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Abstract

It has been shown in [1], [7], [9] that the three lower levels of the Askey table of hyperge-
ometric orthogonal polynomials are connected by means of asymptotic relations. In [2] we
have established new asymptotic connections between the fourth level and the two lower lev-
els. In this paper, we continue with that program and obtain asymptotic expansions between
the fourth level and the third level: we derive sixteen asymptotic expansions of the Hahn,
Dual Hahn, Continuous Hahn and Continuous Dual Hahn polynomials in terms of Meixner-
Pollaczek, Jacobi, Meixner and Krawtchouk polynomials. From these expansions, we also
derive three new limits between those polynomials. Some numerical experiments show the
accuracy of the approximations and, in particular, the accuracy in the approximation of the
zeros of those polynomials.
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1 Introduction

It is well known the existence of several limit relations between polynomials of the Askey scheme
of hypergeometric orthogonal polynomials [6]. For example, the limit
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shows that, when the variable is properly scaled, the Laguerre polynomials become the Hermite
polynomials for large values of the order parameter. Moreover, this limit gives insight in the
location of the zeros of the Laguerre polynomials for large values of the order parameter.



It has been recently pointed out that this limit may be obtained from an asymptotic expan-
sion of the Laguerre polynomials in terms of the Hermite polynomials for large « [7]:
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where the values of X and B and other details are given in [7]. This expansion has an asymptotic
character for large of a. The limit (1) is obtained from the first order approximation of this
expansion.

The asymptotic method from which expansions like (2) are obtained was introduced and
developed in [1], [7], [8] and [9]. The method to approximate orthogonal polynomials in terms of
Hermite, Laguerre and Charlier polynomials is described in [7], [9] and [1] respectively. Based on
those methods, asymptotic expansions of Laguerre and Jacobi polynomials in terms of Hermite
polynomials are given in [7]. Asymptotic expansions of Meixner-Pollaczek, Jacobi, Meixner
and Krawtchouk polynomials in terms of Laguerre polynomials are given in [9]. Asymptotic
expansions of Meixner-Pollaczek, Jacobi, Meixner and Krawtchouk polynomials in terms of
Hermite and Charlier polynomials are given in [1]. Asymptotic expansions of the four Hahn
polynomials in terms of Hermite, Laguerre and Charlier polynomials are given in [2].

This asymptotic method is based on the availability of a generating function for the polyno-
mials and it is different from the techniques described in [4], [5], which are based on a connection
problem. Our method is also different from the sophisticated uniform methods considered for
example in [3] or [10] which consider large values of the degree n and fixed values of the variable
x and the parameters. Another different method, based on a representation of the Hahn polyno-
mials in terms of a difference operator is considered in [11], in which an asymptotic formula for
the Hahn polynomials @, (x; «, 8, N) in terms of Jacobi polynomials is derived for large values of
N. In our method we keep the degree n fixed and let some parameter(s) of the polynomial go to
infinity. The purpose of this paper is the continuation of the asymptotic program developed in
[1], [2], [7], [8] and [9] and derive asymptotic expansions (and limits when it is possible) between
the fourth and third levels of the Askey tableau.

In the following section we summarize the asymptotic expansions and the limit relations
obtained in this paper. In Section 3 we briefly explain the principles of the Hermite-type,
Laguerre-type and Charlier-type asymptotic approximations introduced in [1], [7] and [9]. In
Section 4 we prove the formulas presented in Section 2. Some numerical experiments illustrating
the accuracy of the approximations are given in Section 5.

2 Descending asymptotic expansions and limits

Throughout this paper, we will use the notation and the definitions of the hypergeometric
orthogonal polynomials of the third and fourth levels of the Askey-tableau considered in [6]:
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Figure 1: Thick arrows indicate known limits, whereas thin arrows indicate new limits derived
in this paper.
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Krawtchouk: K, (z;p, N)
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The orthogonality property of the polynomials of the Askey table only holds when the

variable x and other parameters which appear in the polynomials are restricted to certain real
intervals [6]. The expansions that we resume below are valid for larger domains of the variable
and the parameters and for any n € N. Nevertheless, for the sake of clearness, we will consider
that the variable and the parameters are restricted to the orthogonality intervals given in [6].
All the square roots that appear in what follows assume real positive values for real positive
argument. The coefficients ¢ given below are the coefficients of the Taylor expansion at w =0
of the given functions f(x,w):
1 0% f(x,w) 3
E dwk w=0 (3)
The first three coefficients ¢ are ¢cg = 1, ¢; = co = 0. Higher coefficients ¢, £ > 3 can be
obtained recurrently from a differential equation satisfied by f(z,w) or directly from their de-
finition (3) (using computer algebra programs like Mathematica, Matlab, ...). In our previous
works about polynomials located in the first levels of the Askey-tableau [1], [2], we have given
recurrent formulas for ¢, using a differential equation satisfied by f(z,w). However, the func-
tions f(x,w) involved in this paper are more complicated and analytic formulas for ¢; are too
cumbersome to be written down here.
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2.1 Continuous Dual Hahn to Meixner-Pollaczek

2.1.1 Asymptotic expansion for large a and b:
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A # mm, m € Z is an arbitrary constant,
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when a, b — 0o uniformly in ¢ with a ~ b and ¢/a bounded.



2.1.3 Limit:

where
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2.2 Dual Hahn to Meixner-Pollaczek
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2.2.1 Asymptotic expansion for large ¢ and N:
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A # mm, m € Z is an arbitrary constant, X and C' are given in (5) with
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2.2.2 Asymptotic property:

2.3 Continuous Hahn to Meixner-Pollaczek

2.3.1 Asymptotic expansion for large a and b:
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A # mm, m € Z is an arbitrary constant, X and C are given in (5) with
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2.3.2 Asymptotic property:
ckPégg (X;4)=0 ( nt{s]- k) when a,b— oo with a~b. (15)

2.4 Hahn to Meixner-Pollaczek
2.4.1 Asymptotic expansion for large a, b and N:
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A # mm, m € Z is an arbitrary constant, X and C' are given in (5) with
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2.4.2 Asymptotic properties:
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2.5 Continuous Dual Hahn to Jacobi

2.5.1 Asymptotic expansion for large a and b:

Sp(2?:a,b,c) (A(J
§ 19
(a—l—bnn' P, ) (19)

where X # £1 is an arbitrary constant,

A= X1—|—1 [2p1(2)? + pr(2) + 3p1(2) X — 4pa(z) + X? — X — 2],
(20)
C = ﬁ [2}?1(1‘)2 —pi(x) + 3p1(2) X — 4dpa(x) + X2+ X — 2] ,

with p1(z) and pa(z) given in (6) and

RI+R—-w)A(1+R+w)° i a+ix,b+iv
flz,w) = 9A+C (1-w) b a-+b

with R = v1 — 2Xw + w?.

w).

2.5.2 Asymptotic property:

Ck P(A ) (X)=0 (a”ﬂ%]*k) when a, b — oo uniformly inc¢ witha ~ b andc¢/a bounded.

(21)
2.6 Dual Hahn to Jacobi
2.6.1 Asymptotic expansion for large ¢ and N:
~N)pRy(A(2);0,b,N)
( s Z ex P ), Az)=z(z+a+b+1), (22)
where X # +1 is an arbitrary constant, A and C' are given in (20) and
R1+R—-w)A(1+ R+w)° Nz —z,—b—=x
flx,w) = S ATC (1 —w)" by 041 w ) .
2.6.2 Asymptotic property:
ckPr(f’kc)( X)=0 (N"Jr[g]f ) when a, N — oo with a~ N. (23)
2.7 Continuous Hahn to Jacobi
2.7.1 Asymptotic expansion for large a and b:
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where X # +1 is an arbitrary constant, A and C are given in (20) and

R(1+R—w)*(1+ R+ w)® a+b—3%a+bati(ctr) 4w
flz,w) = 3Fy 2 . — - )
2A+C (1 — q)2atd)—1 2a,a+ c+i(b—d) (1—w)?
2.7.2 Asymptotic property:
ckai’kC) (X)=0 (a"Jr[g]fk) when a,b— oo with a~b. (25)
2.8 Hahn to Jacobi
2.8.1 Asymptotic expansion for large a,b, N:
a+b+1), S AC
(n!Qn(ZL‘; a,b,N) = chPéik )(X), (26)
k=0
where X # +1 is an arbitrary constant, A and C' are given in (20) and
R(1+R—w)*(1+ R+ w)® (a+b+1)/2,(a+b+2)/2,—x 4w
f(a:,w): ALC b 3F3 eV R
24+C(1 — w)ltat a+1,—-N (1—w)
2.8.2 Asymptotic property:
ckPéé’kC) (X)=0 (a”"“[g]_k) when a, b, N - 00 with a~b~ N. (27)
2.9 Continuous Dual Hahn to Meixner
2.9.1 Asymptotic expansion for large a, b y c:
Sp(z%;a,b,c) (A
— 7 = M, k(XA C 28
(a+ b)pn! kz_:ock(n—k)! H(X;4,0), (28)

where C # 0,1 is an arbitrary constant,
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[p1(2)? + p1(2) = 2pa2(2)], A= (1+C)pi(2) + Opi(2)® — 2Cpa(z),  (29)

with pi(z) and pa(z) given in (6) and

_ w X X+A — iz a+ix,b+ix
f($’w)—(1_c> (1-w)" (1 —w) o Fy 0 b w ).
2.9.2 Asymptotic property:
A)n—k n+[E]—
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when a, b — oo uniformly in ¢ with a ~ b and ¢/a bounded.



2.9.3 Limit:

where

x — 2 2ax(1 — C). (32)

~ 2 a ~ 1
— a2 2% Paz(1—C = —a+tc—
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2.10 Dual Hahn to Meixner

2.10.1 Asymptotic expansion for large ¢ and N:
(=N)nRn(A(2);a,0,N) <~ (A)ney
n! B kzzo ok (n —k)!

where C' # 0,1 is an arbitrary constant, X and A are given in (29), p1(z) and p2(x) in (11) and

w).

M, 1(X;A,C), Mz)=z(x+a+b+1), (33)

flaw) = (1= 8) 7 =40 - (00

2.10.2 Asymptotic property:

(A)nfk
“n— k)

My 1(X;A,C) =0 (N"‘k_l) when a, N —oo with a~N.  (34)

2.11 Continuous Hahn to Meixner

2.11.1 Asymptotic expansions for large a and b:

(2a + 2b — 1)pu(z; 0, B, @, B) ch

(2a)n(a+b+i(c — d))ni” My (X5 A, C), (35)

where C' # 0,1 is an arbitrary constant, X and A are given in (29), pi(z) and p2(x) in (14) and

. _E -X . X+A B 1—2((l+b)f a+b 27a+ba+z(c+m) _472”
f(wi)_(l C’> (1-w) (1~w) 3% 2a,a+ c+i(b—d) (1—-w)?2)’

2.11.2 Asymptotic property:

c (A)n—k;
Mn—k)!

M, 1(X;A,C)=0 ( nt{s]- k) when a,b—oco with a~b. (36)



2.12 Hahn to Meixner
2.12.1 Asymptotic expansions for large a, b and N:

(a+b+1),
n!

Qn ch nk 'Mn,k(X;A, C)? (37)
where C' # 0,1 is an arbitrary constant, X and A are given in (29), p1(z) and pa(x) in (17) and

f(:c,w) _ <1 o %>_X (l_w)X+A(1_w>flfa7b3F2 < (a +b+ 1)C/L2—;_(1a7 —_i_](i]—i_ 2)/2’ —T _

2.12.2 Asymptotic property:

(A)nfk‘
(n—k)!

Ck My (X A,C) =0 (a”_k> when a,b, N —oco with a~b~N.  (38)

2.13 Continuous Dual Hahn to Krawtchouk

2.13.1 Asymptotic expansion for large a and b:

Sn(22;a,b,c) " C
Pnd &H5HE — Ko i (X;A,C), 39
At §<n— k>k ¢ (X;4,0) (39)
where A # 0,1 is an arbitrary constant,
A? X
X =1 [m@)? —pi@) = 2pa(2)], C=p(2)+ (40)

with p;(x) and pe(x) given in (6) and

1-A4 - - —ctiz +.7b+‘
fz,w) = <1 - Aw> 1+ w) X1 —w) TR <“ Zﬁb e w> .
2.13.2 Asymptotic property:
C ) _ n+[£]-
<n - k) Fn (X;A,C) =0 ( 5 ) (41)
when a, b — oo uniformly in ¢ with a ~ b and ¢/a bounded.
2.13.3 Limit:
M =K, (QT; Aa C) ) (42)
a—o (g) (2a),n!
where
N - A%2(3+2a)c+x— Al(2a + 1)c + 32]
= —a®>— 2% /2a (2% — 34 -
z a A\/ a(24%c — 3Ax + x), C AA—D2at]) ,
1
:—a+c—z[m+2\/2a 2A20—3A:E—|—x)]. (43)
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2.14 Dual Hahn to Krawtchouk

2.14.1 Asymptotic expansion for large a and N:

(—N)an(TAL!(w); a,b,N) _ kzzo (nfk) Kok (X;A,C), Maz)=z(@+a+b+1), (44)

where A # 0,1 is an arbitrary constant, X and C' are given in (40), p1(z) and pa(z) in (11) and
1-A )
w) .

fla,w) = (1 - Aw) - (1 4+ w) X C(1 — w)N "%y < —z,~b—=x

a-+1

2.14.2 Asymptotic property:

<n€k> Kk (X;A4,C)=0 (N”JF[%]—’“) when a, N — oo with a~ N. (45)

2.15 Continuous Hahn to Krawtchouk

2.15.1 Asymptotic expansions for large a and b:

n

(2a + 2b — 1),pn(x; @, B, @, ) B C ) ‘
(2a)n(a+b+i(c—d))pi® kZO <n B k) WKk (X5 4,0), (46)

where A # 0,1 is an arbitrary constant, X and C are given in (40), p1(z) and p2(x) in (14) and
flz,w)=(1- %w)*X (14 w)X=C(1 — w)N=2(1 — )1 -2(a+D)

a+b—31a+ba+ilct+r) 4w
><3F2< 2 — 7(1 —’UJ)2 .

2a,a+c+i(b—d)

2.15.2 Asymptotic property:

<n€ k> Kk (X;A,C)=0 (anﬂg]*k) when a,b— oco with a~b. (47)

2.16 Hahn to Krawtchouk

2.16.1 Asymptotic expansions for large a, b and N:

n

Qn(z;a,b,N) = Z (n(j k) K (X;A,0), (48)

k=0

(a+b+1),
n!

where A # 0,1 is an arbitrary constant, X and C' are given in (40), pi(x) and py() in (17) and
flz,w) = (1= %w)—x (1+w) ¥ ¢1—w)N "1 —w)~t7o7b

a-+b ,(a+b ,—T 4w
><3F2<( +b+1)/2,(a+b+2)/2 _(1_w)2)

a+1,—N
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2.16.2 Asymptotic property:

<nC k> K (X;A,C)=0 (a"*[g]_k> when a,b, N - oo with a~b~N. (49)

3 Principles of the asymptotic approximations

The asymptotic expansions of polynomials in terms of polynomials listed above follow from an
asymptotic principle based on the “matching” of their generating functions [7]. We give below
details for the case in which the basic approximant are the Meixner-Pollaczek polynomials and
resume the main formulas for the remaining cases (Jacobi, Meixner and Krawtchouk).

3.1 Expansions in terms of Meixner-Pollaczek polynomials

The Meixner-Pollaczek polynomials P,(L’\) (z; ¢) for n € N follow from the generating function [6,
(1.7.11)]

(1 = "w) M1 — e Pw) AT =3 PM (2 g)u” (50)
n=0
This formula gives the following Cauchy-type integral for the Meixner-Pollaczek polynomials
PV (z;¢) = 1 /(1 ey MiT(] - €—i¢w)—/\—imd7w (51)
S 2mi Jo wn L

where C is a circle around the origin and the integration is in the positive direction.
All of the polynomials p,(x) of the Askey table have a generating function of the form

Fz,w) =Y pp(z)w”, (52)
n=0

where F'(z,w) is analytic with respect to w in a domain that contains the origin w = 0, and
pr(x) is independent of w.

The relation (52) gives for p,(z) the Cauchy-type integral

1 dw
on(®) = 507 J o) g

where C is a circle around the origin inside the domain where F(x,w) is analytic as a function
of w. We define f(x,w) by means of the formula:

F(z,w) = (1 — w) X (1 — e )~ f (2, w), (53)

where A # mm, m € Z is an arbitrary constant, C' and X do not depend on w and can be chosen
arbitrarily. This gives

pn(m) . 1 /C(l _ eiAw)fCJriX(l _ e*iAw)fcfiX ff[(u*f:—;ul)) duw. (54)

12



Since f(z,w) is also analytic as a function of w at w = 0, we can expand f(z,w) =
Yo cpwP. Substituting this expansion in (54) and taking into account (51), we obtain

n

pa(@) =" P9 (X; A). (55)
k=0

The choice of C and X is based on our requirement that ¢y = ¢co = 0. This happens if we take

—1

= 5o [P1(@) cos 24+ (pi(2)” = 2ps(x)) cos A]

1
C =pi(x)cos A+ ipl(z:)Q — pa(z),

and we assume that F(z,0) = pp(z) = 1 (which implies ¢g = 1). The special choice of X and C
is crucial for obtaining asymptotic properties.
3.2 Expansions in terms of Jacobi polynomials

If F(x,w) is the generating function of the polynomials p,(x) then

pa(@) = > PO (X), (56)
k=0

where P,S,A’C) (X)) are the Jacobi polynomials, X # +1 is an arbitrary constant and the coeffi-

cients ¢ follow from

= , R14+R—w)4(1+ R+ w)°
) =Y e, with flew) = 2 g S P, w),
k=0

R=+1-2Xw+ w?, c1=cy =0,

A= ——— [2p1(33)2 + p1(z) 4 3p1(x) X — dpo(z) + X2 — X — 2] ,

C = ﬁ [2}?1(1‘)2 —pi(x) + 3p1(2) X — 4dpa(x) + X2+ X — 2] ,

and we assume that F'(z,0) = po(x) = 1 (which implies ¢ = 1).

3.3 Expansions in terms of Meixner polynomials

If F(z,w) is the generating function of the polynomials p,(x) then

palo) = 30 B, (X5 4,0) 67)
k=0

where M, (x; A, C) are the Meixner polynomials, n € N and the coefficients ¢, follow from

w

flz,w) = chwk with  f(z,w) = (1 - 5) - (1 —w) P (z,w),
k=0

13



where C' #£ 0,1 is an arbitrary constant. The choice of A and X is based on our requirement
that ¢; = co = 0. This happens if we take

02

A=(1+Cpi(z) +Cpi(x)® - 2Cpa(x), X = 1-C

[p1(2)? + p1(z) — 2pa(x)]
and we assume that F'(z,0) = po(x) = 1 (which implies ¢cg = 1).

3.4 Expansions in terms of Krawtchouk polynomials

If F(z,w) is the generating function of the polynomials p,(z) then

pal) = zn:( ¢ >ckKM (X:4,0), (58)

n—k
k=0

where K, (X; A, C) are the Krawtchouk polynomials, A # 0,1 is an arbitrary constant and the
coefficients ¢, follow from

) -X
Flaw) = Soak, with fou) = (1-2550) 0+ 0 CF @)
k=0
A? ) A )
X = 1— A [pl(x) _pl(x) - 2p2($)] ) C= pl(ﬂf) + m [p1(56) —pl(JI) — 2p2(x)] R

c1 = c2 = 0 and we assume that F'(z,0) = po(xz) = 1 (which implies ¢g = 1).

3.5 Asymptotic properties of the coefficients c;

The asymptotic nature of the expansions (55), (56), (57) and (58) for large values of some of
the parameters of the polynomial p,(z) depends on the asymptotic behaviour of the coefficients
cp. To prove the asymptotic character of the expansions given in Section 2 we will need the
following lemma proved in [9]:

Lemma 1 Let ¢(w) be an analytic function at w = 0, with Maclaurin expansion of the form
d(w) = p'w™(ag + arw + ayw® + asw® + ..),

where m is a positive integer, s is an integer number, and ai are complex numbers that satisfy
ar = O(1) when p — 00, ag # 0. Let ¢ denote the coefficients of the power series of f(w) =
e®W) that is,

flw) = e?W) — chwk.
k=0

Thencg=1,¢. =0, k=1,2,....,m—1 and ¢, = O(M[Sk/m]) if s>0,c,=0(°) if s<0
when p — 0.
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4 Proofs of formulas given in Section 2

In this section, we give the proofs of the derivation of the formulas obtained in Section 2. We
detail the proofs of the formulas in Subsection 2.1 and give the more important ideas for the
other cases.

4.1 Proofs of formulas of Section 2.1

We use the method of Section 3.1 for obtaining an asymptotic representation of the Continuous
Dual Hahn polynomials in terms of the Meixner-Pollazcek polynomials. The Continuous Dual
Hahn polynomials have the generating function [6, (1.3.12)]

B 2. S, (22 a,b,c) n
w> 72 (a+b)yn! v

n=0

a+ir,b+ix

F(z,w) = (1 —w) TR < atb

This is the explicit form of equation (52) for the example of the Continuous Dual Hahn polyno-

mials with p,(z) = Sn(z®abe) pyom (53) we have
w).

(a+b)nn!

a—+ix,b+ix

f(.%‘,’w) — (1 _ eiAw)C—iX(l _ e—iAw)C+iX(1 _ w)—c—l—ixQFl < b

Then, formula (55) becomes formula (4) in Section 2.1.1:

Sxabc (C

with A, C' and X given by (5) and ¢ defined in (3)

The asymptotic property in Section 2.1.2 follows from the fact that the function f(z,w) can
be written as f(z,w) = e?®) with

$(w) = (C —iX)log(1 - e"tw) + (C +iX)log(1 — e"Aw) + (—c + iz) log(1 — w)

w).

a+ir,b+1ix
a+b

a+ir,b+ix

+log2F1< a+b

The function y(w) = log o F} (

w) satisfies the following differential equation
in the variable w:

wl—w)(¥" + ) +la+b—(a+b+ 2z + Dwly — (a+iz)b+ iz) = 0.
Substituting the Maclaurin series of y(w) = Y72, byw” into this differential equation, we obtain

(a+iz)(b+ix)
a+b

(a+b)(a+b+2ix+1)— (a+izx)(b+ix)
2(a+b)?(a+b+1)

by = , by=(a+ix)(b+ix)

and )
b =
i (k+1)(k +a+b)

+Z G4 Dbja [(k—j = Dbg—j—1 — (k —j)bkj]}~

{k:(k: +a+ b+ 2iz)by, — kbgby
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Then, by = O(a), bs = O(a) and using the above recurrence we can show by induction over k
that by = O(a) for k > 2. We trivially have C' = O(a) and X = O(a). Therefore, the function
#(w) verifies Lemma 1 with 4 = a, s = 1 and m = 3: ¢(w) = aw?(ag + ayw + agw? + ...)
with ag # 0 and ap = O(1), a — oco. Hence, we have ¢, = O(al*/3). On the other hand,
PO(C)(X;A) =1 = 0(a), Pl(c)(X;A) = pi(x) = O(a), and using the following recurrence
relation [[6], eq. 1.7.3],

(n+ )P (X; A) — [2X sin A+ (n + C) cos A P (X; A) + (n+2C — )P (X; 4) = 0,

we can show by induction over n that Pé?L(X; A) = O(a™ %) and we obtain 2.1.2.

Considering the first term of the expansion (4), solving z(X,C) and ¢(X,C) and putting
a = b we obtain the limit (8).

4.2 Proofs of formulas of Section 2.2

Substitute:
(=N)pRy(A(x);a,b,N)
n!

—zr,—b—=x
a+1

F(a:,w) = (1 — ’w)N_xQFl (

w) and  po(z) =

in the formulas of Section 3.1 to obtain (10).

We have C' = O(N) and X = O(N). Therefore the function ¢(w) = log f(x,w) verifies
Lemma 1 with 4 = N, s = 1 and m = 3 and we have ¢, = O(N¥/3]). On the other hand, using

the recurrence of the previous subsection, we can show by induction over n that Pfg;{(X ;A) =
O(N™ %) and we obtain 2.2.2.

4.3 Proofs of formulas of Section 2.3

Substitute:

at+b—%a+ba+tilb+z)| 4w )
2a,a+c+i(b+d) (1—w)?
2a+2b—-1), -
(2a)n((a b+ i(c)— A
in the formulas of Section 3.1 to obtain (13).
Substitute the Maclaurin series of y(w) = log3F5 into its differential equation [12]. From
a similar argument to that of subsection 4.1 we have that the Taylor coefficients at w = 0
of y(w) are of the order O(a). We trivially have C' = O(a) and X = O(a). Therefore, the

function ¢(w) = log f(z,w) verifies Lemma 1 with ¢ = a, s = 1 and m = 3 and we have
i, = O(al*/3]). Using the recurrence of the subsection 4.1, we can show by induction over n that

Pég;c(X; A) = O(a"*) and we obtain 2.3.2.

Fla,w) = (1 — w)! =200, (

and  pp(z) =

4.4 Proofs of formulas of Section 2.4

Substitute:

(a+b+1)/2,(a+b+2)/2,—x

— _ —a—b—1
Fla,w) = (1 — )1y, ( [
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(=N)nQn(z;a,b,N)
(b+1)pn!

and pp(z) =

in the formulas of Section 3.1 to obtain (16).

We have C = O(a) and X = O(a). Therefore, the function ¢(w) = log f(x,w) verifies
Lemma 1 with g = a, s = 1 and m = 3 and we have ¢, = O(al*/?). Using the recurrence of

the subsection 4.1, we can show by induction over n that PTEEL (X;A) = O(a"*) and we obtain

2.4.2.

4.5 Proofs of formulas of Section 2.5

Substitute:

a+ir,b+ix
a+b

Sn(xz; a,b,c)

F(z,w) = (1 —w) "5 F ( (a + b)n!

w) and po) -

in the formulas of Section 3.2 to obtain (19).

From subsection 4.1 we have that the coefficients of the Taylor expansion at w = 0 of the
logarithm of the above 9F function are of the order O(a). We have A = O(a) and C = O(a).
Therefore, the function ¢(w) = log f(x,w) verifies Lemma 1 with 4 = a, s = 1 and m = 3 and

we have ¢, = O(al*/3]). On the other hand, PO(A’C) (X)=1=0(a), PI(A’C) (X) =pi(z) = O(a),
and using the following recurrence relation [6],

2(n+1)(n+A+C +1) (4.0) c? — A2 PAC)

X -X X
2n+A+C+1)2n+A+C+2) " (X)+ 2n+A+C)2n+A+C+2) &)

2(n+ A)(n+C) pAQ)
2n+A+C)2n+A+C+1) ™!

we can show by induction over n that PT(L‘é’kC) (X) = O(a™*) and we obtain 2.5.2.

(X) :07

4.6 Proofs of formulas of Section 2.6

Substitute:
(—N)an()\(iU), a, b) N)

n!

—z,—b—=x
a+1

F(m,w) = (1 — w)Nﬁngl <

w) and (o) =

in the formulas of Section 3.2 to obtain (22).

We have A = O(N) and C = O(N). Therefore the function ¢(w) = log f(x,w) verifies
Lemma 1 with 4 = N, s = 1 and m = 3 and we have ¢, = O(N¥/3l). On the other hand, using
the recurrence of the previous subsection, we can show by induction over n that Péé’kc) (X) =
O(N™ %) and we obtain 2.6.2.

4.7 Proofs of formulas of Section 2.7

Substitute:

a+b—3,a+ba+i(b+z)

F(x,w) — (1 o w)1—2(a+b)3F2 ( 2a a4 c+ Z(b+ d)
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(2a +2b—1), -
x; a? Y a7
Bajn(a + b1 i(e — b)), = 50 F)
in the formulas of Section 3.2 to obtain (24).
From subsection 4.3, the coefficients of the Taylor expansion at w = 0 of the logarithm of
the above 3F function are of the order O(a). We trivially have A = O(a) and C = O(a).

Therefore, the function ¢(w) = log f(x,w) verifies Lemma 1 with 4 = a, s =1 and m = 3 and
we have ¢, = (’)(a[k/ 3]). On the other hand, using the recurrence of subsection 4.5, we can show

by induction over n that Pflé’kc) (X) = O(a"*) and we obtain 2.7.2.

and pp(z) =

4.8 Proofs of formulas of Section 2.8
Substitute:

(a+b+1)/2,(a+b+2)/2,—x

_ _ —a—b—1
Flz,w) = (1 - w) "1y ( [l

(—=N)nQn(z;a,b,N)
(b+ 1)n!

and  p,(z) =

in the formulas of Section 3.2 to obtain (26).

We have A = O(a) and C = O(a). Therefore, the function ¢(w) = log f(xz,w) verifies
Lemma 1 with g = a, s = 1 and m = 3 and we have ¢, = O(al*/?). Using the recurrence of

the subsection 4.1, we can show by induction over n that Pﬁé’kc) (X) = O(N" %) and we obtain
2.8.2.

4.9 Proofs of formulas of Section 2.9

Substitute:

a+ir,b+ix
a-+b

Sn(xQ; a, b, c)

F(z,w) = (1 —w) T, F < (a+ b)nn!

w> and  pp(z) =

in the formulas of Section 3.3 to obtain (28).

From subsection 4.1 we have that the coefficients of the Taylor expansion at w = 0 of the
logarithm of the above 2 F function are of the order O(a). We have A = O(a) and X = O(a).
Therefore, the function ¢(w) = log f(x, w) verifies Lemma 1 with 1 = a, s = 1 and m = 3 and we
have ¢ = O(al*/3!). On the other hand, My(X; A,C) = O(a°), M1(X; A,C) = p1(x)/[p1(z) +
Cp1(x) + Cp1(2)? — 2Cpa(x)?] = O(a"), and using the following recurrence relation [6],

Cn+ A M1 (X; A,C) — [(C = D + (n+ C(n + A)] My (X; A, C) + nMy_1(X; A,C) =0,

we can show by induction over n that M,,_1(X; A,C) = O(a’), and we obtain 2.9.2. The limit
(31) follows from the first term of the expansion (28) after obtaining z(X, A) and ¢(X, A) and
putting b = a.

18



4.10 Proofs of formulas of Section 2.10

Substitute:

(=N)nRn(A(x);a,b,N)
n!

—r,—b—=x
a+1

F(l’,’w) = (]_ — w)N_xQFl (

w) and  po(z) =

in the formulas of Section 3.3 to obtain (33).

We have A = O(N) and X = O(N~!). Therefore the function ¢(w) = log f(x,w) verifies
Lemma 1 with gy = N, s = —1 and m = 3 and we have ¢, = O(N~1). On the other hand, from
the recurrence of the subsection 4.9, we can show by induction over n that M, _(X;A,C) =
O(N®) and we obtain 2.10.2.

4.11 Proofs of formulas of Section 2.11

Substitute:
1 .
_ . 1—2(a+b) a+b—§,a+b,a+z(b+x) _47111
Fo,w)=1-w) 3F2< 2a,a+ c+i(b+ d) (1 —w)?
2a +2b—1), _ =
and pn(l'): ( ) pn(x;a7ﬁaaaﬁ)

(2a)p(a+b+i(c—0b))y
in the formulas of Section 3.3 to obtain (35).

From subsection 4.3, the coefficients of the Taylor expansion at w = 0 of the logarithm of
the above 3F» function are of the order O(a). We trivially have A = O(a) and X = O(a).
Therefore, the function ¢(w) = log f(x,w) verifies Lemma 1 with 4 = a, s =1 and m = 3 and
we have ¢ = O(al*/3)). From the recurrence of the subsection 4.9, we can show by induction
over n that M,,_(X;A,C) = O(a’), and we obtain 2.11.2.

4.12 Proofs of formulas of Section 2.12

Substitute:

(a+b+1)/2,(a+b+2)/2,—x

_ . —a—b—1_
F(z,w) = (1—-w) 5F2( a+1,—N

(=N)nQn(z;a,b,N)
(b+1)pn!

and pp(z) =

in the formulas of Section 3.3 to obtain (37).

We have A = O(a) and X = O(a®). Therefore, the function ¢(w) = log f(x,w) verifies
Lemma 1 with g = a, s = 0 and m = 3 and we have ¢, = O(a’). From the recurrence of the
subsection 4.1, we can show by induction over n that M, _(X;A,C) = O(a’) and we obtain
2.12.2.
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4.13 Proofs of formulas of Section 2.13

Substitute:

a+ir,b+ix
a+b

Sn(:cQ; a,b,c)

F(z,w) = (1 —w) "5 F ( (a + b)pn!

w) and (o) =

in the formulas of Section 3.4 to obtain (39).

In subsection 4.1 we have shown that the coeflicients of the Taylor expansion at w = 0 of the
logarithm of the above o F} function are of the order O(a). We have C' = O(a) and X = O(a).
Therefore, the function ¢(w) = log f(z,w) verifies Lemma 1 with 4 = a, s = 1 and m = 3
and we have ¢, = O(a*/3). On the other hand, Ko(X; A, C) = 0(a°), K1(X; A,C) = [p1(x) —
Apy(2)]/[p1(z) — 24p1(7) + Ap1(z)? — 2Ap2(z)] = O(a®), and using the following recurrence
relation [6],

A(C—n)Kp1(X;A,C)+[X — A(C —n) —n(l — A)| Kp(X; A, C)+n(1-A)K,—1(X;A,C) =0,

we can show by induction over n that K, _;(X;A,C) = O(a®) and we obtain 2.13.2. Replacing
x and ¢ in the expansion (39) by Z and ¢ given in (43) respectively and putting b = a we obtain
(42).

4.14 Proofs of formulas of Section 2.14

Substitute:

(=N)p Ry (A(x);a,b,N)
n!

—z,—b—=x
a+1

F(m,w) = (1 — ’LU)N_IQFl (

w) and  po(z) =

in the formulas of Section 3.4 to obtain (44).

We have C' = O(N) and X = O(N). Therefore the function ¢(w) = log f(x,w) verifies
Lemma 1 with 4 = N, s = 1 and m = 3 and we have ¢;, = O(N*/3). From the recurrence
of the subsection 4.13, we can show by induction over n that K, (X;A,C) = O(N°) and we
obtain 2.14.2.

4.15 Proofs of formulas of Section 2.15

Substitute:

a+b—2L1a+ba+ilb+z)

— (1 — oy 1=2(a+b)
Flz,w) = (1 - w) 3F2< 2a,a + ¢+ i(b+ d)

2a+2b—-1), -
(2a),f(a+ bﬂ.(c)_ b))npn(:v;a,ﬁ,a,ﬁ)
in the formulas of Section 3.4 to obtain (46).
In subsection 4.3 we have shown that the coefficients of the Taylor expansion at w = 0 of
the logarithm of the above 3F, function are of the order O(a). We trivially have C' = O(a) and
X = O(a). Therefore, the function ¢(w) = log f(x,w) verifies Lemma 1 with 4 = a, s = 1 and

m = 3 and we have ¢, = O(a*/?). From the recurrence of the subsection 4.13, we can show by
induction over n that K,_;(X;A,C) = O(a") and we obtain 2.15.2.

and  pp(z) =
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4.16 Proofs of formulas of Section 2.16
Substitute:

(a+b+1)/2,(a+b+2)/2,—

_ _ —a—b—1
F(z,w) = (1—w) 3F2( a+1,—N

(=N )nQn(z;a,b,N)
(b4 1)n!

and  py(z) =

in the formulas of Section 3.4 to obtain (48).

We have C = O(a) and X = O(a). Therefore, the function ¢(w) = log f(z,w) verifies
Lemma 1 with 1 = a, s = 1 and m = 3 and we have ¢;, = O(al*/?!). From the recurrence of the
subsection 4.13, we can show by induction over n that K, (X;A,C) = O(a’) and we obtain
2.16.2.

5 Numerical experiments

In this section, we include some graphics and tables that give an idea about the accuracy of the
formulas presented in Section 2. The graphics illustrate the approximation supplied by these
expansions. It is worthwhile to note the accuracy obtained in the approximation of the zeros
of the polynomials. In all of the graphics, the degree of the polynomials is n = 6, dashed lines
represent the exact polynomial and continuous lines represent the first order approximation
given by the corresponding expansion. The tables show, for n = 6, some numerical experiments
about the relative accuracy in the first order approximation of four of the expansions of Section
2 for several values of z.

a=b=50 ) a=b=500 a=b=5000
10000 i 107
i 2x fl.O6 )
) i Py A
20 50 60 30 7 o
2x10° \
-10000 ]
-4x10
-20000 6x10°

Figure 2: Expansion (4) for ¢ = 1. Sg(z?;a,b,1)/[(a + b)g6!] versus Péc) (X;A).
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a=N=100

a=N=1000

200000 [ oxao®
100000 .
A (|
50 05— 1 80
~100000 580
-200000 -10°
-2x10°

a=N=10000

LN TN

050 6150—" 6250\}350

Figure 3: Expansion (10) for b = 8. (—=N)gRs(A(z);a,8, N)/6! versus Péc) (X;A).

=10+  B=10-] =100+  B=100-]
10000 .
I 8x10

5000 2R

/\ 4x10°
N —7

-5000 LN
-10000 4108

a=1000+ B=1000-i

8x10°

LI\

|7 TN
i 72 x

Figure 4: Expansion (13). —(2a + 2b — 1) ps(7; a, 3,@, B)/[(2a)s(a + b + i(c — d))g] versus

P9 (X; A).

a=b=N=10 : a=b=N=100
150000
100000 |
T3 A § 0| /0 867 60
50000 [}/ 3
-100000 | 4/ V.

a=b=N=1000

WWW

Figure 5: Expansion (16). (a + b+ 1)sQg¢(z;a, b, N)/6! versus Péo) (X;A).
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a=h=500

a=b=5000

Figure 6: Expansion (19) for ¢ = 1. Sg(22;a,b,1)/[(a + b)s6!] versus PéA’C) (X).

a=b=50
s000f |}
2500} | %
% R .
40"/ 50 " 60
-2500
-10000
a=N=100
2x10°
200000 s
10
L N R
\J -10
-200000
3 x 10°
-400000 P

a=N=10000

Figure 7: Expansion (22) for b=1. (—=N)gRs(A(z);a,1, N)/6! versus PéA’C) (X).

0=100 +i

B=100-

Figure 8: Expansion (24).

P9 (x).

) a=h=N=10
150000

50000 |

a=1000+ [ =1000- i

a=10000+ B =10000-

5x10° //ﬁ\\\\ 5¢10"2 ////’\\
40 \-20/ 20/ 40 150 N_59” SQ_/ 150
12
5 4 10° 5x10
13
100 -10

—(2a + 2b — Vg ps(z; 0, B, @, B)/[(2a)s(a + b + i(c — d))g] versus

-50000 | |

-100000

=b=N= =b=N=1000
a=b=N=100 ;6x1010 a
{ 2x10 §
! i
“560”

A0 56~ 60"~._.\/ %0

-4x10%°

Figure 9: Expansion (26). (a + b+ 1)6Qs(x;a,b, N)/6! versus PG(A’C) (X).
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Figure 10: Expansion (28) for ¢ = 1. Sg(z%;a,b,1)/(a + b)g versus (A)sMg(X; A, C).

a=N=100 5 10° a=N=1000 " a=N=10000
200000 x 2x10
100000 10®
507 ®o< 7§, 600 620 640 00 <6200
-100000 - 108 /
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Figure 11: Expansion (33) for b =1. (—=N)gRs(A(z);a,1, N) versus (A)sMs(X; A, C).

a=10+i
10000

B=10-i

A

Figure 12: Expansion (35).

—(2a 4+ 2b — 1) ps(z; 0, B, @, B)/[(2a)6(a + b + i(c — d))g] versus

(A)My(X: A, C)/61.
a=b=N=10
150000
100000},
50000 ~ .
! 4~.‘. ~~~ - '('.6
-50000f |
-100000} i/
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8x10° 8x10°
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Figure 13: Expansion (37). (a 4+ b+ 1)sQs(z;a,b, N) versus (A)sMs(X; A, C).
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2x10°
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Figure 14: Expansion (39) for ¢ = 1. Sg(z%;a,b,1)/(a + b)g versus (C — 5)Kg(X; A, C).
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Figure 15: Expansion (44) for b =1. (—=N)gRs(A(z);a,1, N) versus (C — 5)6Ks(X; A, C).
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Figure 16: Expansion (46). —(2a + 2b — 1)g ps(x; i, B, @, B)/[(2a)¢(a + b + i(c — d))g] versus

() Ko (X; A, 0).
150000 a=b=N=10
100000 §4>< 107
50000 2>< 107
—— " -
50000 | | I
-100000 e

a=b=N=100

a=b=N=1000

LN N\
WW\T/

Figure 17: Expansion (48). (a 4+ b+ 1)sQ¢(z;a,b, N) versus (C — 5)sKs(X; A, C).
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a=0b=50 a="b=>500 a = b=>5000 a = b= 50000

k=2 k=3 k=4 k=5
o =049 x 10 1.35486 0.704932 0.19936 0.0260865
z =05 x 10 2.28642 0.258402 0.0212764 0.0209069
z=052x10F  1.52241 0.764548 0.120396 0.000304775

Table 1: Numerical experiment about the relative error in the first order approximation (4) of the
Continuous Dual Hahn polynomials by the Meixner-Pollaczek polynomials for ¢ =1 and A = 7/2.

a=N =100 a =N = 1000 a =N = 10000 a = N = 100000

k=2 k=3 k=4 k=5
r=0.6x 10* 1.89194 0.419582 0.0911921 0.000306352
x = 0.62 x 10" 1.41067 0.296108 0.35991 0.0409521
r = 0.64 x 10" 5.03819 0.284283 0.0363085 0.000193346

Table 2: Numerical experiment about the relative error in the first order approximation (22) of the Dual
Hahn polynomials by the Jacobi polynomials for b =1 and X = 2.

a=b=10 a=>b=100 a=>b=1000 a = b= 10000

k=1 k=2 k=2 k=3
z=0 7.67706 0.0303631 0.00266215 0.000262868
z=01x10"  0.20507 0.0500293 0.0146385 0.000724931
z=02x10* 553093 0.026321 0.00182511 0.000337274

Table 3: Numerical experiment about the relative error in the first order approximation (35) of the
Continuous Hahn polynomials by the Meixner polynomials for c =d =1 and C' = 2.
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