
Descending asymptotic expansions and limits

1 Continuous Dual Hahn to Krawtchouk

1. Asymptotic expansion for large a and b:

Sn(x2; a, b, c)
(a + b)nn!

=
n∑

k=0

(
C

n− k

)
ckKn−k (X; A,C) ,

where A 6= 0, 1 is an arbitrary constant,

X =
A2

1−A

[
p1(x)2 − p1(x)− 2p2(x)

]
, C = p1(x) +

X

A
, (1)

with p1(x) and p2(x)

p1(x) = c +
ab− x2

a + b
,

p2(x) =
c(c + 1)

2
+

abc

a + b
+

ab(1 + a)(1 + b)− [c + 2ab + (1 + c)(1 + 2(a + b))]x2 + x4

2(a + b)(1 + a + b)

and

f(x,w) =
(

1− 1−A

A
w

)−X

(1 + w)X−C(1− w)−c+ix
2F1

(
a + ix, b + ix

a + b

∣∣∣∣w

)
.

2. Asymptotic property: (
C

n− k

)
ckKn−k (X; A,C) = O

(
an+[ k

3 ]−k
)

when a, b →∞ uniformly in c with a ∼ b and c/a bounded.

3. Limit:

lim
a→∞

Sn(x̃; a, a, c̃)
(
C̃
n

)
(2a)nn!

= Kn (x; A, c) ,

where

x̃ = −a2 − 2
a

A

√
2a (2A2c− 3Ax + x), C̃ =

A2(3 + 2a)c + x−A[(2a + 1)c + 3x]
A(A− 1)(2a + 1)

,

c̃ = −a + c− 1
A

[
x + 2

√
2a (2A2c− 3Ax + x)

]
.

2 Continuous Hahn to Krawtchouk

1. Asymptotic expansions for large a and b:

(2a + 2b− 1)npn(x; α, β, α, β)
(2a)n(a + b + i(c− d))nin

=
n∑

k=0

(
C

n− k

)
ckKn−k (X;A,C) ,

where A 6= 0, 1 is an arbitrary constant, X and C are given in (1), p1(x) and p2(x)

p1(x) =
i [1− 2(a + b)] [b(c + x) + a(d + x)]

a[(a + b) + i(c− d)]
,

p2(x) =
p1(x)

i(1 + 2a)[1 + a + b + i(c− d)][b(c + x) + a(d + x)]

×
{

(a + b)
[
(1 + 2b)(c + x)(d + x + b(c + x)) + a2(b− 2(d + x)2)

+a[b2 − (d + x)(2c + d + 3x)− b(−1 + 4dx + 4x2 + 4c(d + x))]
]}



and
f(x,w) =

(
1− 1−A

A w
)−X (1 + w)X−C(1− w)N−x(1− w)1−2(a+b)

×3F2

(
a + b− 1

2 , a + b, a + i(c + x)
2a, a + c + i(b− d)

∣∣∣∣−
4w

(1− w)2

)
.

2. Asymptotic property:
(

C

n− k

)
ckKn−k (X; A,C) = O

(
an+[ k

3 ]−k
)

when a, b →∞ with a ∼ b.

3 Hahn to Krawtchouk

1. Asymptotic expansions for large a, b and N :

(a + b + 1)n

n!
Qn(x; a, b,N) =

n∑

k=0

(
C

n− k

)
ckKn−k (X; A,C) ,

where A 6= 0, 1 is an arbitrary constant, X and C are given in (1), p1(x) and p2(x)

p1(x) =
(1 + a + b) [(1 + a)N − (2 + a + b)x]

(1 + a)N
,

p2(x) =
(2 + 3(a + b) + (a + b)2)
2N(N − 1)(a + 2)(a + 1)

×
{

N2(2 + 3a + a2)

−N(2 + a)[1 + a + (6 + 2a + 2b)x] + (3 + a + b)x[a− b + x(4 + a + b)]
}

and
f(x,w) =

(
1− 1−A

A w
)−X (1 + w)X−C(1− w)N−x(1− w)−1−a−b

×3F2

(
(a + b + 1)/2, (a + b + 2)/2,−x

a + 1,−N

∣∣∣∣−
4w

(1− w)2

)
.

2. Asymptotic property:
(

C

n− k

)
ckKn−k (X;A,C) = O

(
an+[ k

3 ]−k
)

when a, b, N →∞ with a ∼ b ∼ N.

4 Dual Hahn to Krawtchouk

1. Asymptotic expansion for large a and N :

(−N)nRn(λ(x); a, b, N)
n!

=
n∑

k=0

(
C

n− k

)
ckKn−k (X; A,C) , λ(x) ≡ x(x + a + b + 1),

where A 6= 0, 1 is an arbitrary constant, X and C are given in (1), p1(x) and p2(x)

p1(x) =
λ(x)
a + 1

−N,

p2(x) =
(N − x)(N − x− 1)

2
+

x(b + x) [2(2 + a)(x−N) + (b + x− 1)(x− 1)]
2(a + 1)(2 + a)

and

f(x,w) =
(

1− 1−A

A
w

)−X

(1 + w)X−C(1− w)N−x
2F1

( −x,−b− x
a + 1

∣∣∣∣w

)
.

2. Asymptotic property:
(

C

n− k

)
ckKn−k (X;A,C) = O

(
Nn+[ k

3 ]−k
)

when a, N →∞ with a ∼ N.


