scheme. On the other hand, our method gives asymptotic expansions of
polynomials situated at any level of the table in terms of polynomials located at lower
levels. Our method is also different from the sophisticated uniform methods considered
for example in [8] or [7], where asymptotic expansions of the Meixner M, (nz,b,c) or
Charlier C%(nz) polynomials respectively are given for large values of n and fixed a,
b, ¢, . In our method we keep the degree n fixed and let some parameter(s) of the
polynomial go to infinity.

In the following section we resume the descending asymptotic expansions and limit
relations between all the polynomials situated at the three first levels of the Askey table.
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For completeness, we resume in the next section not only the new expansions obtained
in this paper, but also the known ones derived in [4] and [6]. In Section 3 we briefly
resume the principles of the Hermite-type asymptotic approximations introduced in [4]
and introduce the principles of the Charlier-type asymptotic approximations. In Section
4 we prove the new asymptotic expansions and the new limits presented in Section 2.
Some numerical experiments illustrating the accuracy of the approximations are given
in Section 5.
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Figure 1. Three lower levels of the Askey table of hypergeometric orthogonal polynomials. Thick
arrows indicate known asymptotic expansions between polynomials, whereas thin arrows indicate
new asymptotic expansions derived in this paper.

2. Descending asymptotic expansions and limits

The orthogonality property of the polynomials of the Askey table only holds when
the variable = and other parameters which appear in the polynomials are restricted to
certain real intervals [3]. Nevertheless, the expansions that we resume below are valid
for complex values of the variable and the parameters and for any n € N. All the square
roots that appear in what follows assume real positive values for real positive argument.

2.1. Laguerre to Hermite

2.1.1. Asymptotic expansion for large a:

Ls = (-1)"B" _—— 7/ T = -

2.1.2. Coefficients: co =1, ¢1 =c2=0, c3=4%Bx—a—1)and, for k =4,5,6,...,
ke =—=2(k —1)ck—1 — (K —2)ckh—2+ Bz —a— 1V)cg—3+ 22 —a — 1)cg—a.  (4)

2.1.3. Asymptotic property: g% Hp (X) = O(antLk/3]=3k/2), o — 00.



2.1.4. Limit (known): limg_.0o ™ ™2L% (z/a + ) = (=nra=/2 H, (%) )

n! 2

2.2. Charlier to Hermite

2.2.1. Asymptotic expansion for large a:

n

cr. Hp_1(X T a—x
Cn(x,a):B”ZB—im%(I{:)!)7 B=\/55 X:m. (5)

k=0

2.2.2. Coefficients: co =1, c¢1 =co =0 and, for k= 3,4,5, ...,

a’key = a®(k — 1)cp_1 — xCp_3. (6)
2.2.8. Asymptotic property: g Hy_1(X) = O(a™ %), a — oo.

2.2.4. Limit (known): lim,_,0(2a)"2C\(vV2azx + a,a) = (—=1)"H,(z).

2.3. Krawtchouk to Hermite

2.8.1. Asymptotic expansion for large N:

N " ep Hp_p(X) p2N + x — 2xp Np—=x
Kn(xsp, N)=B" ) ————- B=|—F5—, X=—F—.
L (7)
2.3.2. Coefficients: cog = 1, ¢4 = ca =0, c3 = 3Ip_3z§p;fp N=¢ and, for k =
4,5.6,...,
plker = —p*(2p — 1)(k — Dep—1 — p*(p — 1)(k — 2)cp_s
+ (=2 + 3xp — 3zp® + P’ N)cp_3 (8)
+ (=2xp® + 32p + PPN — p’N — 2)cp_y4.
2.8.3. Asymptotic property: g% Hy (X)) = O(N"/2+B/3]=k), N — .

2.8.4. Limit (known):

lim (N> ( ﬁ) K, (pN+:c 2p(1 —p)N;p,N) = (_i)an(w)-

N —o00 n

2.4. Meixner to Hermite
2.4.1. Asymptotic expansion for large [3:

n!B" <~ By, H,_1(X) 1—-c2

Mnlwire) = (B)n kzz;) 2k (n—Fk)’ b= 22 72 2cB




e o e _ (@-Da+c®p _
2.4.2. Coefficients: co =1, c¢1=co=0, c3= 3.3 and, for k =4,5,6, ...,

Ekep = (c+ 1) (k= Vg1 — (k= 2)cp_o + (B + 3z — x)cp_s

10
+ (B 4 = — x)cp_y. (10)
2.4.3. Asymptotic property: gx Hn (X)) = O(pn/>+k/31=k), 8 — oo.
n/2 2\/2¢8
2.4.4. Limit (new): limg_,oc (5)n (%) M, ( 62 i 0, ) H,(x).
2.5. Meixner-Pollaczek to Hermite
2.5.1. Asymptotic expansion for large \:
= H, 1(X)
PN (g )= gn S Ek HnokA) 11
A €Os i
B =+/—Acos(2¢) — zsin(28), X = C%d’g zsing. (12)

2.5.2. Coefficients: co =1, ¢ = ca =0, c¢3 = %[)\cos(?)gb) + zsin(3¢)] and, for
k=456, ...,

ke =2cos p(k — 1)cip—1 — (k — 2)ck—2 + 2[A cos(3¢) + x sin(3¢)]ck—3

: (13)
— 2[Acos(2¢) + = sin(2¢)]ck—4.
2.5.3. Asymptotic property: gx Hy (X)) = O\ 2H[k/3] =k A — oo.
2.5.4. Limit (known): limy_.c \""/2P (W@ = L H,(x).
2.6. Jacobi to Hermite
2.6.1. Asymptotic expansion for large o + (3:
- H, 1 (X) 2z 4+ (a+ Bz + (o — B)
P (g) = pr§ " Sk Znokll) X = 14
)(z) o i, o S
k=0
B=yft et lain - ta-pe-Seais) (15)
=43~ 2*+ gl 1@ z— ca*(a .
2.6.2 Coefficients:

4 1 1 1,
co=1 c=c=0 c3= ﬁ—:n—ﬁ(a—ﬁ) 1 z(a+3)+ ID (a+5)+1$ (a—pB).
2.6.3. Asymptotic property:

%Hn,k(X) — O((a + p)M/>HIE/BIRY, a+ 8 — oo, Z;g — 0.



plesd) (@)
n a+B+2 Hn(x) . a—p
(OL+B)1L/2 T 93n/2p1) Wlth a—-'r,B — 0

2.6.4. Limit (new): limay 500

2.7. Krawtchouk to Laguerre

2.7.1. Asymptotic expansion for large N :

(Z) Ku(wip,N) =Y oLl (X), X=a+l1-N+° .
P
k=0

2.7.2. Coefficients: co =1, ¢1 =0, c3= % [1 +a—3N + % (4 — l) x] .

2.7.3. Asymptotic property: c Lila_)k(X) = O(N"HE/2I=k), N — .

2.8. Meixner to Laguerre

2.8.1. Asymptotic expansion for large (3:

n

My (2 8,¢) =Y LV (X)), X=a-B+1+
k=0

2.8.2. Coefficients: co =1, ¢, =0, co= 1+§_ﬁ + 20_222_11‘-

2.8.8. Asymptotic property: ckLgla_)k(X) = OBtk B — oo.
S T cx_. _ L (=)
2.8.4. Limit (known): lim._,q M, (E’O‘ + 1,0) = 150

2.9. Meixner-Pollaczek to Laguerre

2.9.1. Asymptotic expansion for large A:

PéA)(x;sﬁ):ZCkafi)k(X), X=a+1-2\cos¢ — 2xsin¢.
k=0

2.9.2. Coefficients:
co=1, c¢1=0, co=2xsin(2¢)+ Acos(2¢) —2(xsin¢g + Acos ) + %
and, for k =4,5,6, ...,

ke =2(1 4+ cosp)(k — V)ek—1 + [+ 1 — 2\ + 4(cos ¢ — 1)(Acos ¢ + zsin ¢)+
2(2—k)(142cosd)|ci—2 + [AN+2(k — 3)(1 + cos ¢)—
2(a+1)cosPlcg—3 + (¢ +5—k — 2X\)cp—q.

2.9.8. Asymptotic property: ckLgboi)k(X) = O(AFIR/2=k) A — 00.

(16)

(18)

(19)



2.9.4. Limit (known): limg_o PS*V/? (= £:6) = Li().

2.10. Jacobi to Laguerre

2.10.1 Asymptotic expansion for large o+ (:

n

Pld(z) =3 L (X), X = %(a +6+2)(1 —2).
k=0

2.10.2. Coefficients:
1
co=1 =0, c2= §[3ﬂ—a—2(a+35+4)x+ (3a + 33 + 8)z?].

2.10.3. Asymptotic property:

w I (X) = O((a+ B)™/2F) a4 f oo, O‘Ig ~0
2.10.4. Limit (known): limg_ e P (1 - %w) = L ().
2.11. Krawtchouk to Charlier
2.11.1. Asymptotic expansions for large N :
N - Ck Cn,k(X,A)
Kn(z,p,N)=B" » ———————,
(n> (2,5, N) kZ:oBk (n—k)!
9 3
_ (Np? + z — 2px) (=N —2)
(Np3 + (=3p2 + 3p — 1)a)*’ Np3 + (3p — 3p? — 1)z’

(p—1p(N —x)x (Np2 +x— 2p:c) ‘

A=— 5
(Np3 4+ (=3p? + 3p — 1)x)

(p—1)z(z—N)

2.11.2. Coefficients: co =1, ¢ =ca=c3=0, c4= 2N +a—3p7)

and, for k =5,6,7,...,

kck = hl(k} — 1)Ck_1 + hg(k‘ — 2)Ck_2 + hg(k — 3)Ck—3 + h4ck_4,

with
b Np*(1—3p) + (Tp> — Tp+2)x b (2 1)3z — Np*(3p — 2)
L p(Np? + & — 2px) T (NPt —2pa)
 (p=D[(Bp* —3p+ 1)z — Np?| ~ (p—1)%x(x—N)
hs = ha

p?(Np? + z — 2px) - p2(Np?2 + 2 —2px)’

(21)

(24)



2.11.3. Asymptotic property: w5 Cp (X
2.11.4. Limit (known): th_,oo (

A) = O(N"~ k) N — oo.
N) =Cy(z

a
N>
2.12. Meixner to Charlier

2.12.1. Asymptotic expansions for large (:

n,1 M
Mo, fc) = T > e )

B 2= BF (-
(ﬁc + (-1 x)g (c—1)2x(8 + )
27 B=-—7 3

(B2 + (3 — 1)) et + (3 = 1)z
~(e=1)Pex(B+a) (B + (2 — 1)z)

(B3 + (3 — 1)z)? '
— Q.T xX

2.12.2. Coefficients: co =1, ¢ =co=c3=0, c4= —%
and, for £ =5,6,7, ...,

kck = hl(k} — 1)Ck71 + hg(k — 2)0]{72 + hg(k — 3)Ck73 + h4ck,4,

with
L Bl +2¢) - (2+c—c* -2 e — B —x+cPr
e B3 +c(c? — 1)z ’ ST BA (- 1)’
b — (1-c)(1+c)3z— B2+ ) = (c—12z(B+ )
2 Bct + c2(c2 — 1)z ’ 4 Bct + c2(c2 — 1)z
2.12.3. Asymptotic property: xCn_1(X,A) = OB F), 8 — oo.

2.12.4. Limit (known): limg_.oc M, (x 3, ﬁ) = Cy(z,a).

2.13. Meixner-Pollaczeck to Charlier

2.13.1. Asymptotic expansions for large A:

n cr Crh_ik(X, A
qu)\)(ﬂf@) =B ZB_k’f(n%k)')’
k=0 ’

~ 2(Acos(2¢) + 2 sin(2¢))°  2(M+2%)sin’ ¢

(Acos(3¢) + zsin(3¢))* "~ Acos(3¢) + wsin(3¢)’

2 (A2 + 22) sin® ¢ (A cos(2¢) + xsin(2¢))
(Acos(3¢) + zsin(3¢)) '

(25)

(28)
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. . _ _ _ _ _ (A2 +2?)sin? ¢
2.13.2. Coefficients: co =1, ¢y =co=c3=0, c4 = 3N cos(2d)+a sm(3D)) and, for

k=567,..,

kck = hl(k} — 1)Ck_1 — hQ(k‘ — 2)Ck_2 + hg(k - 3)Ck_3 + h4C}€_4, (30)
with
b = Acos ¢ + 2 cos(3¢) + x [sin ¢ + 2sin(3¢)] _ Acos(3¢) + xsin(3¢)
b Acos(2¢) + xsin(2¢) ’ 57 Xcos(29) + zsin(2¢)
ho = 2 cos(2¢)) + A cos(4¢) + 8z cos® ¢ sin ¢ B e — 2 (A2 +2?)sin® ¢
2 A cos(2¢) + x sin(29) ’ 7 7 Xeos(2¢) + zsin(2¢)
2.13.3. Asymptotic property: £xCn_1(X,A) = O(ALF/4 =k, A — o0.

2.18.4. Limit (new): limy_, AP (z,0) = Z; (2c08(2¢) — 1)" cos®™ ¢ cos™"(3¢).

2.14. Jacobi to Charlier
2.14.1. Asymptotic expansions for large 3:

" C_kCn_k<X,A)

BE (n—h) (31)

PP (z) = B"
k=0

X:i{4+a+ﬁ—2x(a—ﬂ)—m2[8+3(a+ﬂ)]}7

A:B:i(l—x){4+a+ﬁ+2(a—ﬁ)+x[8+3(0z+3)]}.

2.14.2. Coefficients:

c3—%+§— <1+i—§+%> - <§+§>x2
+ <§ + %(a +ﬂ)) z?,
c4=%+614(—a+ﬁ)+%(—a+ﬁ)x— <g+2—;(a+ﬁ)> z?
+15—6(a—5)a:3+ <2+2—i(a+ﬁ)> zt
2.14.3. Asymptotic property: < C,_i(X, A) = O(Bk/31=F), B — 0.

2.14.4 Limit (new): lima_,_g_)oo(a—i—ﬁ)_”P,(la’ﬁ) (z) = 5 (2)", with (a—8)/(a+3) —
0.
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3. Principles of the asymptotic approximations

The asymptotic expansions of polynomials in terms of polynomials listed above fol-
low from an asymptotic principle based on the "matching” of their generating functions.
That "matching” depends on the generating function of the polynomials used as approx-
imant. Below we give details for the case when the basic approximant are the Charlier
polynomials. The details for the case when the Hermite polynomials are chosen as the
basic approximant are taken from [4].

3.1. Expansions in terms of Charlier polynomials

The Charlier polynomials are defined, for n € N, a # 0, by

_ 1) . (33)

C(w,0) = 2Fp (‘”’_‘” .

For a > 0 and = € N, they are orthogonal with respect to the discrete measure a®/x!,
x=0,1,2,.... They also follow from the generating function

ev (1 - %)x = i an. (34)
n=0

This formula gives the following Cauchy-type integral for the Charlier polynomials:

n! . Z\* dz

where C is a circle around the origin of radius< |a| and the integration is in positive
direction.

The polynomials p,(x) of the Askey table (and many special functions) satisfy a
relation in the form of a generating series, which usually has the form

F(z,w) =) pa(z)w”, (36)
n=0

where F'(z,w) is a given function, which is analytic with respect to w in a domain that
contains the origin, and p,,(x) is independent of w.

The relation (36) gives for p,(x) the Cauchy-type integral

1 dw
Pu(2) =5 CF(Can) wn L

where C is a circle around the origin inside the domain where F'(z,w) is analytic (as a
function of w). We write

Flow) = (1- ﬁ)x Flaw), (37)
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where A, B and X do not depend on w and can be chosen arbitrarily. This gives

X
1 Buw Bw flz,w)
Since f(x,w) is also analytic (as a function of w), we can expand
flz,w) = chwk
k=0

and substitute this expansion in (38). By (35), the result is the finite expansion

" cx Cui(X, A)

n =B" N
Pn() BF (n—k)!
k=0

(39)

because terms with & > n do not contribute in the integral in (38). The quantities
A, B and X may depend on z and on other parameters which define the polynomials
pn(z). If B happens to be zero for a special z—value g, say, and A # 0, then we write
pn(x0) = ¢p. If A= B =0 for a given = = x¢, with lim,_,, (B/A) = «, « finite, then
we write p, (o) = Y p_p cp(—a)"F (n)—( I

In the examples considered in this paper, the choice of A, B and X is based on our
requirement that ¢; = co = ¢3 = 0. This happens if we take

_ Am@? @)’
(2p1(2)? — 3p1(@)p2(x) + p3(x))
g _P1(@)*p2(2) = 2ps(2)” + p1 (z)ps(x) (40)
2p1(2)3 — 3p1(x)pa(w) + p3(z)
2 (p2(z) — p1(2)?) (p1()?p2(x) — 2p2(z)? + p1(z)ps(x))
(2p1(2)3 — 3p1(2)pa(z) + ps(2))”

27

A=

and we assume that F(z,0) = po(x) = 1 (which implies ¢g = 1). This is easily verified
from (36) and (37): from (36) we have

loglF ()] =pr () + |pale) ~ o2l | w?
+ [mo) — (o) + got(o)| 0 + 0w, w0

and, on the other hand,

Bw\ ™~
1 Bw 1-— ==
%F < A)

X XB? XB3
=B(1-= —— w?- 3 4 — 0.
< A>w+ 54z W S5 W +O0(w*), w—20
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Equaling the coefficients of w, w? and w? in these two formulas we obtain (40). This
choice of 4, B and X makes the matching at the origin of the function eB% (1 — Bw/A)*
in (37) with F(x,w) as best as possible.

We will show in Sections 4.6-4.9 that the finite sum in (39) gives the desired asymp-
totic representations from which the limits given in Sections 2.11-2.14 can be derived.
The special choice of A, B and X is crucial for obtaining asymptotic properties. In
some cases, we just require that the coefficients ¢; = ¢ = 0. In these cases we have to
fix arbitrarily the value of one of the parameters A, B or X.

3.2. Expansions in terms of Hermite polynomials

To prove the results of Sections 2.2 to 2.6 we need the following formulas derived in
[4] in a similar way to those of the preceding Section. If F'(z,w) satisfies (36), then:

n

C_k Hn—k(X)

P =B B o (4
k=0
where the coefficients ¢ follow from
flz,w) = chwk, F(z,w) = 2BXw—Bw? f(z,w).
k=0

The quantities X and B may depend on z, and if B happens to be zero for a special
. o n Cl n—k
x—value xg, say, we write p,(x0) = > ,_, T Pl (z0).
In the examples considered in Sections 2.2 to 2.6, the choice of X and B is based on
our requirement that ¢y = ¢o = 0. This happens if we take

p1(x)
2B

B=,/[5p}(x) —paa), X =

and we assume that F'(x,0) = po(x) = 1 (which implies ¢y = 1).

We will show in Sections 4.1-4.5 that the finite sum in (41) gives the desired asymp-
totic representations from which the limits given in Sections 2.2-2.6 can be derived. The
special choice of X and B is crucial for obtaining asymptotic properties.

The reader is referred to [6] for details about similar expansions in terms of Laguerre
polynomials.

3.3. Asymptotic properties of the coefficients c;

The asymptotic nature of the expansions (39) and (41) for large values of some of
the parameters of the polynomial p,(z) depends on the asymptotic behaviour of the
coefficients ¢i. To prove the asymptotic character of the expansions given in Section 2
we will need the following lemma proved in [6]:
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Lemma 1. Let ¢(w) be an analytic function at w = 0, with Maclaurin expansion of
the form
p(w) = pw™(ap + a1w + aw® + ...,

where n is a positive integer and ay are complex numbers that satisfy ar, = O(1) when
p— 00, ag # 0. Let ¢; denote the coefficients of the power series of f(w) = e®™), that

18,
o

f(w) = e?™) = Z cpw®.

k=0
Thenco=1,¢c,=0,k=1,2,...,n—1 and

=0 (W), o0

4. Proofs of formulae given in Section 2

The proofs of the formulae of Sections 2.1, 2.7, 2.8, 2.9 and 2.10 are given in [4] and

[6].
4.1. Proofs of formulae in Section 2.2

We substitute:

F(z,w) =¢e" (1—%):6, pn(r) = ————,

f(z,w) = ew—2BXwtB*w? (1 — Ey
a

in the formulae of Section 3.2. Then we obtain (5). The recursion (6) for ¢ follows
from substituting the Maclaurin series of f into the differential equation

d
24

zw?f = (w— a) To

From (6) we have ¢, = O (a™*) when a — oco. The asymptotic behaviour 2.2.3 follows
from this and the asymptotic behaviour of X and B. Replacing = by v2az + a in the
expansion given in (5) we have that B = O(a~'/?) and X = —24+0(a~"/?) when a — co.
From (6) we have that ¢, = O(a~2(**1/3) when a — oco. Then, the asymptotic property
2.2.3 is replaced by ¢, B*H,,_;(X) = O(a~**t4/6) when a — co. Nevertheles, taking
the limit @ — oo in (5), we obtain the limit 2.2.4.

4.2. Proofs of formulae in Section 2.3
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We substitute:

Py = (1- 20} arw, o) = () Kt ),

o) = (12 52 0) (g agore e

in the formulae of Section 3.2. Then we obtain (7). The recursion (8) for ¢ follows
from substituting the Maclaurin series of f into the differential equation

w?[(2zp* — 3zp — PPN + p°N + x)w + x — 3xp + 3xp? — p>N]f+

((p— DpPw?® + (2 — DpPw + 59 L 0.
dw

From (8) we have ¢, = O (N¥/3l) when N — oco. The asymptotic behaviour 2.3.3
follows from this and the asymptotic behaviour of X and B. Replacing x by pN +
z4/2p(1 — p)N in the expansion given in (7) we have that B = /(1 —p)N/(2p) +
O(N='/?)and X = —2z+O(N~') when N — oco. From (8) we have that ¢, = O(NF/3])
when N — oco. Then, the asymptotic property 2.3.3 is replaced by cx B~"H, _(X) =
O(NF/31=k/2) when N — co. Nevertheless, taking the limit N — oo in (7), we obtain
the limit 2.3.4.

4.3. Proofs of formulae in Section 2.4

We substitute:

Flo,w)= (1-2) (1 —w)=7, pu(z) = %Mn(x;ﬁ,c),

C
f(l',’u)) = <1 — E>x (1 — w)fwfﬁ€*2BXw+BQw2
C

in the formulae of Section 3.2. Then we obtain (9). The recursion (10) for ¢ follows
from substituting the Maclaurin series of f into the differential equation

daf

WP — B — o+ w(Be — = Fa)f = Flc+ule+1) v T

From (10) we have ¢, = O (ﬁ[k/3]) when 0 — oo. The asymptotic behaviour 2.4.3
follows from this and the asymptotic behaviour of X and B. Replacing = by ¢(8 —
x+/28/c)/(1—c) in the expansion given in (9) we have that B = \/3/(2¢)+0O(3~/?) and
X =+ O(B7") when 8 — oco. From (10) we have that ¢, = O(8%/3) when g — oo.
Then, the asymptotic property 2.4.3 is replaced by cxB~*H,_,(X) = O(pLF/31-F/2)
when 3 — oco. Nevertheless, taking the limit § — oo in (9), we obtain the limit 2.4.4.

4.4. Proofs of formulae in Section 2.5
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We substitute:
F(z,w) = (1 - eww)i)\ﬂx (1 - e*id)w)i)\im ) pn(z) = Pr(f\)(x; ),

f(wi) = (1 - eid)w)_/\+im (1 — 6_i¢w)_)\_im e—2BXw-l—BQw2

in the formulae of Section 3.2. Then we obtain (11) and (12). The recursion (13) for ¢
follows from substituting the Maclaurin series of f into the differential equation

2w? { A cos(3¢) + xsin(3¢) — [Acos(2¢) + xsin(2¢)]w} f = (1 — 2wcos ¢ + wQ)%.
From (13) we have ¢, = O ()\[k/ 3}) when A — co. The asymptotic behaviour 2.5.3 follows
from this and the asymptotic behaviour of X and B. Replacing = by (sin ¢) ! (zvV\ —
Acos @) in the expansion given in (11) we have that B = VA 4+ O(A\~%/2) and X =
4+ O(\"1) when A — co. From (13) we have that ¢, = O(A*/3]) when A\ — co. Then,
the asymptotic property 2.5.3 is replaced by ¢, B~*H,, _;(X) = O(AF/31=F/2) when
A — o0. Nevertheless, taking the limit A — oo in (11), we obtain the limit 2.5.4.

4.5. Proofs of formulae in Section 2.6

We substitute:

ga+p

Flo ) = R+ Riw) — w)o( + Rw) + o)’

R(w) = V1 — 22w + w?,

2a+,6‘6—2BXw+BQu)2
R(w)(1+ R(w) — w)*(1 + R(w) + w)B

in the formulae of Section 3.2. Then we obtain (14) and (15). Using these values for X
and B we have that

pn($) = Pr(Laﬂ)(x)7 f(.l‘, ’LU) =

¢(w) = log(f(w,w)) = w’ [p1 (z,w) + (a + B)a2(x,w) + (o = B)ds(w, w)],

é1(z,w) = —log (R(w)) — 2w — (2 — 1/2)w?,

oz, w) = — % {log[(l + R(w))? — w?] — 2log(2) + 2w + 3(3332 - 1)w2} ,

ey =3 o (10 ]

Then, the asymptotic behaviour ¢ = O ((a + 8)*/3)) when a + 3 — oo, (a — 8)/(a +
B) — 0 follows from Lemma 1 (in the remaining of the paragraph we assume that
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(o — B)/(a + B) — 0). The asymptotic behaviour 2.6.3 follows from this and the
asymptotic behaviour of X and B. Replacing x by (v2a + 28z + 8 —a)/(2 +a + 3)
in the expansion of (14) we have that B = \/(a + 3)/8 + O((a + 3)"'/?) and X =
z+ O((a + 3)~Y?) when a + 3 — oco. From the facts 2 = O((a + $)~/?) and
R(w) = O(1) when a + 8 — o0, we see that the asymptotic behaviour ¢, = O((a +
B) Lk/ 3J) when o + f§ — oo remains. Then, the asymptotic property 2.6.3 is replaced
by cx B FH, _1(X) = O((a + B)*/31=k/2) when o 4 8 — oco. Nevertheless, taking the
limit o + 8 — oo in (14), with (o — 3)/(a + ) — 0, we obtain the limit 2.6.4.

4.6. Proofs of formulae in Section 2.11

We substitute:

Pl = (1-20) @ u), o) = ()t ),

R R A R (R

in the formulae of Section 3.1. Then we obtain (22) and (23). The recursion (24) for ¢y
follows from substituting the Maclaurin series of f into the differential equation

(w+1)(p—w+ pw) {Np*(1 +w) + [p — w+ 3pw —p*(2+ 3w)] z} %Jr
w?(p—1)%z(N —z)f = 0.

From (24) we have ¢, = O (1) when N — oco. The asymptotic behaviour 2.11.3 follows
from this and the asymptotic behaviour of A, B and X. Replacing p by a/N in the
expansion given in (22) we have that A = a + O(N7!), B = N + O(1) and X =
r+ O(N~!) when N — oo. From (24) we have that ¢, = O(N¥71) when N — oo
for k > 4. Then, the asymptotic property 2.11.3 is lost, but, from (22) we have that

(]X ) Kn(z,a/N,N) = ZL[C,(X,A) + O(N~1)] when N — oco. Taking the limit

n!

N — o0 in this expression we obtain the limit 2.11.4.

4.7. Proofs of formulae in Section 2.12

We substitute:

Flaw) = (1-2) 1 -w) 7, pu(@) = LM, (2, 6,0),



17

in the formulae of Section 3.1. Then we obtain (25) and (26). The recursion (27) for ¢
follows from substituting the Maclaurin series of f into the differential equation

df
Y

—w(c—1)*z(B+2a)f = (c—w)(w—1){B(w—1) + [c+ E(w— 1) — w] e

From (27) we have ¢, = O (1) when 8 — oco. The asymptotic behaviour 2.12.3 follows
from this and the asymptotic behaviour of A, B and X. Replacing ¢ by a/(a + )
in the expansion given in (25) we have that A = a + O(87!), B = 3 + O(1) and
X =2+ O(B7!) when 8 — co. From (27) we have that ¢, = O(8*~!) when 8 — oo
for k > 4. Then, the asymptotic property 2.12.3 is lost, but, from (25) we have that
My (x, 8,a/(a+B)) = B=[Cn(X, A) + O(57")] when 8 — oo. Taking the limit 3 — o
in this expression we obtain the limit 2.12.4.

4.8. Proofs of formulae in Section 2.13

We substitute:

—A—ix

—Atiz (1 . e_i(bw) 7 pn(l’) — P(A)(x’ )7

F(z,w)=(1- ei‘z)w)

- —A+i , —A—i B\~
flz,w) = (1- e"ow) m (1- e_“bw) e Bu <1 - Zw)
in the formulae of Section 3.1. Then we obtain (28) and (29). The recursion (30) for ¢
follows from substituting the Maclaurin series of f into the differential equation

—w32rsin? ¢ f = (2w cosp—1— w2) [wsin(3¢ + 0) — sin(2¢ + (9)]%,
where © = rcosf, A = rsinf. From (30) we have ¢, = O (A*/4) when A — cc.
The asymptotic behaviour 2.13.3 follows from this and the asymptotic behaviour of
A, B and X. Taking the limit A — oo in the expansion given in (28) we obtain
the limit 2.13.4. This is not given in terms of Charlier polynomials because X =
—2X cos?(2¢) cos2(3¢) + O(1) and A = —2Asin? ¢ cos(2¢) cos~2(34) + O(1) when A —
00. Then, the limit limy_, o, C,, (X, A) is a number independent of x.

4.9. Proofs of formulae in Section 2.14

We substitute:

F(z,w) = ga+p (@) = PO ()
’ R(w)(1 + R(w) — w)*(1 + R(w) + w)?’ n n ,
20+h B B \ X
f(iU,w) = R(w)(l T R(’LU) _ U})O‘(l + R(’U)) T ’U))ﬂe B <]_ — Zw)
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in the formulae of Section 3.1 (we have set A = B and then there are two free parameters
instead of three). Then we obtain (31) and (32). Using this values for X and B we have
that

¢(w) = log(f(x, w)) = ﬁgbl (337 w) + ¢2(x7 w)?

where
o1(x,w) :%w(x —1)(6z+2) +2log2 + 3(6332 —2)log(1 — w) — log [(R(w) 4+ 1)* — w?],

¢o2(z,w) =w <—1— 3la—0) —x+21:2+3(a_Tﬁ)$2> + (o — ) log 2

1
+ (—1 + 222 + @(—1 + 2z + 3:1;2)) log(1 — w)—
log R(w) — (o — ) log (1 — w + R(w)) .

The series expansions of these functions in powers of w have the form

o1(z,w) = w> (ao + a1w + asw? + ) , G2z, w) = w? (b() + byw + bow? + )

with ap 75 0, bo 75 0.

Then, the asymptotic behaviour ¢t = O ((a+ B)*/3) when a + 3 — o0, (a —
B)/(a+ ) — 0 follows from lemma 1. The asymptotic behaviour 2.14.3 follows from
this and the asymptotic behaviour of X and B. Taking the limit o + 8 — oo, with
(o« — B8)/(a+ B) — 0, in the expansion given in (31) we obtain the limit 2.14.4. This
limit is not given in terms of Charlier polynomials because of a similar reason to the
one explained for Meixner-Pollaczeck— Charlier case.

5. Numerical experiments

The following graphics show the accuracy of the first order approximation supplied
by the expansions given in Section 2. It is worthwhile to note the accuracy obtained in

the approximation of the zeros of the polynomials. All the graphics are cut for extreme
values of the polynomials.
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Figure 2. Continuous lines represent the Charlier polynomial for n = 10 and several values of
a. Dashed lines represent the first term in the right hand side of the expansion given in (5).
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several values of N. Dashed lines represent the first term in the right hand side of the expansion
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Figure 4. Continuous lines represent the Meixner polynomial for n. = 10, ¢ = 1/2 and several
values of (3. Dashed lines represent the first term in the right hand side of the expansion given in

Figure 3. Continuous lines represent the Krawtchouk polynomial for n = 10, p
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Figure 5. Continuous lines represent the Meixner-Pollaczeck polynomial for n = 10, ¢ = 7/2
and several values of A\. Dashed lines represent the first term in the right hand side of the expansion
given in (11)-(12).
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Figure 6. Continuous lines represent the Jacobi polynomial for n = 10 and several values of
« = 3. Dashed lines represent the first term in the right hand side of the expansion given in

(14)-(15).
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Figure 7. Continuous lines represent the Krawtchouk polynomial for n = 10, p = 1/2 and
several values of N. Dashed lines represent the first term in the right hand side of the expansion
given in (22)-(23).
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Figure 8. Continuous lines represent the Meixner polynomial for n. = 10, ¢ = 1/2 and several
values of (3. Dashed lines represent the first term in the right hand side of the expansion given in

(25)-(26).
340" 310’ 3x10° 3x10°
| {\
-30; i T REE G V RV N EIE- \/ N e Y T
: _J N L : u L L Lo1d
- a0 o = 1 3110
30" \=15 310 )a100

A=10 A=50

Figure 9. Continuous lines represent the Meixner-Pollaczeck polynomial for n = 10, ¢ = 1 and
several values of A. Dashed lines represent the first term in the right hand side of the expansion

given in (28)-(29).
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Figure 10. Continuous lines represent the Jacobi polynomial for n = 10 and several values
of & = (3. Dashed lines represent the first term in the right hand side of the expansion given in

(31)-(32).
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