
Descending asymptotic expansions and limits

1 Meixner-Pollaczeck to Charlier

1. Asymptotic expansion for large λ:

P (λ)
n (x, φ) = Bn

n∑

k=0

ck

Bk

Cn−k(X,A)

(n− k)!
,

X = −2 (λ cos(2φ) + x sin(2φ))3

(λ cos(3φ) + x sin(3φ))2 , B = − 2 (λ2 + x2) sin2 φ

λ cos(3φ) + x sin(3φ)
,

A = −2 (λ2 + x2) sin2 φ (λ cos(2φ) + x sin(2φ))

(λ cos(3φ) + x sin(3φ))2 .

2. Coefficients:

c0 = 1, c1 = c2 = c3 = 0, c4 = − (λ2 + x2) sin2 φ

2 (λ cos(2φ) + x sin(2φ))

and, for k = 5, 6, 7, ...,

kck = h1(k − 1)ck−1 − h2(k − 2)ck−2 + h3(k − 3)ck−3 + h4ck−4,

with

h1 =
λ cos φ + 2λ cos(3φ) + x [sin φ + 2 sin(3φ)]

λ cos(2φ) + x sin(2φ)
, h3 =

λ cos(3φ) + x sin(3φ)

λ cos(2φ) + x sin(2φ)
,

h2 =
2λ cos(2φ) + λ cos(4φ) + 8x cos3 φ sin φ

λ cos(2φ) + x sin(2φ)
, h4 = − 2 (λ2 + x2) sin2 φ

λ cos(2φ) + x sin(2φ)
.

3. Asymptotic property:
ck

Bk
Cn−k(X, A) = O(λbk/4c−k), λ →∞.

4. Limit (new):

lim
λ→∞

λ−nP (λ)
n (x, φ) =

2n

n!
(2 cos(2φ)− 1)n cos2n φ cos−n(3φ).

2 Jacobi to Charlier

1. Asymptotic expansion for large β:

P (α,β)
n (x) = Bn

n∑

k=0

ck

Bk

Cn−k(X,A)

(n− k)!
,

X =
1

4

{
4 + α + β − 2x(α− β)− x2[8 + 3(α + β)]

}
,

A = B =
1

4
(1− x) {4 + α + β + 2(α− β) + x [8 + 3(α + β)]} .



2. Coefficients:

c0 = 1, c1 = c2 = 0,

c3 =
1

3
+

β

6
−

(
1 +

5α

12
+

β

12

)
x−

(
2

3
+

β

2

)
x2

+
(

4

3
+

5

12
(α + β)

)
x3,

c4 =
1

2
+

7

64
(−α + β) +

5

16
(−α + β) x−

(
5

2
+

21

32
(α + β)

)
x2

+
5

16
(α− β) x3 +

(
2 +

35

64
(α + β)

)
x4.

3. Asymptotic property:
ck

Bk
Cn−k(X, A) = O(β[k/3]−k), β →∞.

4. Limit (new):

lim
α+β→∞

(α + β)−nP (α,β)
n (x) =

1

n!

(
x

2

)n

, with (α− β)/(α + β) → 0.

3 Meixner to Charlier

1. Asymptotic expansion for large β:

Mn(x, β, c) =
Bnn!

(β)n

n∑

k=0

ck

Bk

Cn−k(X, A)

(n− k)!
,

X = −(βc2 + (c2 − 1)x)
3

(βc3 + (c3 − 1)x)2 , B = −(c− 1)2x(β + x)

βc3 + (c3 − 1)x
,

A = −(c− 1)2cx(β + x) (βc2 + (c2 − 1)x)

(βc3 + (c3 − 1)x)2 .

2. Coefficients:

c0 = 1, c1 = c2 = c3 = 0, c4 = − (c− 1)2x(β + x)

4c2(βc2 + (c2 − 1)x)

and, for k = 5, 6, 7...,

kck = h1(k − 1)ck−1 + h2(k − 2)ck−2 + h3(k − 3)ck−3 + h4ck−4,

with

h1 =
βc2(1 + 2c)− (2 + c− c2 − 2c3)x

βc3 + c(c2 − 1)x
, h3 =

βc3 − x + c3x

βc4 + c2(c2 − 1)x
,

h2 =
(1− c)(1 + c)3x− βc3(2 + c)

βc4 + c2(c2 − 1)x
, h4 = − (c− 1)2x(β + x)

βc4 + c2(c2 − 1)x
.

3. Asymptotic property:
ck

Bk
Cn−k(X,A) = O(βn−k), β →∞.

4. Limit (known):

lim
β→∞

Mn

(
x, β,

a

a + β

)
= Cn(x, a).



4 Krawtchouk to Charlier

1. Asymptotic expansion for large N :

(
N

n

)
Kn(x, p,N) = Bn

n∑

k=0

ck

Bk

Cn−k(X,A)

(n− k)!
,

X =
(Np2 + x− 2px)

3

(Np3 + (−3p2 + 3p− 1)x)2 , B =
(p− 1)(N − x)x

Np3 + (3p− 3p2 − 1)x
,

A = −(p− 1)p(N − x)x (Np2 + x− 2px)

(Np3 + (−3p2 + 3p− 1)x)2 .

2. Coefficients:

c0 = 1, c1 = c2 = c3 = 0, c4 =
(p− 1)2x(x−N)

4p2(Np2 + x− 2px)

and, for k = 5, 6, 7, ...,

kck = h1(k − 1)ck−1 + h2(k − 2)ck−2 + h3(k − 3)ck−3 + h4ck−4,

with

h1 =
Np2(1− 3p) + (7p2 − 7p + 2)x

p(Np2 + x− 2px)
, h2 =

(2p− 1)3x−Np3(3p− 2)

p2(Np2 + x− 2px)
,

h3 =
(p− 1)[(3p2 − 3p + 1)x−Np3]

p2(Np2 + x− 2px)
, h4 =

(p− 1)2x(x−N)

p2(Np2 + x− 2px)
.

3. Asymptotic property:
ck

Bk
Cn−k(X,A) = O(Nn−k), N →∞.

4. Limit (known):

lim
N→∞

Kn

(
x,

a

N
,N

)
= Cn(x, a).

5 Continuous Dual Hahn to Charlier

1. Asymptotic expansion for large a and b:

Sa,b,c
n (x2)

(a + b)nn!
=

n∑

k=0

ckA
n−k

(n− k)!
Cn−k(X,A),

with
A = p1(x) + p2

1(x)− 2p2(x), X = p2
1(x)− 2p2(x),

p1(x) = c +
ab− x2

a + b
,

p2(x) =
c(c + 1)

2
+

abc

a + b
+

ab(1 + a)(1 + b)− [c + 2ab + (1 + c)(1 + 2(a + b))]x2 + x4

2(a + b)(1 + a + b)
,

and

f(w) = e−Aw(1− w)−X−c+ix
2F1

(
a + ix, b + ix

a + b

∣∣∣∣ w
)

.



2. Asymptotic property:
ckA

n−k

(n− k)!
Cn−k(X, A) = O

(
an+[ k

3
]−k

)

when a, b →∞ uniformly in c with a ∼ b and c/a bounded.

3. Limit:

lim
a→∞

Sa,ab,c̃
n (x̃)

cnan(1 + b)n
= Cn(x, c),

where

x̃ =
1

2

[
−a2(1 + b2) + a(1 + b)

√
a2(1− b)2 + 4ac(1 + b)

]
,

c̃ =
1

2

[
2c− 2x− a(1− b) +

√
a2(1− b)2 + 4ac(1 + b)

]
.

6 Continuous Hahn to Charlier

1. Asymptotic expansion for large a and b:

(2a + 2b− 1)nP
α,β,α,β
n (x)

(2a)n(a + b + i(c− d))nin
=

n∑

k=0

ckA
n−k

(n− k)!
Cn−k(X,A),

A = p1(x) + p2
1(x)− 2p2(x), X = p2

1(x)− 2p2(x),

p1(x) = i (1− 2a− 2b)
bc + ad + x(a + b)

a[a + b + i(c− d)]
,

p2(x) = (2a + 2b− 1)(a + b)
{
1− (2a + 2b + 1)[a + i(c + x)]

a[a + b + i(c− d)]

+
(2a + 2b + 1)(2a + 2b + 2)[a + i(c + x)][1 + a + i(c + x)]

2a(2a + 1)[a + b + i(c− d))][a + b + 1 + i(c− d)]

}
,

f(w) = e−Aw(1− w)−X+1−2(a+b)
3F2

(
a + b− 1

2
, a + b, a + i(c + x)

2a, a + c + i(b− d)

∣∣∣∣−
4w

(1− w)2

)
.

2. Asymptotic property:

ckA
n−k

(n− k)!
Cn−k(X,A) = O

(
b[n−k+1

2
]+[ k

3
]
)

when a, b →∞ with a ∼ b.

7 Hahn to Charlier

1. Asymptotic expansion for large a, b and N :

(a + b + 1)nQa,b,N
n (x)

n!
=

n∑

k=0

ckA
n−k

(n− k)!
Cn−k(X,A),

with A and X

A = p1(x) + p2
1(x)− 2p2(x), X = p2

1(x)− 2p2(x),

and

p2(x) = (a + b + 1)(a + b + 2)

[
1

2
− x(a + b + 3)

N(a + 1)
+

x(x− 1)(a + b + 3)(a + b + 4)

2N(N − 1)(a + 1)(a + 2)

]
,

p1(x) = (a + b + 1)

[
1− x(a + b + 2)

N(a + 1)

]
,



f(w) = e−Aw(1− w)−X−a−b−1
3F2

(
(a + b + 1)/2, (a + b + 2)/2,−x

a + 1,−N

∣∣∣∣−
4w

(1− w)2

)
.

2. Asymptotic property:

ckA
n−k

(n− k)!
Cn−k(X, A) = O

(
an−k

)
when a, b, N →∞ with a ∼ b ∼ N.

8 Dual Hahn to Charlier

1. Asymptotic expansion for large a and N :

(−N)nRa,b,N
n (λ(x))

n!
=

n∑

k=0

ckA
n−k

(n− k)!
Cn−k(X, A), λ(x) ≡ x(x + a + b + 1),

A = p1(x) + p2
1(x)− 2p2(x), X = p2

1(x)− 2p2(x),

p1(x) =
λ(x)

a + 1
−N,

p2(x) =
(N − x)(N − x− 1)

2
+

x(b + x) [2(2 + a)(x−N) + (b + x− 1)(x− 1)]

2(a + 1)(2 + a)

f(w) = e−Aw(1− w)−X+N−x
2F1

( −x,−b− x
a + 1

∣∣∣∣ w
)

.

2. Asymptotic property:

ckA
n−k

(n− k)!
Cn−k(X, A) = O

(
an−k−2

)
when a,N →∞ with a ∼ N.


